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Brain plasticity or neuroplasticity refers to the ability of the nervous system to reorganise itself in
response to stimuli. For instance, sensory and motor stimulation, memory formation, and learning
depend on brain plasticity. Neuronal synchronisation can be enhanced or suppressed by the plasticity.
Synchronisation is related to many functions in the brain, as well as to some brain disorders. One possible
plasticity rule is the burst-timing-dependent plasticity (BTDP), that induces synaptic alteration according
to the timing of neuronal bursts. In this work, we build a network of coupled Rulkov maps where the exci-
tatory connections are randomly distributed. We consider the BTDP to study its effects on the syn-
chronous neuronal activities. In our simulations, we observe that depending on the initial synaptic
weights, the whole network or part of it can have its neuronal synchronisation improved. This increase
can be reached by two different mechanisms, the initial burst synchronisation and random statistical
coincidence. A mix of these two mechanism is also found in the network. BTDP can induce the formation
of desynchronised and synchronised clusters that operate in different frequencies, but only if the noise
level is low. Our results show possible mechanisms of cluster formation in burst neuronal networks.
We also consider the BTDP rule on a small-world network and show that, depending on the initial con-
nection strength, the network can exhibit local or non-local properties.

� 2021 Elsevier B.V. All rights reserved.
1. Introduction

The brain is an organ with one of the most complex structure in
the human body [1]. It is constituted by billions of neurons that are
connected to each other by means of a large number of synapses
[2]. Through neurons, information can be transmitted between
brain regions by electrochemical signals [3]. The information is
relayed through electrical and chemical synapses by different
mechanisms [4].

The brain can modify its organisation and function throughout
life. This ability is known as neuroplasticity or brain plasticity
and can occur in response to stimuli or injury [5]. The existence
of changes in the brain functions was proposed by James [6] in
1890. In the late 1800s, Cajal [7] used the term plasticity to
describe brain adaptation due to the environment. Alterations in
neuronal pathways were observed in experiments performed in
1923 by Lashley [8]. Hebb [9] in 1949 postulated that the synapse
between two neurons is potentiated when they are active at the
same time. Two decades after the Hebb’s rule, experimental results
about the potentiation were found in the rabbit hippocampus [10].

Mathematical models of networks have been considered to
mimic effects of plasticity in neuronal activities [11]. Popovych
et al. [12] studied the noise dependency of synchronous behaviour
in a neuronal network model with spike-timing-dependent plastic-
ity (STDP). Borges et al. [13–15] reported that STDP can induce non
trivial topology in the brain. Another type of neuroplasticity is the
burst-timing-dependent plasticity (BTDP) [16], that induces synap-
tic alteration according to the timing of bursts. Recently, Wang
et al. [18] found the coexistence of coherent and incoherent
dynamics, known as chimera states, in an adaptive neuronal net-
work with BTDP.

Plasticity influences synchronous behaviour and its transition in
neuronal networks [19]. Neuronal synchronisation has been
observed in the brain during different tasks [20]. Jiang et al. [21]
showed results in which the synchronisation increases in the left
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inferior frontal cortex during a face-to-face dialogue. Strong and
weak synchrony have been detected in neurological disorders
[22], such as Parkinson’s [23] and Alzheimer’s diseases [24]. Epi-
lepsy has been considered as a disorder characterised by seizures
and is related to synchronised neuronal activities [25].

We build a network composed of coupled Rulkov maps [26].
The model proposed by Rulkov [27] in 2001 is a two dimensional
iterated map that has been used to describe the dynamics of burst-
ing activity of biological neurons. We consider two types of net-
work structure. In the first, the neurons are randomly connected
according to the Erdös-Rényi model [28], where excitatory chemi-
cal synapses are distributed by means of a connection probability.
The second kind is a small-world network constructed with the
Watts-Strogatz method [30]. Small-world networks are known to
minimize the wiring cost, and many small-world properties have
been found in the brain [31]. We consider a burst-timing-
dependent plasticity (BTDP) rule that was introduced by Butts
et al. [16]. In this work, we focus on the effects of the BTDP in
the neuronal synchronisation. The BTDP changes the synaptic
weight, and as a consequence it can induce or reduce synchronous
behaviour. We observe increase of synchronisation due to plastic-
ity for initially synchronous and de-synchronous states. We iden-
tify two different mechanisms that are associated with the
potentiation of the synaptic weights. We also show the formation
of clusters with different frequencies is possible during the syn-
chronisation improvement. Therefore, BTDP plays an important
role in neuronal synchronisation.

