
Chaos, Solitons and Fractals 41 (2009) 2220–2225
Contents lists available at ScienceDirect

Chaos, Solitons and Fractals

journal homepage: www.elsevier .com/locate /chaos
Bursting synchronization in scale-free networks

C.A.S. Batista a,b, A.M. Batista a, J.C.A. de Pontes b, S.R. Lopes b, R.L. Viana b,*

a Departamento de Matemática e Estatística, Universidade Estadual de Ponta Grossa, 84032-900 Ponta Grossa, Paraná, Brazil
b Departamento de Física, Universidade Federal do Paraná, 81531-990 Curitiba, Paraná, Brazil

a r t i c l e i n f o a b s t r a c t
Article history:
Accepted 19 August 2008
0960-0779/$ - see front matter � 2008 Elsevier Ltd
doi:10.1016/j.chaos.2008.08.025

* Corresponding author.
E-mail address: viana@fisica.ufpr.br (R.L. Viana).
Neuronal networks in some areas of the brain cortex present the scale-free property, i.e.,
the neuron connectivity is distributed according to a power-law, such that neurons are
more likely to couple with other already well-connected ones. Neuron activity presents
two timescales, a fast one related to action-potential spiking, and a slow timescale in which
bursting takes place. Some pathological conditions are related with the synchronization of
the bursting activity in a weak sense, meaning the adjustment of the bursting phase due to
coupling. Hence it has been proposed that an externally applied time-periodic signal be
applied in order to control undesirable synchronized bursting rhythms. We investigated
this kind of intervention using a two-dimensional map to describe neurons with spik-
ing–bursting activity in a scale-free network.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Neuronal activity (i.e., the evolution of the action potential) in some areas of the brain cortex presents a fast time scale
characterized by repetitive spiking and a slow timescale with bursting activity, such that neuron activity alternates between
a quiescent state and spiking trains [1]. There are a number of mathematical models which emulate this spiking–bursting
behavior, ranging from differential equations [3] to discrete-time maps [2,4]. Interacting bursting neurons can exhibit basi-
cally two types of common rhythmic bursting: synchronization of bursts, where the neurons burst at the same time, regard-
less of the further evolution of their spikes; and complete synchronization, which involves also the synchronization of spikes
[1]. There follows that burst synchronization is weaker than complete synchronization and thus easier to achieve, in terms of
the coupling strength needed. The existence of a slow timescale in coupled bursting neurons enables us to define a bursting
phase and frequency (its time rate) for each of them, even though they may behave asynchronously in the spiking time scale
[5].

Clinical evidences point out that the synchronization of individual neurons plays a key role in some pathological condi-
tions like Parkinson’s disease, essential tremor, and epilepsies [6]. Hence it has been proposed the use of an additive time-
periodic external signal of small amplitude and given frequency in order to control undesirable neuronal rhythms [5,7]. This
intervention is carried out experimentally by means of micro-electrodes inserted into the impaired region of the brain and
carrying a suitable electric signal [8]. From the mathematical point of view this problem consists of the bursting synchroni-
zation of neurons with an external source, and one would like to know the parameter ranges for which phase synchroniza-
tion occurs or does not occur. Such a study has been made in globally coupled maps [5] and also for power-law couplings [9].

Recent experiments show that some brain activities can be assigned to scale-free networks, as revealed by functional
magnetic resonance imaging [10]. In scale-free networks the number of connections per neuron satisfies a power-law prob-
ability distribution, such that highly connected neurons are connected, on the average, with highly connected ones, a prop-
erty also found in many social and computer networks [11,12]. This neuronal architecture is consistent with the fact that the
. All rights reserved.
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brain network increases its size by the addition of new neurons, and the latter attach preferentially to already well-con-
nected neurons [13]. There are many recent investigations of synchronization of several kinds in scale-free networks [14].

We have previously studied the onset of phase synchronization of bursting neurons modelled by a network of coupled
two-dimensional maps exhibiting the scale-free property [15], with a power-law connectivity with an exponent compatible
with the networks described by Chialvo and coworkers [10]. In this paper, we investigate the control of bursting synchro-
nization by using a time-periodic external signal in a scale-free neuronal network. Our main goal is to derive conditions
by which we can determine the parameter values for which this intervention is feasible. These parameters are the amplitude
and frequency of the external signal and the number of connections for the neuron which receive such an excitation. The
overall behavior resembles that exhibited by a chaotic oscillator subjected to a time-periodic forcing, for there are
Arnold-tongue structures in the parameter space which represent phase-locking. These structures are parameter intervals
such that neurons burst synchronously with the frequency of the driving signal.

