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ABSTRACT

The connection architecture plays an important role in the synchronization of networks, where the presence of local and nonlocal connection
structures are found in many systems, such as the neural ones. Here, we consider a network composed of chaotic bursting oscillators coupled
through a Watts-Strogatz-small-world topology. The in�uence of coupling strength and rewiring of connections is studied when the network
topology is varied from regular to small-world to random. In this scenario, we show two distinct nonstationary transitions to phase synchro-
nization: one induced by the increase in coupling strength and another resulting from the change from local connections to nonlocal ones.
Besides this, there are regions in the parameter space where the network depicts a coexistence of di�erent bursting frequencies where non-
stationary zig-zag fronts are observed. Regarding the analyses, we consider two distinct methodological approaches: one based on the phase
association to the bursting activity where the Kuramoto order parameter is used and another based on recurrence quanti�cation analysis where
just a time series of the network mean �eld is required.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5128495

Synchronization of networks has been numerically explored since
the last century where connection architecture plays an impor-
tant role. Here, we study the e�ects of the rewiring connection
probability and coupling strength in a system composed of burst-
ing oscillators simulated through the Rulkovmap under local and
nonlocal couplings usingWatts-Strogatz networks. TheKuramoto
order parameter, computed over the individual bursting behavior,
and the recurrence quanti�cation analysis based on the network
mean �eld are used to investigate the phase synchronization and
intermittency characteristics of the network.Wedivide the param-
eter space into four regions regarding its dynamical properties
and synchronization characteristics. Despite the well-known phe-
nomena of phase synchronization occurring for large values of
the rewiring connection probability and the coupling parameter,
there are open questions about the details of the dynamical behav-
ior for intermediate values. In this scenario, we have observed the
existence of zig-zag fronts and metastable states with intermit-
tent behavior as a result of the interplay between coupling and
connection architecture.

I. INTRODUCTION

Nonlinear dynamical features of complex systems are useful
to investigate many problems of biology, physics, social science,
and engineering.1–4 Particularly, mathematical and computational
approaches have been used since the last century in order to clarify
the behavior of these systems. Particular interest has been given to
coupled oscillator models, described by di�erential equations or dis-
crete maps, which can be used to simulate di�erent phenomena such
as neural activity and neural behavior.5–8

In the scenario of coupled oscillators and complex net-
works, synchronization phenomena are very important and have
been observed in many �elds of science.9–13 In neural networks,
the synchronization phenomena are associated either with reg-
ular brain functioning or neurological disorders related to the
lack or excess of the synchronization level.14–16 In general, emer-
gent behaviors, such as nonstationary transitions to synchroniza-
tion, including two-states-on-o� intermittency,17 are important fea-
tures of complex systems, where the global behavior is di�er-
ent, usually richer than the sum of individual ones.18 Besides, the
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connection architecture may play an important role in the route to
synchronization.19–21

Several works have investigated the synchronization and inter-
mittent behavior of networks under di�erent circumstances.22–31 In
some cases, two topologies may be considered: the Watts-Strogatz,2

where the connection scheme is characterized by a local structure
evolving to a small-world network and �nally a random one as the
rewiring connection probability increases; and the Newman-Watts
network,32 where initially, the network has a local connection struc-
ture and by the addition of nonlocal connections, it turns into a
small-world one. In general, it is known that for regular networks,
wheremost of the connections are local, the phase synchronization is
not observed.24,25However, diagonal structures and zig-zag fronts are
observed in the space-time plot to these scenarios, considering dif-
ferent local dynamics.22,29,33,34 Additionally, increases in the coupling
strength or the number of nonlocal connections make the network
to transit to phase synchronization.22,24,25

Here, in order to investigate the topology in�uence over
the synchronization features, we have considered a network com-
posed of chaotic-identical-bursting oscillators in the Watts-Strogatz
networks2 since small-world and random topology characteristics
are observed in real systems such as the neural ones.35 The burst-
ing behavior is characterized by a sequence of spikes followed
by a resting time. In these regimes, two time scales are impor-
tant: a slow one related to the bursting frequency and a fast one
related to the spike activity. The individual behavior is simulated
through the Rulkov map.6 The �rst approach to investigate the
synchronization and intermittent behavior consists of the phase
association to the individual bursting activity and the use of the
Kuramoto order parameter.3 As a second approach, we have used
the recurrence analysis,4,36 which is based on the network mean
�eld.