This paper is organised as follows: In Section 2 we introduce the
neuronal network model with BTDP. In Section 3, we discuss our
results about the plasticity. In the last Section, we draw our
conclusions.
2. Neuronal network model

The neurons are modelled by the Rulkov model, given by

xi;tþ1 ¼ ai

1þ x2i;t
þ yi;t þ Ii;t þ �ni;t; ð1aÞ

yi;tþ1 ¼ yi;t � rxi;t � b: ð1bÞ
xi;t represents the membrane potential of the ith neuron

(i ¼ 1;2; . . . ;N) at the discrete time t and yi is the slow time-scale
variable which generates the bursting behaviour on the variable
xi. The behaviour of the x and y variables of a single uncoupled neu-
ron is depicted in Fig. 1. In our simulations, we use r ¼ 0:0009 and
b ¼ 0:0011. The parameter ai is randomly distributed in the inter-
val 4:1;4:4½ � with uniform probability. The parameter ai controls
the neuron’s mean natural bursting frequency f 0 (the mean burst
frequency it exhibits when uncoupled) and, in the used interval,
there is an approximately linear relationship, that is given by
Fig. 1. Time series of the x and y variables of an uncoupled Rulkov map neuron with
a ¼ 4:2;r ¼ 0:0009, and b ¼ 0:0011. The x variable exhibits bursting behaviour and
is interpreted as the neuron’s membrane potential. The cosine of the neuron’s phase
is plotted in red. (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)
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f 0 ¼ 0:01137a� 0:04408. ni;t is a gaussian white noise applied with
no correlation with respect to time or the applied neurons. � is the
noise amplitude.

We build a network of N ¼ 1000 neurons connected to each
other by means of excitatory chemical synapses. We represent
the synaptic current injected on the neuron i at time t as [29]

Ii;t ¼ � 1
v xi;t � Vs
� �XN

j¼1

AijWij;tH xj;t � h
� �

; ð2Þ

where H xð Þ is the Heavyside step function, h ¼ 0 is the spiking
threshold of the membrane potential, Vs ¼ 1 is the reversal poten-
tial, and v ¼ 1=Nð ÞPN

ij Aij is the network’s mean connectivity that
is used for normalization. Aij is an element of the adjacency matrix
and assumes the value 1 if a connection from neuron j to neuron i
exists, and 0 otherwise. Two connection schemas were used, both
directed complex networks. The first is a random network built
using the Erdös-Rényi method [28] with connection probability
p ¼ 0:35. The second is a small-world network built using the
Watts-Strogatz algorithm [30] with mean connectivity k ¼ 4 and
rewiring probability b ¼ 0:2. Each connection structure will be anal-
ysed separately. Wij;t is the synaptic weight of the synapse j ! i at
time t. It can be interpreted as a synaptic conductance and controls
how strong the connection is. Wij;t can assume values between 0
and Wmax, and it can change over time following the plasticity rule.
For the random network Wmax is equal to WER

max ¼ 0:1, while for the

small-world networkWWS
max ¼ 0:2. To modify the synaptic weights as

the network evolves, we use the burst-timing-dependent plasticity
(BTDP) rule [16]. It uses the time difference between the burst-start
times (or burst latency) of two connected neurons to determine the
synaptic weight change according to the equation

DW Dtð Þ ¼ Ap � Ap�Ad
Ts

jDtj if jDtj 6 Ts

Ad if jDtj > Ts

(
ð3Þ

with Ap ¼ 0:008;Ad ¼ �0:0032, and Ts ¼ 58. A plot of the BTDP
function is shown in Fig. 2. If both neurons burst at similar times,
then potentiation occurs, but if the time difference between the
burst-start events is large enough, depression occurs. The parame-
Fig. 2. Change on synaptic weight as a function of the time latency between the
burst-start events of two connected neurons. Bursts starting close together cause
synapse potentiation, while large burst latency causes depression.
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ter values are chosen to keep the ratio jAd=Apj � 0:4 [16], as well as
to adapt the time scale of the curve to the discrete time of the
Rulkov map.

The change in the synaptic weight is additive and calculated
through Eq. 3 with Dt equal to the difference between the current
time and the last burst-start time of the neuron’s neighbour. By
doing this, all synapses are updated twice for burst pair (Wij is
updated both when i starts a burst and when j does). To correct
this, we change Ad ! D ¼ Ad=2 and Ap ! P ¼ Ap þ D in the imple-
mentation of Eq. 3. This ensures that, after both updates are con-
sidered, the effective synaptic weight change reflects the
amplitudes Ap and Ad. In addition we limit the values of the synap-
tic weights in the range 0 6 Wij 6 Wmax. If the application of the
plasticity rule results in a negative synaptic weight, or one greater
than Wmax, the synaptic weight value is set to the trespassed limit.
This is done to avoid that the synapses become inhibitory, as well
as to avoid unlimited injection of current, which can destroy the
bursting dynamics of the.

