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a b s t r a c t

This new tool, in the form of Machine Learning (ML), has proven to be very useful
in several areas of physics, due to its strong versatility, its ability to obtain patterns
in very complex systems. In this work we explore techniques from Machine Learning
(ML) to characterize spatio-temporal patterns in complex dynamical systems. These
techniques are applied in coupled map lattices, for which the relevant parameters
are the nonlinearity and coupling strength. As a training phase of our ML, we show
several samples with the dynamic characteristics of each known space–time profile,
such as frozen random pattern, pattern selection, chaotic defects, intermittency and
fully developed space–time chaos, for example. After the training phase, we apply our
algorithm to different values of non-linearity and coupling, where given the dynamic
characteristics, for each pair of parameters, we can accurately identify the regions where
each of these profiles is formed.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

In the last decades, there has been an advance in the development of artificial intelligence, mainly due to the Machine
earning (ML) technique [1,2]. This approach, due exclusively to the abundance of data currently available, undergoes an
xponential growth in its application, impacting many areas in society, such as industry, finance, health, communication,
nergy and more [3].
ML’s goal is to recognize patterns [4] in the data and inform how invisible problems should be handled, that is, looking

or patterns in a very large set of data, where they are often imperceptible. The great success of ML in hitherto inaccessible
reas and the amount of research and articles produced each year, has been increasingly improving its use and importance
eading many experts to affirm that artificial intelligence will be one of the great revolutions of humanity essentially in
ears to come [5].
In parallel with the emergence of ML techniques in industrial applications, scientists are increasingly interested in

L’s potential for fundamental issues, and physics is a very fertile field for ML [6]. This junction is not surprising, since
L and physics share some of their methods and goals. Both disciplines are interested in obtaining and analyzing data,
esigning models that can predict the behavior of complex systems. An example of its application occurs in experiments
f particle physics [7] and high energies [8], which produce extremely large and information-rich data samples, where
he use of machine learning techniques is revolutionizing the way it interprets these data samples, greatly increasing the
otential to discover present and future experiments. There are also many applications of ML in numerical resolutions
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f differential equations, such as turbulent fluid flow modeling [9], for example. In the application of ML in nonlinear
ynamical systems, we have the work [10] which was designed to learn and imitate the evolution of the pattern in the
énard–Marangoni convection and in the work [11] which uses ML for the predictive control of non-linear processes. The
bjective of our work is to apply this technique in physical systems that present space–time chaos, due to its great variety
n many fields of physics, such as hydrodynamics, condensed matter, neuroscience and others.

A wide variety of phenomena arise from the interaction between nonlinearity and diffusion [12], such as pattern
ormation, spatio-temporal intermittency and spatio-temporal chaos [13–15]. A notable type of spatio-temporal system
hat presents this dynamic is the coupled map lattice, where space and time are discretized with the continuous state
ariable [16]. A notable type of spatio-temporal system that presents this dynamic is the coupled map lattice, where space
nd time are discretized with the continuous state variable. In this system, due to the competition of nonlinearity and
iffusion, there is the emergence of space–time profiles such as domain formations, frozen random patterns, pattern
election, chaotic defects, intermittency and fully developed space–time chaos [17]. The pioneer in classifying these
atterns was Kaneko with his work on coupled map lattice [18]. One of these patterns that had a great highlight was
he formation of chaotic defects, due to its very interesting dynamics, as shown in Kaneko’s pioneering work. The main
haracteristic of this pattern is its Brownian dynamics in the network and its transience. At work [19], the dynamics of
his defect is investigated with great intensity.

Using the phase diagram, varying the nonlinearity and diffusion, Kaneko [18] estimated the regions, for each pair
f nonlinearity and coupling, where the formation of each of these profiles probably occurs. A slightly more accurate
haracterization was carried out in [19], where the Kolmogorov–Sinai entropy was used to complement this analysis,
ven this characterization are not very accurate. It is important to emphasize that having a more precise knowledge of
hat parameters occur in each of these space–time profiles, is very important in the study of complex systems spatially
xtended. It is in this approach that ML enters. As we have seen, ML is great for determining patterns from available data.
he main objective of this work is to classify, as precisely as possible, which parameter values occur in the formation of
ach of these profiles. For this, we will apply this ML technique, showing the importance of this approach in dynamic
ystems and inspiring new applications.
The great advantage of applying ML in a dynamic system is its efficiency in classifying these profiles, that is, when

sing learning algorithms, we are applying a technique with great versatility and efficiency. For example, given a set of
ynamic quantifiers characteristic of each space–time profile (Lyapunov exponent, order parameter, etc.), through the
earning algorithms, which is trained to recognize these profiles (given the characteristics as examples), the prediction
f a new unknown profile, where we know it only by its dynamic characteristics, will be much better predicted than an
nalysis only from a human perspective.
The rest of this article is organized as follows: in Section 2, we review ML techniques and highlight the classifiers used

n our prediction model. In Section 3, we give a global view of the coupled map lattice and their quantifiers, used in the
ynamic characterization of each profile. In Section 4, we show the results obtained from the application of ML. The last
ection contains our conclusions.