The synchronization and intermittency characteristics are stud-
ied in the parameter space de�ned by the probability of rewiring
a connection of the network (p) against the coupling strength (ε).
In this way, the connection architecture is initially composed of
a second neighborhood structure, and the increase of p results in
the rewiring of a local connection into a randomly chosen one.2

Here, we have observed di�erent regions in this parameter space
regarding synchronization characteristics: nonsynchronized behav-
ior is observed for smaller values of the coupling strength; zig-
zag fronts are observed for higher values of coupling strength but
small values of p, where intermittent behavior is noticed; and phase-
synchronized states are observed for higher values of ε and p. Besides
this, we have noticed two distinct transitions to phase synchro-
nization. The increase of coupling strength changes the network
dynamics from nonsynchronized to phase-synchronized states, and
the increase of p makes the network transits from zig-zag fronts to
phase-synchronized states. For both cases, intermittent behavior is
observed.

The paper is organized as follows: in Sec. II, details of the
Rulkov map and its dynamical behavior are presented and burst-
ing is de�ned; in Sec. III, the coupling architecture and the Watts-
Strogatz networks are described; in Sec. IV, the methodology and
the synchronization quanti�ers are presented; the results and dis-
cussions are given in Sec. V followed by the conclusions given in
Sec. VI.

II. THE MODEL

The Rulkov model is used to simulate the chaotic bursting
behavior, which can be described by the two-dimensional map,37

xt+1,i =
α

1 + x2t,i
+ yt,i + It,i, (1)

yt+1,i = yt,i − βxt,i − γ , (2)

where xi is the fast variable and yi is the slow variable of the ith
oscillator (neuron). The parametersα = 4.1,β = γ = 0.001 are cho-
sen in order to obtain the bursting behavior.6 The last term in the
�rst equation characterizes the coupling term (Ii), which can be
understood as the in�uence of the other neurons,

It,i =
ε

χ

N
∑

j=1

ai,jxt,j, (3)

where ε is the coupling strength, χ is a normalization factor (average
number of connections in the network), andN is the number of neu-
rons in the network. ai,j is the adjacency element of the connection
matrix, where ai,j assumes 1 (0) if i and j are (not) connected.

The dynamical behavior produced by the model is depicted in
Fig. 1, where the black line represents the bursting (fast variable) and
the magenta line shows the slow variable as a function of the discrete
time t. Themaxima of y indicate the beginning of the bursts and used
to build a phase for each oscillator. The initial conditions are ran-
domly chosen in the interval described by each variable as depicted
in Fig. 1.

III. THE CONNECTION ARCHITECTURE

The connection architecture plays an important role in the
dynamical properties of complex networks.19 Regarding neural sys-
tems, the topology can be more important than the physiologic char-
acteristics of neurons.38 Here, we consider the connection scheme
based on Watts-Strogatz networks,2 starting from second neighbor-
hood regular structures, where there are just local connections, and
rewiring some of these connections by random ones following a
probability p. The increase in p makes the network to transit from a
regular to a small-world network; however, if p is further increased, a
randomnetwork is obtained.1,2Avisual example of this phenomenon
is mimicked in Fig. 2, where just 15 nodes are considered. Panel

FIG. 1. Rulkov bursting behavior (black line), representing the fast variable of the
ith oscillator of the network. The magenta line acts as the slow variable of the ith
oscillator where its maxima coincide with the beginning of the bursts.
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FIG. 2. Examples of networks with 15 nodes, where panel (a) represents a regular
network, panel (b) a small-world, and panel (c) a random one.

(a) represents the regular second neighborhood network, panel (b)
a small-world network, and panel (c) a random one.

It is possible to evaluate the characteristics of the coupling
scheme as a function of the rewiring connection probability (p)1,2 in
order to obtain more details of the network’s topology. As observed
by Watts and Strogatz, the small-world networks depict regular and
random characteristics.2These networks present a high value of clus-
tering coe�cients and a small value of average path length, as de�ned
in Ref. 2. On the other hand, Latora and Marchiori have de�ned
the e�ciency of the networks in order to study the small-world
ones.39 The e�ciency in the communication between nodes i and
j is inversely proportional to the shortest distance between i and j
(di,j).39 In this way, the global e�ciency of the network is de�ned as
Eglobal = 1/N(N − 1)