The initial conditions are randomly chosen in the interval
xi ¼ �2;2½ � and yi ¼ �4;0½ �. All synapses are initiated with the
same synaptic weight W0. After a transient of ttrans ¼ 104 steps in
which the neurons are active but the plasticity is not computed,
the network is let to evolve for 1:5� 106 steps. During this time
interval, the synaptic weights vary according to the plasticity rule,
and the network synchronisation level is measured. To analyse the
burst synchronisation of the network, we consider the neuron’s
phase /i, that is written as

/i;t ¼ 2p kþ t � tk;i
tkþ1;i � tk;i

� �
tk;i 6 t < tkþ1;i; ð4Þ

where t is the current time, tk;i is the time of the kth burst of the ith
neuron, and the first burst is labelled by the index k ¼ 0. Fig. 1 dis-
plays the evolution of cos/ for a Rulkov neuron.

The network synchronisation level is measured by the absolute
value of the Kuramoto order parameter [17], defined by

Rt ¼ j 1
N

XN
i¼1

ej/i;t j; ð5Þ

where j ¼
ffiffiffiffiffiffiffi
�1

p
is the imaginary unit. Rt is a real number between 0

and 1, and it assumes its highest value when the network is com-
pletely synchronised (all neurons burst at the same time) and 0
when there is no synchronisation in the network. The mean Kura-
moto order parameter is calculated as

R ¼ 1
tfin � tini

Xtfin
t¼tini

Rt ; ð6Þ
Fig. 3. Mean synaptic weight of the final state vs the initial synaptic weight value for the
first bisector is also shown just for comparison. On panel (a) no noise is applied. In this
frequency neurons, while for large W0, it is caused by the network’s starting synchronisa
of the network in two clusters that operate in different frequencies. On panel (b) we sh
behaviour is not present in this case because there occurs no network segregation.
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where tini ¼ ttran ¼ 104; tfin ¼ 2� 104; and tini ¼ 149� 104; tfin ¼
150� 104.

The mean synaptic weight is given by

Wh i ¼ 1
Nsyn

XN
i;j¼1

Wij Aij; ð7Þ

where Nsyn ¼ PN
ij¼1Aij is the total number of synapses in the

network.
The mean burst frequency of a neuron is computed as the

inverse of the mean inter-burst-interval (�f i ¼ 1=IBIi). As done for
the order parameter, the mean frequency is calculated at the initial
state (ttrans < t 6 ttrans þ 104) and at the final state
(149� 104 < t 6 150� 104). These are called as the initial mean
frequency �f i;ini and the final mean frequency �f i;fin, respectively.
We also consider the neuron’s natural mean frequency f i;0, which
is the frequency that the neuron has when is isolated. This quantity
is intrinsic and is obtained using a linear relation with the param-
eter a.

3. Results

3.1. Random network

Aiming to study the effects of BTDP on the random network, we
calculate the mean synaptic weight, mean order parameter, and
frequency of the neurons in the asymptotic state. In Fig. 3(a), we
show the network’s average synaptic weight Wh i of the final state
as a function of the initial synaptic weight W0 in the case of no
noise (� ¼ 0). The initial synaptic weight is indicated by the grey
diagonal line. In our simulations, all initial synaptic weights are
considered equal to W0. We observe that in the asymptotic states,
all synapses end up with a synaptic weight very close to either 0 or
WER

max. This polarisation of synaptic weights happens regardless of
their initial values (W0), although the fraction of synapses at each
extreme varies. Because of this, Wh i=WER

max is the proportion of
synapses with maximum weight.

We observe that for almost all W0, the final state has a larger
mean synaptic weight value than the initial state, and as a conse-
quence, the potentiation is overall favoured over depression. How-
ever, the increase of the mean synaptic weight depends on the
initial weight value. For W0 6 0:45WER

max and W0 P 0:55WER
max, the

curve in Fig. 3 looks very smooth. These two curves suggest that
there are two distinct regimes with some transition state connect-
ing them. The connection region can be approximately identified in
the interval 0:45WER

max < W0 < 0:55WER
max. The potentiation that
random network. The results are the average over 10 different initial conditions. The
case, for small W0, the potentiation is caused by the coincidence of bursts of high-
tion. For intermediate W0, there is a non-monotonic behaviour due to a segregation
ow the same result but for simulations where noise is applied. The non-monotonic



Fig. 4. Mean Kuramoto order parameter of the random network as a function of the
initial synaptic weight value for before (blue line) and after (black line) plasticity’s
action for � ¼ 0 (average on 10 initial conditions). (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of
this article.)