. Machine learning

ML is the field of study that gives the computer the ability to learn without being previously programmed [20].
epending on the problems that machine learning can face, it is useful to define three major classes: supervised learning,
nsupervised learning and reinforcement learning [21]. In this article, we will focus only on supervised learning.
Supervised learning is a subcategory of ML that focuses on learning a classification or regression model from known

raining data, where we know a priori the specific characteristics of each class, respectively. The principle of this algorithm
s to find a ‘‘hypothesis’’ function h that approximates the unknown function f , using a classified training data set for this
purpose. From this learned function, being able to predict the class of new unknown characteristics.

In the classification, we define the function ‘‘hypothesis’’ as

h : X −→ Y, (1)

where X = Rm and Y = (1, . . . , k) is a vector of integers with class labels k.
In regression, the task of learning a function

D : Rm
−→ R (2)

given the training set

D : ⟨x[i], y[i]
⟩, i = 1, . . . , n, (3)

where we denote the ith training example as ⟨x[i], y[i]
⟩.
2
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We can represent the training set in the form of a matrix X ∈ Rn×m, where each row represents a training sample and
each column, the number of characteristics of that sample.

X =

⎛⎜⎜⎜⎜⎜⎝
x[1]
1 x[1]

2 . . . x[1]
m

x[2]
1 x[2]

2 . . . x[2]
m

...
...

. . .
...

x[n]
1 x[n]

2 . . . x[n]
m ,

⎞⎟⎟⎟⎟⎟⎠
here stores n training examples and m the feature number.
Note that to distinguish the characteristic index and the training example index, we will use a superscript notation

nclosed in square brackets to refer to the ith training example and a regular underline notation to refer to the jth
haracteristic.
The corresponding labels are represented in a column vector y, y ∈ Rm

y =

⎛⎜⎜⎜⎜⎝
y[1]

y[2]

...

y[n].

⎞⎟⎟⎟⎟⎠
When the values of yi are defined by a limited number of discrete values, we have a classification problem [22].

2.1. kNN classifiers

One of the simplest classifiers in machine learning is the k-Nearest Neighbor (kNN) which is based on the principle that
the features within a data set will generally exist in close proximity to other features that have similar properties [23]. If
the features are tagged with a classification label, then the value of the label of an unclassified feature can be determined
by observing the class of its nearest neighbors. The kNN locates the k nearest features to the query instance and determines
its class by identifying the single most frequent class label.

Basically is an algorithm that simply stores classified training examples,

⟨x[i], y[i]
⟩ ∈ (|D| = n), (4)

during the training phase.
In general, features can be considered as points within an n-dimensional features space, where each of the n-

dimensions corresponds to one of the n-features that are used to describe a feature. The absolute position of the features
within this space is not as significant as the relative distance between features. This relative distance is determined by
using a distance metric. Ideally, the distance metric must minimize the distance between two similarly classified features,
while maximizing the distance between instances of different classes. Many metrics have been presented [23].

It is important to note that in kNN we can define how many nearest neighbors we want to use in the classification,
for example, the two nearest or the five nearest, where that class that has more points next to the unknown point will
be the class of that point.

Formally let us assume the objective function f (x) = y which assigns a class labeled y ∈ (1, . . . , t) for a training
xample,

f : Rm
−→ (1, . . . , t), (5)

Let us define t for the classes not to be confused with k from the nearest neighbors).
Assuming we identify the nearest k neighbors (Dk ⊆ D) from an unknown point x[q].

Dk = {⟨x[1], f (x[1]), . . . , x[k], f (x[k])⟩}, (6)

e can define the kNN hypothesis as

h(x[q]) = argmaxy∈(1,...,t)
k∑

i=1

δ(y, f (x[i])), (7)

here δ denotes the delta function,

δ(a, b) =

{
1 if a = b,
0 if a ̸= b.

r, in simple notation, we can use mode.

h(x[q]) = mode({f (x[1]), . . . , f (x[k])}), (8)

oth functions are to determine which class of neighbors is the nearest.
3
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The metric distance to identify the k-nearest neighbors Dk is the Euclidean distance measure.

d(x(a), x(b)) =

⎧⎨⎩
m∑
j=1

(x(a)j − x(b)j )2

⎫⎬⎭
1/2

(9)

which is a distance metric between pairs that calculates the distance between two points x[a] and x[b] on the m input
characteristics.

2.2. Bayes Classifiers

Another category of classification-based learning are the models of statistical algorithms. Statistical approaches are
characterized by being based on explicit probability models, which provide the probability that a feature belongs to each
class, rather than simply a classification. Static classifiers are a set of learning algorithms based on Bayesian probability.
In this family of classifiers, we have the naive Bayes [24] classifiers and discriminant analysis [25].