∑

i 6=j 1/di,j.
39 Furthermore, the local e�ciency

of the network is de�ned as the average e�ciency of the local sub-
graph Elocal = 1/N

∑

i∈G E(Gi), and it is related to the e�ciency of
the communication between the �rst neighbors.39

Figure 3 depicts the global and local e�ciency of the network
(magenta and black lines, respectively). For the interval 1 × 10−2

< p < 3 × 10−1, the global e�ciency increases and the local e�-
ciency presents a high value, which characterizes a small-world
network.39 For p < 1 × 10−2, the network is essentially regular where
just Elocal depicts a high value, and for p > 3 × 10−1, the network

FIG. 3. Characteristics of the networks as a function of rewiring connection prob-
ability (p). Black and magenta lines represent the local and global efficiencies39

of the networks.

presents random topology characteristics, which follows the original
idea of Watts and Strogatz.2

IV. METHODOLOGY

To analyze the phase synchronization, in this case, is necessary
to associate a phase to each oscillator. As observed in Fig. 1, eachmax-
imum of y indicates the burst beginning, so the phase is increased
by 2π every time y reaches a maximum, and a phase continuous
variation can be obtained using30,40

θi(t) = 2πk + 2π
t − tk,i

tk+1,i − tk,i
, tk,i < t < tk+1,i, (4)

where tk,i is the time when the kth maximum of yi occurs, which
means the beginning of the kth burst of the ith oscillator. The individ-
ual burst behavior ismaintained for all values of coupling strength (ε)
and rewiring connection probability (p). In this way, the phase can be
obtained from the y variable without reconstruction of the dynamics
in the higher dimensional phase space.40

Since the phase is associated with the bursting activity, the
bursting frequency can be described as

ωi =
dθi(t)

dt
= lim

t→∞

θi(t) − θi(0)

t
. (5)

Besides this, it is possible to analyze the phase synchronization
of the network through the Kuramoto order parameter,3

R(t) =

∣

∣

∣

∣

∣

∣

1

N

N
∑

j=1

eiθj(t)

∣

∣

∣

∣

∣

∣

, (6)

where θj is the phase of the jth oscillator andN is the number of oscil-
lators in the network. Here, a network in a phase-synchronized state
depicts R → 1, while a not synchronized case depicts R → 0.

The mean value of the Kuramoto order parameter is consid-
ered to evaluate the synchronization level as a function of coupling
strength (ε) and rewiring connection probability (p),

〈R〉 =
1

tf − t0

tf
∑

t=t0

R(t), (7)

where tf and t0 are the simulation and transient time.
On the other hand, it is possible to use the recurrence quanti�ca-

tion analysis to investigate the synchronization characteristics using a
time series of the dynamical system, without a phase association.4,17,41

The original approach performed by Eckmann et al. was based
on visual forms to investigate dynamical systems.42 However, recent
works have shown the existence of mathematical structures in the
recurrence plots.4,36 In this way, the recurrence matrix can be de�ned
as

Rab(δ) = 2(δ − ||xa − xb||), xa ∈ R, a, b = 1, 2, . . . ,T, (8)

where2 is the Heaviside function, δ is the recurrence threshold, and
T is the size of the time series analyzed. Here, if the state a is recurrent
to the state b, Rab = 1 (a black dot in the recurrence plot). On the
other hand, if a is not in δ vicinity of b, Rab = 0 (a white dot in the
recurrence plot).
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Here, we use the time series of the networkmean�eld, de�ned as

xt =
1

N

N
∑

i=1

xt,i, (9)

where x is the fast variable of the Rulkov map described by Eq. (1).
The mean �eld of a phase-synchronized state depicts an oscil-

latory behavior. Therefore, it is possible to consider the determinism
(1) of the time series, which considers the diagonal lines in the recur-
rencematrix, to study the synchronization characteristics. A diagonal
line of length ` is understood as a segment of the trajectory rather
close to another trajectory segment during ` time steps in a di�erent
time.36

The determinism is de�ned as

1(`min, δ) =

T
∑

`=`min

`P(`, δ)

T
∑

`=1
`P(`, δ)

, (10)

where `min is the minimum diagonal line length considered and
P(`, δ) is the probability distribution function (PDF) of the diagonal
lines.