João Antonio Paludo Silveira, Paulo Ricardo Protachevicz, Ricardo Luiz Viana et al. Neurocomputing 436 (2021) 126–135
occurs for W0 6 0:45WER
max has a different origin than for

W0 P 0:55WER
max due to the presence or not of an initial

synchronisation.
We calculate the initial and final synchronisation of the noise-

less random network by means of the Kuramoto order parameter.
Fig. 4 displays the average of the Kuramoto order parameter over
10000 steps as a function of W0 for before (blue line) and after
(black line) the plasticity takes place. The curve of the initial state
is the well known sigmoid-like curve of the order parameter vs
coupling parameter. The curve for the asymptotic state is very sim-
ilar to the one in Fig. 3(a), showing a correspondence between the
average synaptic weight of the network with its synchronisation.
The plasticity effect depends on the initial value of W0. Due to this
fact, we consider three different cases: W0 6 0:45WER

max,

0:45WER
max < W0 < 0:55WER

max, and W0 P 0:55WER
max.

ForW0 greater than about 0:55WER
max, the order parameter of the

initial state has values R P 0:7, indicating the existence of burst
synchronisation. This occurs due to the fact that the initial state
synapses are strong enough to synchronise the network right from
the start. After applying the plasticity rule, we observe for theseW0

an increase for Wh i and R. The increase of the mean synaptic
weight is the result of the initial synchronisation, that causes the
neurons to burst at almost the same time and thus potentiate
the synapses. This mechanism of potentiation via
synchronisation-caused burst coincidence is a Type I potentiation.
As the synapses get stronger, the network becomes more synchro-
nised, and as a consequence an increase on the order parameter is
also observed. There is a positive feedback between synchronisa-
tion and potentiation, and this feedback is the reason that synaptic
weights go to their maximum values. The synapses that connect
synchronised neurons become stronger over time. In this case,
we verify the formation of one synchronised cluster composed of
all neurons of the network.

ForW0 smaller than 0:45WER
max, the mean order parameter of the

initial state has values R � 0:25, indicating that the synchronisa-
tion in the initial state is low or inexistent. In this cases, the initial
synapses are not strong enough to synchronise the neurons in the
network. Applying the plasticity rule for small W0 values, we also
observe an increase in both Wh i and R, even without initial syn-
chronisation. In particular, we identify synapse potentiation when
W0 ¼ Wij;t¼0 ¼ 0, which is when there is no interaction between
the neurons in the initial state. The potentiation comes not from
synchronisation, but from a different phenomenon entirely, that
is related to the natural neuronal frequencies. When there is no
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interaction between the neurons, the burst latency Dt assumes val-
ues randomly. Sometimes the value is small (and potentiation
occurs) and other times it is large (and depression occurs). The
maximum allowed value for Dt is the maximum inter-burst-
interval (IBI) of the involved neurons. Neurons that exhibit high
frequency (low IBI) have a narrower range of allowed values of
Dt and, therefore, potentiation occurs more frequently than
depression. This route to potentiation is called Type II potentiation.
The minimum frequency for the potentiation is estimated to be
fmin ¼ 4:9� 10�3 (Appendix A), which is less than the frequency
of many high-frequency neurons in the network. Once the
synapses that connect the high-frequency neurons are strong
enough, the neurons can become synchronised and kickstart the
positive feedback between synchronisation and potentiation. They
also start injecting current on other neurons in a united manner,
and this joint action is enough to attract some medium-
frequency neurons to the synchronised cluster.

Considering small values of W0, we observe the formation of
one cluster that is composed of the neurons with smaller inter-
burst interval or higher firing burst frequency. The cluster forma-
tion is shown in Fig. 5, which represents the asymptotic value of
the matrix W in a simulation for W0 ¼ 0 and no noise. In this fig-
ure, the pre and post synaptic index are sorted by increasing the
natural burst frequency f 0. Blue (orange) dots correspond to the
synapses with the maximal (minimal) weight values. We see that
the neurons with higher burst frequency form a strongly connected
cluster. We also note that the synaptic weight matrix becomes
approximately symmetric along the main diagonal, meaning that
the synapses between two neurons become stronger (or weaker)
in both directions.