Abstractly, naive Bayes is a conditional probability model: given a problem instance to be classified, represented by a
vector x representing some m characteristics (independent variables), it assigns probabilities to that feature.

p(yK |x1, . . . , xn), (10)

where p(yK |x1, . . . , xn) represents the probability that the class yK will occur knowing that the feature x1, . . . , xm occurred.
Using Bayes’ theorem, the conditional probability can be decomposed as

p(yK |x) =
p(yK )p(x|yK )

p(x)
, (11)

he numerator is equivalent to the joint probability model,

p(yK , x1, . . . , xm), (12)

hich can be rewritten as follows, using the chain rule for repeated applications of the conditional probability definition:

p(yK , x1, . . . , xm) = p(x1, . . . , xm, yK ) (13)
= p(x1|x2, . . . , xm, yK )p(x2|x3, . . . , xm, yK )...p(xm−1|xm, yK )p(xm|yK )p(yK ).

ow, ‘‘naive’’ assumptions of conditional independence come into play: suppose that all features in x are mutually
ndependent, conditional on the class yK . Under this assumption,

p(yK |x1, . . . , xm) ∝ p(yK , x1, . . . , xm) (14)
∝ p(yK )p(x1|yK )p(x2|yK )...

∝ p(yK )
m∏
i=1

p(xi|yK ),

here we can summarize the naive bayes classifier equation as being:

p(yK |x1, . . . , xm) =
p(yK )

∏m
i=1 p(xi|yK )∏m

i=1 p(xi)
. (15)

he training phase for this classifier is based on knowing p(x, yK ) for each class, from the training data, together with the
robability p(yK ), which is the probability of each class in relation to the total number of classes.
After the training phase, given an unknown characteristic x, we determine p(yK , x) for each class and classify the

nknown sample with the class with the highest p(yK , x). This can be done through the equation

ŷ = argmaxK∈(1,...,k)p(yK )
n∏

i=1

p(xi|yK ), (16)

hat is, given the characteristics of the unknown sample(x1, . . . , xm), this sample will be classified with the class that has
he highest probability.

.3. Discriminant analysis

Discriminant analysis is a simple method used in statistics and machine learning to find the linear combination of
eatures which best separate two or more classes of object [25]. This discriminant analysis can be classified into linear
iscriminant analysis (LDA) or quadratic discriminant analysis(QDA), depending on the shape of your decision surface.
The objective of the discriminant analysis (DA) is to determine a function (f ), from the training data and define the

ecision limits for each class(y ), where from this function, we can classify an unknown sample [26]. For example, given
i

4
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n unclassified sample x, applying (fi(x)) of each class (i = 1, 2, . . . , c), x will be classified with the class that has the
highest value of the discriminant function, as shown in the Eq. (17). Thus, in the class yi, the ith discriminating (fi) will
have the maximum value compared to all other functions. If the values of two functions are equal (f (x)i = fj(x)), then the
nknown sample x is in boundary between the two classes,

f (x)i > fj(x), i, j = 1, 2, . . . , c, i ̸= j. (17)

Given y1, y2, . . . , yc a set of c classes, p(x|yi) is the conditional probability function and p(yi) the a priori probability.
he a priori probability is the prior knowledge of the probability of each class, determined by

p(yi) =
ni

N
, (18)

here N is the total number of classes and ni represents the number of the ith class, where
∑c

i=1 p(yi) = 1.
Assuming p(x|yi) is a normal distribution p(x|yi) ∼ N (µi,

∑
i) as

p(x|yi) ∼ N (µi,
∑

i

) =
1√

(2π )m|
∑

i |
exp

(
−

1
2
(x − µ)T

∑
−1
i (x − µ)

)
, (19)

here µi represents the mean of the ith class and is calculated in Eq. (20),
∑

i is the covariant matrix and is calculated
n Eq. (21). |

∑
i | and

∑
−1i represents the determinant and the inverse matrix respectively, m represents the number of

feature.

µi =
1
ni

ni∑
i=1

xi, xi ∈ yi∀ i = 1, 2, . . . , c (20)

∑
i

=
1
ni

∑
x∈yi

(x − µ)T (x − µ), ∀ i = 1, 2, . . . , c (21)

he covariant matrix (
∑

) is a symmetric matrix. The diagonal values of the covariance matrix represent the variance of
he variable with itself, while the elements outside the diagonal represent the covariance between xi and xj as shown
n Eq. (22).⎛⎜⎜⎜⎜⎝

var(x1, x1) cov(x1, x2) . . . cov(x1, xN )
cov(x2, x1) var(x2, x2) . . . cov(x2, xN )

...
...