The mean value of the determinism is considered to analyze the
network features as a function of ε and p,

〈1〉 =
1

tf − t0

tf
∑

t=t0

1(t). (11)

V. RESULTS AND DISCUSSIONS

We consider a network composed of N = 1000 chaotic-
identical-bursting oscillators in the space parameter de�ned by
p × ε, where p ∈ [1.0 × 10−3, 1.0] and ε ∈ [0.0, 0.1]. In this sce-
nario, each neuron has, on average, 4 connections, which leads to a

network with 4000 connections with a χ = 4 normalization factor.
Smaller values of p are not considered since there is no rewiring of
connections to these cases, and the network for p = 0 is essentially
the same as p = 1 × 10−3. Bigger values of ε are not considered since
higher values of external input under each oscillator may change the
individual dynamics of bursting.

A. Synchronization characteristics

The main scenario is depicted in Fig. 4, where the synchroniza-
tion characteristics are analyzed as a function of p and ε by using the
Kuramoto order parameter (R) and the determinism of the network
mean �eld (1). The parameter space of p × ε is divided into four
regions regarding the synchronization quanti�er values. The tran-
sient time is given by t0 = 100 000, and the total simulation time
is tf = 500 000. The results depicted are an average of 20 di�er-
ent networks (di�erent connection matrices) for each p value. The
recurrence threshold is set as δ = 0.11, which results from the maxi-
mization of d1(δ)/dδ since this condition is related to themaximum
sensitivity of the determinism.43 Besides this, the minimum diagonal
length is set as `min = 40 in order to better distinguish the phase-
synchronized states from nonsynchronized ones.44 The determinism
is evaluated using overlapped moving windows of 5000 points.

Figure 4(a) depicts the mean value of the Kuramoto order
parameter (〈R〉). Distinct dynamical behaviors are observed: the blue
tones indicate the absence of phase synchronization, the green and
yellow tones indicate transition states, and the orange and red tones
indicate the phase-synchronized states. For small values of ε, the
network shows a nonsynchronized state for the entire interval of p,
which is represented by region (1). Region (2) depicts blue tones,
which indicates the absence of phase synchronization. An interest-
ing point here consists of the transition region, denoted as region (3).
Two distinct transitions are observed: for higher values of probabil-
ity (p > 4 × 10−2), the increase of the coupling strength changes the

FIG. 4. Main scenario of the synchronization in the parameter space of p × ε. Panel (a) depicts the mean value of the Kuramoto order parameter (〈R〉) and panel (b) the
mean value of the determinism of the network mean field (〈1〉). Region (1) represents the nonsynchronized states, region (2) the zig-zag fronts, region (3) the transition
states, and region (4) the phase-synchronized ones. The difference between 〈R〉 and 〈1〉 in region (2) is due to the diagonal structures, which makes the use of two quantifiers
mandatory in order to clarify the synchronization characteristics.
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network dynamics to phase-synchronized states (represented by the
horizontal arrow);20,44,45 starting with lower values of the probability
(p < 4 × 10−2) and for low values of coupling strength ε > 0.025,
the increase of p makes the network to present phase-synchronized
states [region (4)] (indicated by the vertical arrow). It characterizes
a distinct phenomenon since for a �xed value of ε, the rewiring of
connections is able to change completely the dynamical behavior of
the network. A similar phenomenon is observed in other coupled
networks.22,23

Figure 4(b) depicts the mean value of the determinism of the
network mean �eld, which is able to evaluate synchronization.17,44

Here, regions (1) and (4) depict the same information those depicted
by the Kuramoto order parameter. However, in region (2), the deter-
minism and the Kuramoto order parameter show distinct behaviors
with a high value for 〈1〉, while 〈R〉 stays small. This fact is related
to the characteristic of the determinism. It evaluates the phase syn-
chronization of networks; however, it can also depict a high value
where the network presents diagonal structures in the space-time
pro�le.46 Therefore, in this case, for lower values of the probability
(p < 4 × 102) and higher values of coupling strength (ε > 0.025),
the network shows diagonal structures or zig-zag fronts,22,34 which
can be better observed in the raster plot seen in Fig. 5. The smaller
values of 〈R〉 indicate the absence of horizontal structures or phase
synchronization. A similar dynamical scenario was observed in dif-
ferent dynamical systems.22,29,34 In thisway, the characterization of the
parameter space (p × ε) into four regions regarding synchronization
phenomena is based on values of 〈R〉 and 〈1〉.