To make clearer the relation between potentiation and synchro-
nisation for small values of W0, we show in Fig. 6 the time evolu-
tion of the mean synaptic weight Wh i of the order parameter Rt

and its moving average MA Rtð Þ for W0 = 0 and � ¼ 0 until the
asymptotic state to be reached. We verify that the potentiation
begins before any synchronisation. At the start of the evolution
(t < 3� 105), the mean synaptic weight slowly increases due to
the coincidence of the high-frequency bursts. At this stage, the syn-
chronisation does not increase, due to the fact that the connections
among some neurons are not strong enough to synchronise them.
At certain point (t � 3� 105), the synapses reach a critical strength
level and synchronisation starts to arise. At this point, the positive
feedback between the synchronisation and the potentiation is ini-
tiated, and as a consequence the synchronous behaviour increases
more quickly. The synchronisation saturates when the synapses
reach the maximum weight allowed.

Finally, for the intermediate values of W0

(0:45WER
max < W0 < 0:55WER

max), we identify the presence of both
Type I and Type II mechanisms in the noiseless case. The order
parameter values of the initial state are in the range
0:2 6 R 6 0:7, meaning that there is a partial synchronisation in
the network. There are some neurons that are synchronised to each
other and their synapses are potentiated. There are also some high-
frequency neurons that do not start synchronised to the others. The
synapses between these neurons are also strengthened due to the
random coincidence of bursts. Then, there are two groups of
synapses that are potentiated, where one is connected with syn-
chronised neurons and the other that is connected with high-
frequency neurons. However, the synapses connecting a high-
frequency neuron to one that is part of the synchronised group
are not potentiated, but instead they are depressed. For this reason,
in this regime, we identify two separate clusters, one that is com-
posed of neurons that potentiate via Type I mechanism and the
other via Type II mechanism.We also find some neurons of low fre-
quency that do not have any synapses that are potentiated at the



Fig. 5. Representation of the final state synaptic weight matrix W of the random network for W0 ¼ 0 and � ¼ 0. Every synapse is denoted by a point, where the x-value is the
index of the presynaptic neuron and the y-value is the postsynaptic index. Both axes are sorted by the neuron’s natural mean frequency f 0 and the values are represented by
the blue-green-red colourbars alongside the axes. The coloured points represent the values of the synaptic weights. The matrix W is approximately symmetric along the first
diagonal. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 6. Time series of the order parameter and the mean synaptic weight for the
random network with W0 ¼ 0 and � ¼ 0. The dark blue curve is the moving average
MA(Rt) of the order parameter with window size of 8000 steps. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web
version of this article.)
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asymptotic state. These three groups of neurons are displayed in
Fig. 7, which is similar to Fig. 5, but the initial weight is
W0 ¼ 0:5WER

max and we use the final mean frequency �f end of the neu-
ron to sort the axes. The two separated blue squares represent each
one cluster. A consequence of the network division can be seen on
Fig. 3(a) by the non-monotonic behaviour of the curve. As the ini-
tial synaptic weight increases from 0:45WER

max to 0:5WER
max, one

would expect the final average synaptic weight to increase as well.
However, this does not occur, as in this range the group of highly
connected neurons is broken into the two clusters. The synapses
that connect one cluster to another (that would be potentiated
were there only one single cluster) depress, and the average synap-
tic weight of the final state drops. The overall network synchroni-
sation also suffers from the segregation, and the non-monotonic
behaviour also appears in Fig. 4 on the asymptotic state curve of
the order parameter.

In many cases — especially for lower values of W0 — part of the
neurons have all their synapses with synaptic weights close to zero
on the asymptotic state, ending effectively cut-off from the net-
130
work. These are the low-frequency neurons that present little syn-
chronisation with the rest of the network at the start of the
simulation. On the other hand, connections that remain on the
asymptotic state have maximum weight value. It can be said,
therefore, that the BTDP rule by itself has a extremizing effect, by
which neurons that have little correlation are driven further apart,
and correlated neuron are driven closer together. This is consistent
with the hebbian nature of the plasticity rule.