. . .
...

cov(xN , x1) cov(xN , x2) . . . cov(xN , xN )

⎞⎟⎟⎟⎟⎠ (22)

We want to maximize

p(x|yi) =
p(yi|x)p(yi)

p(x)
, (23)

o we maximize the ln(p(x|yi) = p(yi, x)p(yi)) in the form:

fi(x) = ln p(y = yi|x) = ln p(x|y = yi) = −

∑
−1
i

2
(xTx − µT

i µi − 2µT
i x) (24)

−
m
2

ln(2π ) − ln
(|

∑
i |)

2
+ ln p(yi).

Assuming we have two classes y1 and y2 and each class has a discriminant function (fi, i = 1, 2). If we have an unknown
sample x and p(y1|x) > p(y2|x); then x will be classified as y1, otherwise it will be classified as y2. In short, the unknown
sample will be classified for the class that maximizes the subsequent probability, therefore, maximizes the discriminant
function, i.e, x ∈ y1 if f1(x) > f2(x).

Through the covariant matrix, we can know what the decision surface looks like. When
∑

i is the same for all classes,
we have a linear classifier LDA. For the case where the covariance matrix differs for each (arbitrary) class, the decision
surface is quadratic. In this case, we have a QDA classifier [26].

2.4. Decision tree

The decision tree algorithms can be considered as a top-down iterative construction method. You can imagine a
decision tree as a hierarchy of decisions, which forks or divides a data set into smaller and smaller subspaces [27].

We can think of decision trees as a set of ‘‘if-else’’ rules. And a rule is simply a set of conditions [1,22]. For example:

Rules = (if : x = 1) ∩ (if : y = 2) ∩ ... (25)
1

5
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ultiple rules can then be brought together into a set of rules, which can be applied to predict the intended value of a
raining example.

Classe1 = if(Rule1 = True) ∩ (Rule2 = True) ∩ ... (26)

Decision trees are learning algorithms used for the classification task, which uses the characteristics of each class to
perform this task. Each node in a decision tree represents a characteristic in a class to be classified, and each branch
represents a value that the node can take. Information is sorted starting at the root node and sorted based on its
characteristic values [27].

The basic criterion that is used for the division in a decision tree is called information gain,

GAIN(D, xj) = I(D) −

∑
v∈Values(xj)

Dv
D

I(Dv), (27)

here D is the training set at the parent node, and Dv is a data set at a child node upon splitting. I is the function that
easures the impurity of the information for a given node of the tree. This criterion aims to determine a set of conditions

hat selects the purest possible branches. In our case, this function is defined as a measure of entropy (H) which is defined
s:

H(p) =

∑
i

pi log2(1/pi). (28)

n the literature, the I function can assume other criteria functions such as the Gini [27] Function, for example, but the
ationale is the same (information gain). There is also a relatively large variety of decision tree algorithms (ID3 [27],
4.5 [28] And CART [29]). That are chosen according to the data used.
Whenever we are going to apply machine learning to a problem, it is essential to ensure that our learning model has

he best generalization possible. One way to obtain this generalization is to obtain a representative quantity of samples
s a high accuracy in the predictions. One way to obtain this precision is to use several independent classifiers in the
roblem in question. This can be done through the machine committee (Ensemble Methods) [30].
Generally speaking, using an ensemble methods means combining classification models into a set that performs better

han an individual classification model. The main categories of the committees involve voting schemes between high
ariation models to avoid ‘‘outliers’’ and overfitting predictions, and the other involves encouraging ‘‘weak learning’’ to
ecome ‘‘strong learning’’. In our case, we will focus on the committee model called ‘‘Majority Vote’’.
This term means that voting will be a vote by a majority of classifiers, where majority voting can be expressed more

imply by mode:

ŷf = mode{h1(x), h2(x), . . . , hn(x)}, (29)

here hi(x) represents an independent classifier.
In short, each classifier can predict a different class for an input vector, the class for the vector will be the class most

oted by the classifiers, which are independent of each other. These mechanisms give a better prediction, than the use of
nly one classifier. The ML application for the prediction of our coupled map network is a combination of all classifiers,
escribed in the previous sections, in the form of a majority voting machine committee.

. A coupled map lattice

The characterization of space–time chaos is one of the most important problems in the nonlinear science of our time.
t is essential not only for understanding the nature of fluid turbulence, optics, physics and solid-state chemistry, but also
or a study of coupled dynamic systems in biology and technology. There is a hierarchy of spatially extended dynamical
ystems which can be used to investigate spatio-temporal dynamical features, from cellular automata, where space, time
nd state variable are all discrete, to partial differential equations, where the same variables are continuous [31]. One
utstanding type of spatio-temporal system is a coupled map lattice(CML), where the space and time are discrete, but
ith a continuous state variable [17,18]. Its relative simplicity turns numerical computations easier and faster to perform
sing personal computers. They have been extensively used to illustrate many interesting features like chimeras [32].
A CML is a dynamic system with discrete time and space and a continuous state. Although there are several possible

odels, we restrict ourselves to the following diffusive coupling model here.