The raster plot of the fast variable of the network (x), obtained
using the criteria of xi = 0.0 and the positive �rst derivative, is used
to exemplify the dynamical behavior of each region shown in Fig. 4,
including its transitions as indicated by the arrows. Figure 5 depicts

representative raster plots for the four regions. The �rst row [pan-
els (a)–(c)] represents the in�uence of the increase of p for a �xed
coupling strength of ε = 0.040. Panel (a) is representative of region
(2), where p = 8 × 10−3, and the diagonal structures or zig-zag fronts
are observed.22,34 Panel (b) exempli�es region (3), where p = 2 ×

10−2, and the transition occurs as a consequence of the connection
rewiring. It is observed that diagonal and horizontal structures are
the cause of the increase of the determinism value, which is shown
in Fig. 4(b). Finally, panel (c) represents a phase-synchronized state
of region (4), where p = 9 × 10−1, and horizontal structures are
observed, which indicate the bursting synchronization.

Figures 5(e)–5(g) depict the in�uence of the increase in cou-
pling strength for a �xed value of probability of p = 6 × 10−1 [the
horizontal line in Fig. 4(a)]. Panel (e) is representative of region (1),
where ε = 0.004, and a nonsynchronized state is observed. Panel
(f) shows an example of region (3) for ε = 0.009. Here, the transi-
tion to phase synchronization is induced by the increase in coupling
strength, where the onset of horizontal structures is observed with-
out the existence of zig-zag structures as observed in panel (b).
Finally, panel (g) is representative of region (4) for ε = 0.045, and
a phase-synchronized state is observed.

To conclude, panels (d) and (h) in Fig. 5 depict the two pos-
sible transitions indicated by the arrows in Fig. 4(a). The �rst one
[panel (d)] is related to the increase in p, where a transition from
region (2) to region (4) is observed. The second transition [panel
(h)] is related to the ε in�uence, where the transition from region
(1) to region (4) is observed. The main distinction between them
consists of the contrast in the synchronization quanti�ers 〈R〉 and
〈1〉 for p < 3 × 10−3 [panel (d)] since in this region, zig-zag fronts
are observed and 〈R〉 is not able to characterize this state. For the
case of panel (h), 〈1〉 and 〈R〉 depict similar behaviors for all ε

FIG. 5. Raster plot for the fast variable for a section obtained for xi = 0.0 and a positive first derivative. Panels (a)–(c) depict the influence of the increase of p for a
fixed coupling value of ε = 0.040 [following the vertical arrow in Fig. 4(a)]. (a) p = 8 × 10−3 and (b) p = 2 × 10−2, both representing the zig-zag fronts cases, and
(c) p = 9 × 10−1 depicting a phase-synchronized case. Panels (e)–(g) depict the influence of the increase in coupling for a fixed value of p = 6 × 10−1 [following the
horizontal arrow in Fig. 4(a)]. (e) ε = 0.004 representing a nonsynchronized case, (f) ε = 0.009 depicting the transition region, and (g) ε = 0.045 portrays a representative
phase-synchronized state. Panels (d) and (h) depict the 〈R〉 (black line) and 〈1〉 (magenta line) for the transition induced by the increase in p and ε, respectively, as depicted
by the arrows in Fig. 4(a).
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FIG. 6. PDF of the neuron’s bursting frequencies (ωi ) for a representative case
of a nonsynchronized state (cyan bars) where p = 1 × 10−2 and ε = 0.005, a
representative case of zig-zag structures (magenta bars) where p = 1 × 10−2

and ε = 0.080, and a representative case of phase-synchronized states (black
bars) where p = 7 × 10−1 and ε = 0.050. The nonsynchronized case depicts a
normal distribution, while the zig-zag structures show a PDF with several peaks,
indicating the existence of different groups of neurons with different frequen-
cies (ωi ). Here, a normal test47 results in the statistical value of 0.2492 for the
nonsynchronized case and 45.0558 for the zig-zag cases. Finally, the phase-syn-
chronized case depicts a great peak indicating that most parts of neurons show
a similar frequency.

interval characterizing a transition from a nonsynchronized to a
phase-synchronized state.44

A useful quanti�er to analyze synchronization in a network of
oscillators consists of the bursting frequency, described by Eq. (5).
Figure 6 depicts the probability distribution function (PDF) of the
neuron’s bursting frequencies (ωi). Here, ωi is evaluated for all
neurons in the network in distinct cases: a nonsynchronized state
(p = 1 × 10−2 and ε = 0.005), represented by the cyan bars, inwhich
a normal distribution is observed; a case with zig-zag structures
(p = 1 × 10−2 and ε = 0.080), represented by the magenta bars, in
which a distribution with several peaks is observed, indicating the
existence of di�erent groups with distinct bursting frequencies; a
phase-synchronized case (p = 7 × 10−1 and ε = 0.050), represented
by the black bars, in which a localized distribution with a great peak
is observed, indicating that most of the neurons have similar values
of ω.