We identified two possible mechanisms for potentiation in the
random network, whose occurrence depends on the value of start-
ing synaptic weights. We now analyse the reason these mecha-
nisms are only present for some W0 values. In the top row of
Fig. 8, we plot the initial mean frequency as a function of the neu-
ron’s natural frequency for three values ofW0, one for each regime.
For W0 6 0:45WER

max, the neuron’s mean frequency before plasticity
actuated is approximately equal its mean natural frequency. As an
example, Fig. 8(a) depicts the case where W0 ¼ 0. In this situation,
the potentiation mechanism is due to the low IBI random burst
coincidence (Type II), Because there are neurons that exhibit high
frequency and no initial synchronisation. For W0 P 0:55WER

max,
the network is initially synchronised and the neurons’s frequencies
are altered. The plateau in Fig. 8(c) shows that for W0 ¼ 0:7WER

max

most neurons exhibit the same common frequency. This common
frequency is not high enough for the Type II mechanism to occur
and, therefore, only the Type I potentiation is present. On the other
hand, for intermediate W0, the initial synchronisation does not
encompasses all neurons. In Fig. 8(b) we see a plateau of synchro-
nised neurons and also the existence of neurons whose frequency
is not completely altered to the common one. As there exists neu-
rons that are synchronised, as well as neurons that exhibit high fre-
quency, we observe both Type I and Type II potentiation
mechanisms. However, the same neuron is only affected mainly
by one of the two types.

The final state of the neurons’s frequency was also computed
and is depicted on the bottom row of Fig. 8. The colours indicate
the cluster to which the neurons belongs. We consider red for
the Type I cluster, blue for the Type II, and yellow for low frequency
neurons whose synapses do not potentiate. The same colours are
kept in the top row for comparison’s sake. The plateau regions in



Fig. 7. Final state synaptic weight matrix W of the random network for W0 ¼ 0:5WER
max and � ¼ 0 (see Fig. 5 for explanation). The axes are sorted by the neuron’s final mean

frequency. The neurons initially synchronised have the synapses potentiated by the Type I mechanism and form a cluster (big blue square in the middle). On the other hand,
synapses that are connected with high-frequency neurons are potentiated by the Type II mechanism (smaller square on the top right corner). The synapses that are connected
with high-frequency and initially frequency-locked neurons are depressed. (For interpretation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)

Fig. 8. �f ini � f 0 for (a) W0 ¼ 0, (b) W ¼ 0:5WER
max, and (c) W ¼ 0:7WER

max, and
�f end � f 0 for (d) W0 ¼ 0, (e) W ¼ 0:5WER

max, and (f) W ¼ 0:7WER
max. Results for the random network

with no noise. The colour indicates which cluster a neuron belongs, where red is the Type I cluster, blue for the Type II cluster, and yellow for low frequency neurons that do
not belong to any cluster. The plateaus indicate frequency-synchronised neurons. (For interpretation of the references to colour in this figure legend, the reader is referred to
the web version of this article.)
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these figures exhibit the presence of frequency synchronisation in
the final state. We note that for small values of W0, Type II poten-
tiation leads to a synchronised cluster (Fig. 8(d)), while for inter-
mediate W0 values, the same potentiation mechanism leads to a
desynchronised cluster (Fig. 8(e)). For W0 ¼ 0:5WER

max, this cluster
exhibits a local order parameter of 0:213, meaning that the neu-
rons are not very synchronised. On the other hand, clusters that
are created by the Type I mechanism have synchronised neurons.
The local order parameter for this cluster for W0 ¼ 0:5WER

max has
value 0.909.
131
Next we consider the addition of noise on the network and the
robustness of the results is analysed. We use a gaussian-
distributed noise with mean zero, unitary standard deviation and
amplitude �. The noise is applied to all neurons independently.
When the noise amplitude is low, the effects of the plasticity are
not altered, and cluster segregation is stil present. However, for
noise levels as high as � ¼ 0:032, the behaviour changes. The final
average synaptic weight for this case is shown in Fig. 3(b) as a
function of W0. We observe that the non-monotonic behaviour
present in the noiseless network no longer appears with the addi-
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tion of noise. The transition is instead smooth. The absence of the
non-monotonic behaviour is also observed on the order parameter
curve. The segregation of the network in clusters is also absent.