u(i)
n+1 = (1 − ε)f (u(i)

n ) +
ε

2
{f (u(i+1)

n ) + f (u(i−1)
n )}, (30)

here u(i)
n is the discrete-time state variable n = 0, 1, 2, . . . and i = 1, 2, . . . ,N is a discrete position in a one-dimensional

lattice of size N .
The temporal dynamics in each spatial position is described by a quadratic map

f (u) = (1 + α)u − βu2, (0 ≤ u ≤ 1) (31)
6
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Fig. 1. Space–time diagram with 100 sites for with random initial conditions, periodic boundary, after a transient of n = 2000, with ε = 0.1 and
β = 0.1, where the density is normalized to the maximum value. (a) α = 2.5; (b) α = 2.6; (c) α = 2.8; (d) α = 2.85, (e) α = 2.9 and α = 2.98.

here α and β are a system parameter and ε > 0 is the strength of coupling. Next, we keep β = 0.1 constant and use
as an adjustable parameter. The general characteristics of the space–time dynamics remain practically unchanged for

he values of 0 < β < 1. We will consider random initial conditions in the range 0 ≤ u(i)
0 ≤ 1.0 and periodic boundary

onditions: u(i)
n = u(N+1)

n .
As has been reported, the model shows a rich variety of phenomena, such as period-doubling bifurcations of kinks,

patial bifurcation, spatio-temporal intermittency, and pattern competition intermittency [17]. The spatio-temporal
ynamics can be seen in Fig. 1, which summarizes the main patterns as a function of the parameters (α and ε). In 1(a) we
ave the periodic pattern, consisting of several regions with different periods of oscillation and different spatial lengths.
n Fig. 1(b), we have the formation of the frozen random pattern that has a mixture of periodic domains with chaotic
omains and these domains are fixed after the transient. Fig. 1(c) is characterized mainly by short period attractors (less
han 10) or a predominance of ordered patterns after the transient. Some regions exhibit dominant patterns of well-
efined periodicity, such as (2,4,8) (pattern selection). Chaotic defects (Fig. 1(d)) are chaotic regions located in a zigzag
attern, where these chaotic regions move through the lattice. These chaotic defects are transient, that is, after a long
ime, the pattern has only a zigzag dynamic [19], we see they disappear when they collide with each other. Space–time
ntermittency 1(e) has an intermittency between chaotic regions and a zigzag pattern . Already fully developed space–time
haos, there are only chaotic regions in the entire lattice both in time and space (Fig. 1(f)). In Fig. 2 it is shown which
alues of α with (ε = β = 0.1) the formation of these patterns occurs.
For the characterization of each of these patterns, we will use six dynamic quantifiers: Order parameter [33], KS

ntropy [34], maximum Lyapunov, Shibata exponent [35,36] and difference delta. Below we will define each of these.

.1. Quantifiers

The first quantifier used to characterize each of these patterns is the local order parameter Ri [33]. It is a quantifier that
etermines the degree of coherence of the lattice. We introduce a phase for the jth map from the following definition:

sinψj =
2xj − maxj{xj} − minj{xj}

maxj{xj} − minj{xj}
, (32)

or (j = 1, . . . ,N). The values maxj{xj} and minj{xj} are, respectively, the maximum and minimum values of the state
variable for a network (snapshot), so that a spatial half-cycle is mapped in the phase interval [−π/2, π/2]. The magnitude
of the local order parameter is defined as:

Ri = lim
N−→∞

1
2δ(N)

⏐⏐⏐⏐⏐⏐
∑
j∈C

eiψj

⏐⏐⏐⏐⏐⏐ , (33)

or (i = 1, . . . ,N). The sum is restricted to the range of j-values, so that,

C :

⏐⏐⏐⏐ j
N

−
i
N

⏐⏐⏐⏐ ≤ δ(N), (34)

here δ(N) −→ 0 when N −→ ∞.
7
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Fig. 2. Plot of training with ε = β = 0.1, after 10 000 iterates, where (Per) is periodic pattern, (FRP) frozen random pattern, (PS) is pattern selection,
PD) is chaotic defect, (IS) is spatial intermittence and (FD), fully developed chaos. After 10 000. (a) Order parameter, (b) KS entropy, (c) Maximum
yapunov, (d) Shibata exponent and (e) Difference delta.

For the Ri ≈ 1.0 we have sites belonging to coherent domains. When Ri takes values less than 1.0, we have sites in
nconsistent domains.

We can define a new parameter known as the P degree of coherence, which determines the number of sites with
i ≈ 1.0 in relation to the size of the lattice, that is, we add all sites with Ri ≈ 1.0 and divided by the size of the network
snapshot) Fig. 2(a).