A test to compare the distribution with a normal one is applied
to the cases of nonsynchronized state and zig-zag structures. The
test is based on the ideas of D’Agostino and Pearson,47 and it is per-
formed using the SciPy library.48 In this sense, the test indicates a
statistic value of 0.2492 for the nonsynchronized case, in which nor-
mal distribution is observed (cyan), and 45.0558 for the zig-zag cases
(magenta), which leads to the conclusion of the di�erences between
the two cases.

This scenario can be investigated in the parameter space of
p × ε. As observed in Fig. 5, the zig-zag structures depict formation
in groups. In order to quantify this phenomenon, the network can be
divided into di�erent groups, and the average bursting frequency for

each group is evaluated by49–51

�j =
1

Nj

∑

i∈j

ωi, (12)

where j indicates the group of oscillators, Nj is the number of oscil-
lators in each group, and ωi is the bursting frequency of the ith
oscillator. Therefore, the standard deviation over the values of mean
frequencies (�j) brings information about how distinct the groups’
mean frequencies values are,

�̃ =

√

√

√

√

√

√

√

Ngroup
∑

j=1

(�j − �)
2

Ngroup
. (13)

Here, � is the average over the Ngroup groups of �j. In this way, high

values of the standard deviation �̃ indicate that the network depicts
the groups with distinct mean frequencies. The number of groups
was consideredNgroup = 10; however, similar results can be obtained
for di�erent numbers of groups Ngroup.

Figure 7 depicts �̃ as a function of p and ε. Lower values of
the standard deviation (blue tones) are observed for region (1) since
this region depicts the nonsynchronized states. A similar scenario
is noticed for the phase-synchronized cases as displayed in region
(4), where blue tones are observed again. On the other hand, higher
values of �̃ are observed (green, yellow, and red tones) for regions
(2) and (3), which indicate that the groups depict distinct mean fre-
quencies. For these regions, the zig-zag fronts do not show a unique
bursting frequency.

FIG. 7. Standard deviation of the bursting frequency (�̃) over the Ngroup = 10

groups. Higher values of �̃ indicate a coexistence between different frequencies.
For regions (1) and (4), the standard deviation depicts lower values (blue tones).
For regions (2) and (3), higher values are observed (green, yellow, and red tones).
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B. Intermittency and malleability

The intermittency quanti�er may be de�ned by the temporal
standard deviation of the time series of R or 1, which is as follows:44

σ(A) =

√

√

√

√

√

√

T
∑

t=1

(A(t) − 〈A〉)2

T
, (14)

where A stands for the Kuramoto order parameter or the determin-
ism of the network mean �eld and T is the size of the time series. σ
makes the evaluation of the temporal behavior of the synchronization
quanti�ers possible, where a higher value of σ indicates the inter-
mittent behavior.44 In this sense, it characterizes the variability of the
synchronization quanti�ers.

In Figs. 8(a) and 8(b), the quanti�ers σ(R) and σ(1) denote the
intermittent behavior (higher values) on the transition region [region
(3)] for the two cases: the transition induced for the increase of ε

and the transition induced by the rewiring of connections. The �rst
case was explored in Ref. 44, where the existence of nonstationary
transitions in small-world and random networks was observed. On
the other hand, the intermittency on the transition induced by the
increase of p is a new phenomenon. Besides this, region (2) depicts an
intermittent behavior, which indicates that the zig-zag fronts are not
stable changing time function. For regions (1) and (4), the nonsyn-
chronized and phase-synchronized cases, the intermittent behavior is
not observed in both quanti�ers [σ(R) and σ(1)]. A similar scenario
was already reported in the literature.17,44

The intermittent synchronization details may be analyzed using
the distribution of synchronization quanti�ers.52,53 For this particu-
lar case, the determinism of the network mean �eld is more suitable
than the Kuramoto order parameter to characterize the intermittent
properties.17,44

Figure 9 depicts the probability distribution function (PDF) of
the time series obtained by the windowed computed determinism for

di�erent values of p and ε such that di�erent regions observed in the
synchronization scenario can be evaluated. Here, a windowed com-
puted determinism time series of size 5 × 107 points is considered
for each case.