It was observed that, for when the initial synchronisation level
is low, the noise has the effect of increasing the initial burst fre-
quency of the neurons when compared to the noiseless network.
Fig. 9 depicts the neurons’s frequency on the initial state for
W0 ¼ 0:5WER

max and � ¼ 0:032. When compared to its noiseless
counterpart in Fig 8(b), we see that the addition of noise increases
the neurons’s burst frequency and diffuses the initial frequency
synchronisation. As a result the distinction between Type I and
Type II potentiation becomes blurred, and segregation is made
more difficult. The image representation of the final synaptic
weight matrix (not shown) is similar to the one on Fig. 5 for the
whole W0 parameter space. The size of the blue square increases
with W0 until it encompasses the whole network on
W0 � 0:45WER

max. Thus, only one cluster is found on the network if
high amplitude noise is present.
Fig. 10. Synaptic weight matrix of the small-world network on the asymptotic state
in a simulation where W0 ¼ 0:275WWS

max. Blue points represent potentiated
synapses, and orange points depressed synapses. For initial synaptic weights

WS
3.2. Small-world network

We now analyse the effect of BTDP on the small-world network.
We consider the dynamics of the network without noise (� ¼ 0). At
the start of the simulation we set the synaptic weights of all
synapses to the same value W0. Simulations were made with W0

ranging from 0 to WWS
max. It was observed that for small values of

starting synaptic weight (W0 < 0:3WWS
max) local synapses are heav-

ily favoured to potentiate over non-local synapses. By non-local
synapses we mean the shortcuts of the Watts-Strogatz method.
In this range, very few non-local synapses were potentiated, most
were depressed to vanishing synaptic weight. This means the net-
work exhibited essentially a local characteristic in this interval.
From W0 ¼ 0 through W0 ¼ 0:275WWS

max the fraction of potentiated
local synapses steadily increases from 49% to 97%, while the frac-
tion of potentiated non-local synapses only increases from 10% to
15% in this range. However, when W0 assumes the value
0:3WWS

max, a large portion of the non-local synapses potentiate
together. For initial synaptic weight values greater or equal to
0:3WWS

max, the network is not predominantly local as it is for lower
W0 values, but becomes non-local with small-world properties.
Fig. 9. Frequency of the neurons before plasticity action for a random network with
W0 ¼ 0:5WER

max and noise of amplitude � ¼ 0:032. With the addition of noise, the
initial frequency of the neurons is increased, and the frequency locking is weakened
when compared to the noiseless case, depicted in Fig. 8(b). Because of that, the
segregation of the network in clusters does not occur.
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This transition can be seen in Figs. 10 and 11, that show the
synaptic weight matrix W on the final state of simulations for
two values of W0. The position of the points is the same as in the
adjacency matrix, and the colours represent the final synaptic
weight value of the synapses. It is clear that for W0 ¼ 0:275WWS

max

the density of potentiated synapses, represented by blue points,
is much larger for local synapses (near the diagonal) than for
non-local synapses. But for W0 ¼ 0:3WWS

max a large part of non-
local synapses got potentiated.

The global behaviour of this transition is shown in Figs. 12 and
13, that depict the final average synaptic weight and the mean
order parameter, respectively, as a function of W0. For
W0 < 0:3WWS

max the main non-zero contribution to Wh i comes from

the local synapses. But when W0 reaches 0:3WWS
max the non-local

synapses start contributing as well, and a quick increase is seen
in the average synaptic weight. The transition is even more notice-
able on the final state order parameter. Because the order param-
eter is a measure of global synchrony, it does not capture well
the local synchronisation present on the network for
W0 < 0:3WWS

max, and so it assumes very low values in this range.
Once the non-local connections become relevant, global synchroni-
sation arises, and so the order parameter immediately increases in
smaller or equal to 0:275Wmax, the great majority of potentiated synapses are local
ones, close to the diagonal of the adjacency matrix. The potentiated non-local
synapses are few and the network exhibits essentially local properties. (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

Fig. 11. Synaptic weight matrix of the small-world network on the asymptotic state
in a simulation whereW0 ¼ 0:3WWS

max. As opposed to lower values ofW0, a large part
of the non-local synapses become potentiated, and the network exhibits non-local
properties.



Fig. 12. Average synaptic weight on the final state as a function of the initial
synaptic weight for the small-world network (average in 10 initial conditions). The
plasticity rule increases the average connection strength of the network for all
tested values of W0. For W0 < 0:3WWS

max, the majority of non-zero contribution to
Wh i comes from local synapses. The fraction of potentiated local synapses increases
in this range. After W0 ¼ 0:3WWS

max, practically all synapses get potentiated.

Fig. 13. Mean order parameter on the initial and asymptotic state for the small-
world network as a function of the initial synaptic weight (average in 10 initial
conditions). For W0 < 0:3WWS

max, the network exhibits local properties, and the order
parameter does not capture global synchronisation. However, when the non-local
synapses get potentiated starting in W0 ¼ 0:3WWS

max, the synchronisation degree of
the network immediately rises.
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value. As the synaptic weight of potentiated synapses is maximum,
the level of synchronisation when the non-local synapses are pre-
sent is very high.