Another quantifier widely used to determine the dynamics of a lattice of coupled maps is the use of the Lyapunov
pectrum [17] {λi}

N
i=1, where λi > 0 we have a chaotic dynamic. The normalized sum of the positive Lyapunov exponents

re a numerical estimate for the Kolmogorov–Sinai density (KS) Fig. 2(b). We can also work with the maximum exponent
f Lyapunov λmax as shown in Fig. 2(c). In Fig. 2(e), we define the difference delta function (∆) that determines the
ransitorily of the chaotic dynamics, that is, it measures how much the chaotic dynamics decreases with time. For example,
hen we work with chaotic defects, we know that they are transient, that is, with time they disappear from the lattice,
s they are chaotic, it is expected that the entropy KS will decrease. The difference delta calculation is simply

∆ =
KSi − KSf
KSi + KSf

, (35)

here KSi is the measure of the initial KS and KSf is the measure of the final KS. In 2(e) we use n = 10 000 and final
= 100 000 as the initial time.
The Shibata exponent [35,36] (ζ ) (Fig. 2(d)) as a dynamic quantifier. It determines the degree of disorder of the variable

in a discrete time k and can be defined as:

ζk =
1
N

ln | det Bk,N
|, (36)

here Bk,N is the Jacobian matrix of the lattice

Bk,N
i,j =

∂uk+1
i

∂uk
j

(i, j = 1, 2, . . .), (37)

here k and j are time and discrete space, respectively. However, as the dynamic system evolves over time, the degree of
isorder represented by λk varies over time, so it is best to work with the time average of the average Shibata exponent

Λ =
1
nk

nk−1∑
k=1

ζk, (38)

here nk is the time interval used to average.
It should be emphasized that these average Shibata exponent are different of Lyapunov exponent, calculated in the

hase space, and that they measure the exponential rate of separation between two initially close trajectories. As defined
y Shibata [35], the average exponent must be taken as a local measure of disorder and does not correspond to exponential
8
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Fig. 3. Confusion Matrix, where the main diagonal are the correctly predicted values and the values outside the main diagonal are the wrong
predicted values.

Table 1
Summary of the value ranges of the specific characteristics for each spatio-temporal profile obtained from the dynamic quantifiers (Fig. 2) and
their parameter ranges, where (Per) is periodic pattern, (FRP) frozen random pattern, (PS) is pattern selection, (PD) is chaotic defect, (IS) is spatial
intermittence and (FD), fully developed chaos. We used 585 samples of each pattern, where it was distributed equally in the intervals shown in
Fig. 2 (given by the colors). In the periodic pattern(2.0 < α < 2.5), at each interval of ∆α = 8.5470.10−4 , we take a sample. For the other standards,
his sample is taken every ∆α = 8.5470.10−5 . In all samples, the value of ε was kept at 0.1.
Pattern Ri KS λmax Shibata ∆

Per (2.0 < α < 2.5) 0.29∼1.0 0∼0.001 0∼0.089 −0.4815∼ − 0.1265 0.0∼ − 0.2871
FRP (2.6 < α < 2.65) 0.18∼0.24 0.011∼0.028 0.145∼0.170 −0.745∼ − 0.632 −0.578∼ − 0.385
PS (2.75 < α < 2.8) 0.0∼0.002 0.014∼0.039 0.232∼0.382 −0.227∼ − 0.044 −0.066∼0.452
CD (2.85 < α < 2.9) 0 − ∼0.006 0.04∼0.082 0.437∼0.464 −0.122∼0.097 −0.035∼0.336
SI (2.9 < α < 2.95) 0.001∼0.060 0.096∼0.33 0.464∼0.589 0.201∼0.265 −0.035∼0.280
FD(2.95 < α < 3.0) 0.02∼0.13 0.33∼0.41 0.589∼0.721 0.265∼0.570 −0.017∼0.038

Table 2
Comparison of the accuracy between the classifier for 2.5 ≤ α ≤ 3.0 and 0 ≤ ε ≤ 1.0. We used 585 samples of each
pattern, where it was distributed equally in the intervals shown in Table 1 (given by the colors).
Classifier k-Nearest Neighbor Naive Bayes QDA Decision tree

Accuracy 0.9387 0.9397 0.9302 0.9305

separation rates. However, the general interpretation is basically the same: the higher the values of Λ, the greater the
egree of disorder in the lattice.

. Results

As seen in Fig. 2 each of the space–time profiles has a characteristic value for each quantifier. In Table 1 we summarize
hese values according to the standards. To perform the training of our learning algorithm [37], we used 585 samples of
ach pattern, where it was distributed equally in the intervals shown in Fig. 2 (given by the colors), respectively. In these
ntervals, we have prior knowledge of the dynamics of each spatio-temporal profile, so we have already labeled each
nterval in its respective pattern. These gaps, as shown in Fig. 2, are used as the training data of our algorithms.