Panel (a) is representative of region (2) where p = 8 × 10−3

and ε = 0.030 (black line), ε = 0.035 (cyan line), and ε = 0.040
(magenta line). For these cases, a nonstationary behavior is observed
since the PDFs display a large interval of 1 in a nonunimodal
distribution.17A similar scenario is observed in panel (b), a represen-
tative region (3) example, where p = 2 × 10−2, and the coupling val-
ues are the same as panel (a).Here, the PDFs showabimodal distribu-
tion, which indicates a possible two-state intermittency,54 as observed
in Refs. 17 and 44. Panel (e) depicts a region (3) example, where
the transition is induced by the increase of the coupling strength.
Here, p = 6 × 10−1 and ε = 0.008 (black line), ε = 0.0085 (cyan
line), and ε = 0.009 (magenta line), and a nonstationary behavior
is again observed, however, in comparison with panel (b) where
the second peak is less pronounced. These distributions indicate
that the system may depict an intermittent phenomenon between
two states with di�erent levels of synchronization: a more synchro-
nized state (higher 1 value) and a less synchronized one (lower 1

value). A similar scenario is observed in random networks.44 Pan-
els (c), (d), and (f) depict stationary cases representative of region
(4) [panels (c) p = 9 × 10−1 and (f) p = 6 × 10−1] where phase-
synchronized states are observed (higher values of 1) and region (1)
[panel (d) p = 6 × 10−1] where nonsynchronized states are noticed
(lower values of 1). This analysis corroborates the fact that the zig-
zag structure region (2) may present intermittent behavior, and it
helps to understand the process of transition to phase synchroniza-
tion induced by the increase of p, where the two-state intermittency
is observed.

The intermittent behavior of bursting networks has been stud-
ied as a function of the coupling strength.17,44 Here, we have shown
the existence of nonstationary behavior in the parameter space p × ε.
In order to investigate the intermittency quanti�er as a function of

FIG. 8. Panels (a) and (b) depict the intermittency quantifier based on the Kuramoto order parameter and the determinism of mean field time series, respectively. The
regions depicted are the same as Fig. 4: region (1) represents the nonsynchronized states, region (2) the zig-zag fronts, region (3) the transition states, and region (4) the
phase-synchronized ones.
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FIG. 9. PDFs of the windowed computed determinism time series with 5 × 107 points. Panel (a), p = 8 × 10−3, is representative of region (2) where nonstationary behavior
is observed for different values of ε. Panel (b), p = 2 × 10−2, is representative of region (3) where the intermittency of two-states is observed. Panel (e), p = 6 × 10−1,
shows results for region (3) where nonstationary behavior is found. In these cases, the distribution of the synchronization quantifier 1 indicates that the network depicts
an intermittent behavior between two states of a higher and lower synchronization level. Finally, panels (c) (p = 9 × 10−1), (d) (p = 6 × 10−1), and (f) (p = 6 × 10−1)
represent region (4) [(c) and (f)] and region (1), characterizing phase-synchronized and nonsynchronized states, respectively. For these cases, a stationary behavior is always
observed.

rewiring probability p, it is possible to use

ϒ(p) =

∫

σ(ε, p)dε, (15)

where σ is described by Eq. (14) and can be evaluated from the
Kuramoto order parameter, and the determinism and the interval of
coupling strength ε considered is depicted in Fig. 4.

Figure 10 depicts the intermittency ϒ as a function of p eval-
uated from the Kuramoto order parameter (magenta line) and the
determinism of the network mean �eld (black line). For both cases,
for p < 1 × 10−2, a plateau is observed, which is related to the
intermittency in the zig-zag fronts [region (2)]. For the interval of
1 × 10−2 < p < 3 × 10−2, a maximum is noticed for R and1. These
regions are described as region (3), where the transition is induced
by the rewiring connection, and they present a higher level of inter-
mittency in the parameter space studied. Finally, for p > 3 × 10−2,
ϒ decreases to a vanishing value since to these regions, the net-
work depicts phase synchronization and the intermittency behavior
is restricted to the transition induced by the increase in coupling.