It should also be noted that, as opposed to the random net-
work, there is no separation of the network in two clusters. In
the case of the random network, the neuron bursting frequency
is the primary factor to determine synapse potentiation, because
the number of synapses each neuron has is high and the distribu-
tion of synapses is homogeneous. Because of this, a clear separa-
tion of frequency could result in a clear separation in clusters.
But in the small-world case, the adjacency matrix also plays an
important role in determining which synapses potentiate, because
neurons have a limited group of available synapses. As a result,
network segregation is not as easy to occur for the small-world
network.

4. Conclusions

In this work we study how burst-time dependent plasticity
(BTDP) affects a random network and a small-world network com-
posed of Rulkov neurons connected by excitatory chemical
synapses. We calculate the mean synaptic weight, individual burst
frequency, and synchronisation level of the neurons.
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For the random network, we consider low, medium, and high
initial synchronous activity. In this framework, we observe two dif-
ferent mechanisms of synaptic potentiation which are associated
with the BTDP rule. The first is related to a high initial synchroni-
sation of the network (Type I), and the second to a statistical prop-
erties of high-frequency neurons (Type II). In the transition
between this two regimes, we verify mixed regimes with the pres-
ence of both mechanisms. Depending on the initial synaptic
weights, we identify the formation of one or two clusters. When
only one mechanism is present, it generates a synchronised cluster.
For two clusters, we show that one cluster has desynchronised
neurons with high burst frequency, while the other is generated
by the Type I mechanism and exhibits neurons with synchronised
activity. The segregation in two clusters does not occur if a gaus-
sian noise with high enough amplitude is added to the network.
Both in the absence or presence of noise the plasticity can create
a strongly connected nucleus with a subset of the network neu-
rons, while leaving the other neurons isolated from the network.

For the small-world network, the final state exhibits local char-
acteristics when the initial synaptic weight value is low. Increasing
the initial synaptic weight, there is a transition in which a large
part of the non-local synapses become potentiated, and the net-
work loses the local aspect. As opposed to the random network,
the structure of the adjacency matrix plays a key role in determin-
ing which synapses get potentiated for the small-world network.
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Appendix A. Minimum frequency for potentiation via random
coincidence

Consider the simple model of two neurons with constant burst-
ing frequency f 1 and f 2. We ask that 0:5Kf 1=f 2K2 — so that a burst
from a neuron is mostly followed by a burst of the other neuron —
and that this ratio be an irrational number. We suppose that there
is no coupling between the neurons and the inter-burst-intervals
are constant with values IBI1 ¼ 1=f 1 and IBI2 ¼ 1=f 2.

Then, the burst latency Dt will never take on the same value
twice and, if we ignore events where one neuron fires twice before
the other, will have for large times visited all regions of the allowed
interval uniformly. So as time tends to infinity the burst-latency
probability distribution approaches a uniform distribution on the
allowed values.
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P Dtð Þ ¼ 1=Dtmax 0 < Dt < Dtmax

0 otherwise

�
ðA:1Þ

where Dtmax is the maximum possible burst-latency value. The way
the plasticity rule was implemented in our simulation this value is
Dtmax ¼ max IBI1; IBI2ð Þ. The average long-term synaptic weight
change of a synapse between these two neurons can then be calcu-
lated by

DW ¼
Z 1

0
DW tð ÞP tð Þdt

¼ 1
Dtmax

Z Ts

0
P � P � D

Ts
t

� �
dt þ

Z Dtmax

Ts

Ddt
� �

; ðA:2Þ

where Eq. 3 was used with the implementation values Ap ! P,
Ad ! D. We also assumed that Dtmax > Ts. We then get

DW ¼ Dþ P � D
2

Ts

Dtmax
: ðA:3Þ

To obtain the condition for potentiation at large times we ask
that DW > 0, which results in

Dtmax

Ts
< 1� Ap

Ad
: ðA:4Þ

Here, we have already exchanged the computer implementa-
tion values for the BTDP function ones: D ¼ Ad=2; P ¼ Ap � D. Plug-
ging in the numeric values used on the simulation, we get that
potentiation occurs when

max IBI1; IBI2ð Þ < 203; ðA:5Þ
or equivalently

min f 1; f 2ð Þ > 4:93� 10�3: ðA:6Þ
One would then expected, that the synapse of two uncoupled

neurons with mean frequency f 1 and f 2, which satisfy the condi-
tion A.6 will get potentiated for large times.
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