For this preparation, we separated 70% of these samples for training (2457 samples) and 30% (1053 samples) of the
ata for a test step. For good sampling preparation, it must be done randomly, that is, this random separation is performed
o have a greater uniformity in the data. This test step is performed after the algorithm training phase and aims to verify
he accuracy of the model, given that these data separated for testing are used to compare the prediction of the already
rained model with the true classes of test data. In our case, this percentage of accuracy was around 94.11% with F1
cores = 94.09%, when we employ the machine committee in the data. In Table 2 we have the accuracy of each classifier
eparately, used in the range shown in Fig. 2. The accuracy of the machinery committee is greater than each classifier
eparately, as well as avoiding overfit. In Fig. 3 the confusion matrix obtained by the machine committee is shown.
This matrix gives us an idea of what the patterns were wrongly predicted. It is important to note that these errors

ccur in the transition from one pattern to another. This is because the characteristics present very close values in
9
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Fig. 4. The dynamic quantifiers for the parameter ranges (2.5 ≤ α ≤ 3.0 and 0 ≤ ε ≤ 3) with β = 0.1 and after a 5000 iterated transient. The
ntegration pass is ∆ε = 10−4 and ∆α = 10−4 . (a) Order parameter, (b) KS entropy, (c) Maximum Lyapunov, (d) Shibata exponent and (e) Difference
elta.

hese transition regions, that is, those regions where the transition occurs, the patterns have very similar dynamic
haracteristics.
After the training and validation step, we can now apply our ML to the entire parameter space (2.5 ≤ α ≤ 3.0 and

≤ ε ≤ 3). As we already know, to perform the prediction, we have to use the values of the characteristics of this sample
s input data Fig. 4 (the dynamic quantifiers). It is important to note that, after the training phase, our algorithm was
rained with the characteristics, shown in Table 1, of each dynamic pattern. From there, when we apply our algorithm to
he entire parameter space, it will relate the characteristics of each pair of ε and α with the pattern learned earlier.

In Fig. 5(a) the result of this prediction is shown. In Fig. 5(b) we plot the prediction probabilities. In this figure, we
ee that the forecast probabilities are above 0.6 with a small region (less than 1.0%) with a probability close to 0.5. These
egions, with a probability close to 0.5, are the regions where the transition between two profiles occurs, and so, the
redictions become more difficult.
The result found by our ML has several interesting characteristics. First, we see a predominance of the frozen random

attern with a periodic window in the region (2.7 ≲ α ≲ 2.8 and 0.3 ≲ ε ≲ 1.0). Second, we see a concentration
f chaotic defect, intermittency and selection patterns for the region with low coupling, as expected. A very interesting
hing is the appearance of chaotic defects and pattern selection in high couplings and the concentration of space–time
haos completely developed only for low couplings (0 ≲ ε ≲ 0.10).
Fig. 6 shows some space–time diagram profiles for the periodic pattern for various values of (α and ε). We can observe

n increase in the size of the domains due to the coupling, but it is important to highlight that in these patterns, there is
o formation of chaotic domains. In Fig. 7, we show the profiles of the frozen pattern. These profiles have a mixture of
10
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Fig. 5. In figure (a), we show the prediction result of our model of machine learn, obtained from the data shown in Fig. 4, where the numbers
in the legend are related to the profiles found by our algorithm. Values 0 (periodic patterns with low numbers of regular domains), 1 (periodic
patterns with high numbers of regular domains), 2 (frozen random pattern), 3 (pattern selection), 4 (chaotic defect), 5 (Space–time intermittency)
and 6 (fully developed space–time chaos) and (b) Represents the probability values of each prediction.

Fig. 6. Space–time diagram with 100 sites for with random initial conditions, periodic boundary with β = 0.1, after a transient of n = 2000 for
arious values of α and ε. (a) α = 2.5641 and ε = 0.5918, (b) α = 2.5771 and ε = 0.9980,(c) α = 2.7485 and ε = 0.8257 and (e) α = 2.55 and
= 0.3.

rdered and chaotic domains, when we use coupling with high values (Fig. 7(d)), an increase in the size of the domain,
oth regular and chaotic, is noticed, but their borders are fixed in time. This same analysis is done for the pattern selection
rofile (Fig. 10), where we use various values of (α and ε).
A special analysis is carried out in the case of chaotic defects. In Fig. 8, we note the presence of the same chaotic

efects for values of ε large In Fig. 8(a), (c) and (d). We can notice these chaotic regions located in a zigzag profile with a
onger wavelength, due to the value of the coupling. A characteristic of these profiles is the transience of chaotic regions,
hose regions are not fixed in time. In Fig. 9 we observe this transience when we plot these profiles in an initial time
nd an end time. It is important to note that this final time, where we no longer observe these chaotic regions, is a very
ong time(n > 100 000).