The region where ϒ depicts a maximum value may be charac-
terized as a malleable region.17 The simulations have considered 20
di�erent connection matrices for each value of p. Figure 11 depicts
the maximum and minimum values of the Kuramoto order parame-
ter as a function of coupling strength ε. The analyses are performed
for the network coupled through connection matrices generated by
di�erent seeds with the same value of p. Here, the black line depicts
the system for p = 8 × 10−3, the magenta line p = 2 × 10−2, and
the cyan line p = 5 × 10−2. In the �rst case, the mean value of

the Kuramoto order parameter is always smaller than 0.50, which
indicates that the system is always in a nonsynchronized state.

On the other hand, for intermediate cases depicted in Fig. 11, the
network can show an almost phase-synchronized case 〈R〉 ≈ 0.75,
and for a di�erent connection matrix, the network may present a
case of 〈R〉 < 0.4, considering the same set of parameter ε and p. This

FIG. 10. The quantifier ϒ [Eq. (15)] as a function of p based on the Kuramoto
order parameter (magenta line) and the determinism (black line). The results
are given by an average over 20 networks for each value of p, and the filling is
its dispersion. For p < 1 × 10−2, a plateau is observed, and for 1 × 10−2 < p
< 3 × 10−2, a maximum is observed for both curves. Higher values of p lead to
ϒ vanishing values.
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FIG. 11. Maximum and minimum values of the Kuramoto order parameter as a
function of coupling strength. Here, 20 networks with different connectionmatrices
but with the same value of p are considered. The black line represents the case
of p = 8 × 10−3, the magenta line p = 2 × 10−2, and the cyan line depicts the
system where p = 5 × 10−2. To the case p = 2 × 10−2, the system presents
a higher malleability since the network may present distinct synchronization
characteristics for the same parameters.

fact demonstrates the malleability of the system to this region, which
coincides with the maximum ofϒ . Finally, for higher values of p, the
system loses its malleability, and for all simulations, the results are
very similar regarding the phase synchronization, as observed by the
cyan line.

VI. CONCLUSIONS

We have studied the dynamical properties regarding phase syn-
chronization and intermittency of a network composed of 1000
chaotic bursting oscillators under local and nonlocal connections.
In order to investigate the topology in�uence, we have considered
theWatts-Strogatz networks, where the connectionmatrix is initially
regular with a second neighborhood connection scheme, becoming
a small-world and random one as a consequence of the increase of
the probability rewiring value p.2

By using the Kuramoto order parameter3 and recurrence quan-
ti�cation analysis,36 we have observed the existence of di�erent
regions in the parameter space p × ε: for smaller values of p, the
network depicts nonsynchronized states; for higher values of ε and
higher values of p, the phase-synchronized states have been observed;
for higher values of ε and smaller values of p, diagonal structures and
zig-zag fronts have been noticed in the space-time plot.22Besides this,
this region depicts intermittent behavior, which indicates that the zig-
zag structures are not stable. This phenomenon can be understood by
the in�uence of topology since the local connection scheme results
in a high value of local e�ciency, but a low value of global e�ciency,
which does not allow the phase synchronization to occur. Moreover,
for the region where zig-zag fronts are observed, we have noticed a
malleable behavior since, for the same set of parameters p and ε, the
network may depict di�erent levels of phase synchronization.

Furthermore, we have observed two distinct transitions to phase
synchronization: the �rst one characterized by the transition from
nonsynchronized to phase-synchronized states, which is caused by
the increase of coupling strength;20,25 the second one consists of a
transition from zig-zag fronts to phase-synchronized states, which
results in the increase of p and the rewiring of local connections to
random ones. In both cases, a nonstationary behavior is observed,
where for some cases, the existence of two-state intermittency is
noticed.17,44,54

The results have shown the in�uence of topology and the com-
plex phenomena observed in the parameter space of p × ε. Using a
discretemap37with a simple coupling scheme, it is possible to observe
several rich dynamical behaviors, where the rewiring of connections
may change deeply the synchronization regime. This approach may
o�er a theoretical/computational view to real problems since these
topology characteristics are observed in neural systems, and synchro-
nization and intermittency play important roles in the functioning of
the brain.16,38,55
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