A final analysis is performed in Fig. 11, where we have the space–time intermittency for various values of (α and
). We noticed a large chaotic region with smaller, less chaotic regions (simpler movement). This sets it apart from the
ully developed chaos, which has chaotic regions across the lattice. These less chaotic regions vary in position over time,
ut unlike the chaotic defect, these disordered regions are not transient even for very long iteration times in the order
f(n ∼ 5 × 106).
Our model, using machine learning, were able of the classifier of space–time profiles in regions, where the models

reviously used, are not able to classify with such precision. For example, in Fig. 8, where we have the formation of
11
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f

Fig. 7. Space–time diagram with 100 sites for with random initial conditions, periodic boundary with β = 0.1, after a transient of n = 2000 various
values of α and ε. (a) α = 2.6 and ε = 0.08, (b) α = 2.64 and ε = 0.14,(c) α = 2.7064 and ε = 0.4168 and (e) α = 2.7 and ε = 0.25.

Fig. 8. Space–time diagram with 100 sites for with random initial conditions, periodic boundary with β = 0.1, after a transient of n = 2000 iterated
or various values of α and ε. (a) α = 2.8997 and ε = 0.9679, (b) α = 2.9248 and ε = 0.1162,(c) α = 2.8637 and ε = 1.0 and (e) α = 2.9068 and
ε = 0.9820.

chaotic defects for large coupling values, the previous models were unable to classify these profiles as defects, that is,
it was assumed that this chaotic defect profile occurred only at low coupling. But when we use ML, we realize that the
dynamic characteristics of these profiles are closer to the chaotic defects of any other profile used in learning. This also
occurs with Fig. 7(c)–(d), where it would apparently be classified with another pattern, but when our algorithm compares
the dynamic characteristics, its dynamics is closer to the frozen pattern than another profile space-temporal. To conclude
our analysis, it is important to note that in previous models of coupled maps, fully developed space–time chaos was
predicted in a large region, with high and low couplings, but without any deeper analysis of its dynamics. When we
apply our algorithm of ML, using the dynamic characteristics of each profile, we realize that the completely developed
space–time chaos profile occurs only in a small region of low coupling and this can be easily confirmed when comparing
the previous models with our, observing the profiles of amplitude as a function of the lattice in these regions.
12
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a
ε

ε

Fig. 9. Space–time diagram with 100 sites with random initial conditions, periodic boundary and β = 0.1 for various values of α and ε. (a) α = 2.8997
nd ε = 0.9679 with n = 5 000, (b) α = 2.8997 and ε = 0.9679 with n = 450 000,(c) α = 2.8637 and ε = 1.0 with n = 5 000(e) α = 2.8637 and
= 1.0 with n = 450 000 (d) α = 2.9068 and ε = 9820 with n = 5 000 and (e) α = 2.9068 and ε = 0.9820 with n = 450 000.

Fig. 10. Space–time diagram with 100 sites for with random initial conditions, periodic boundary with β = 0.1, after a transient of n = 2000 for
various values of α and ε. (a) α = 2.7124 and ε = 0.0681, (b) α = 2.8176 and ε = 0.1122,(c) α = 2.9048 and ε = 0.1102 and (e) α = 2.9228 and

= 0.1481.
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Fig. 11. Space–time diagram with 100 sites for with random initial conditions, periodic boundary with β = 0.1, after a transient of n = 2000 for
various values of α and ε. (a) α = 2.9689 and ε = 0.1042, (b) α = 2.9689 and ε = 0.2525,(c) α = 3.0 and ε = 0.3066 and (e) α = 3.0 and ε = 1.0.

. Conclusions

All of these profiles shown above were the profiles that our learning algorithm classified, due to their characteristics.
s we have seen, there are several new results such as the appearance of chaotic defects and pattern selection in high
ouplings, such as the concentration of fully developed space–time chaos, only in the regions of low coupling.
We use these dynamic quantifiers as the characteristics of our profiles that represent as much as possible the dynamic

eatures of each space–time profile. For example, the exponents of Lyapunov and Shibata who measure the specific chaos
f each pattern as well as the order parameter, which highlights the degree of coherence of each site in the network.
dynamic feature that gave greater precision to our learning algorithm was the ∆ which indicates how this chaos

ecreases with time. With this quality, our algorithm was able to differentiate chaotic defects from frozen pattern and
patio-temporal intermittency, since the defects, among these, have a great decrease in their ∆, because as we know, they
re transient and, consequently, decrease network chaos over time.
The great advantage in using ML is its impartiality in classifying the dynamics of each pattern, making it a great tool

or the prediction of these space–time profiles. Its ability lies in its excellent mathematical foundation, giving the best
ossible prediction through the available data. It is worth noting that the use of ML removes the observer’s partiality,
rom comparing the dynamic characteristics of the samples one by one, being passive of many errors. Our ML, through
ts training, will predict the better classification, given the dynamic characteristics, every profile belongs.

We try to show in these paper, how this new tool is great in the application in dynamic systems spatially extended,
pening a new frontier in its future use.
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