This paper is organized as follows: in Section 2, we present our model for Rulkov neurons in a scale-free neural network.
Section 3 deals with the control of synchronized bursting rhythms by application of an external time-periodic driving. Our
conclusions are left to the last Section.

2. Bursting neurons in a scale-free network

We describe neurons possessing two timescales, for there is a slow bursting modulating the fast action-potential spiking
[16]. A simple model which presents such behavior is the Rulkov map [4]
xnþ1 ¼
a

1þ x2
n
þ yn; ð1Þ

ynþ1 ¼yn � rxn � b; ð2Þ
where xn is the fast and yn is the slow dynamical variable. The first variable has a dynamical behavior emulating the spiking–
bursting activity of a neuron, depending on the parameter a, whereas the latter variable undergoes a slow evolution because
of the small values taken on by the parameters r and b, which model the action of external dc bias current and synaptic
inputs on a given isolated neuron [17]. Since there is always some diversity in the parameters describing each neuron,
we choose a randomly within a certain range which yields chaotic behavior for the characteristic spiking of the fast variable
xn, and which turns out to be the interval [4.1,4.2].

We consider a given burst to begin when the slow variable yn, which presents nearly regular saw-teeth oscillations, has a
local maximum, in well-defined instants of time we call nk. We can define a phase describing the time evolution within each
burst and varying from 0 to 2p as n evolves from nk to nkþ1:
uðnÞ ¼ 2pkþ 2p
n� nk

nkþ1 � nk
: ð3Þ
The duration of the chaotic burst, nkþ1 � nk, depends on the variable xn and fluctuates in an irregular fashion when xn under-
goes chaotic evolution. There follows that the bursting phase rate also varies with time, such that we must look at the burst-
ing frequency defined by
X ¼ lim
n!1

uðnÞ �uð0Þ
n

: ð4Þ
When the Euclidean distance between neurons does not play a significant role, the corresponding networks may be treated
from the graph-theoretical point of view [18]. However, once we regard those neurons as embedded in a three-dimensional
lattice (the brain, where they are connected by axons and dendrites), it is convenient to use a lattice embedded in a Euclidean
space [19]. Considering an assembly of N neurons, each of them being described by the map (1)–(2), in a one-dimensional
lattice such that ðxðiÞn ; y

ðiÞ
n Þ represent the fast and slow variables for the neuron i ði ¼ 1;2; . . . NÞ at time n:
xðiÞnþ1 ¼
aðiÞ

1þ xðiÞn

� �2 þ yðiÞn þ CðiÞðxðjÞn ; y
ðjÞ
n Þ; ðj–iÞ; ð5Þ

yðiÞnþ1 ¼yðiÞn � rðiÞxðiÞn � bðiÞ; ð6Þ
where we consider the case where all map parameters can be different for each site, and the coupling is performed only on
the fast time scale by means of the term CðiÞ, the form of which depends on the network topology chosen to describe the
neural network. We use free boundary conditions for the lattice and random initial conditions xðiÞo .

We use the Barabási–Albert prescription to generate a scale-free lattice, for which the coupling term is
CðiÞðxðiÞn Þ ¼
�

kðiÞ
X
j2I

xðjÞn ; ð7Þ
where � > 0 is the coupling strength and we assumed that each site i is coupled with a set I comprising kðiÞ other sites ran-
domly chosen along the lattice. We obtained (7) from a sequence of steps s ¼ 0;1;2; . . . smax, starting from an initial lattice
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with N0 ¼ 11 sites. At each step s a new site is inserted in the lattice of size Ns, such that it is connected to ‘ P 2 randomly
chosen sites. In a scale-free network the connections occur preferentially with the more connected sites, what can be accom-
plished by using a different probability for each site PðiÞs ¼ kðiÞs =Ns, where kðiÞs is the number of connections per site at the step s.
The process is repeated until we achieve a desired lattice size N, which we choose as N ¼ 230 in the numerical simulations to
be presented in this paper. After a number smax of steps we have kðiÞ connections per site, corresponding to a probability
PðiÞ ¼ kðiÞ=N. Fig. 1 shows a histogram for the number of sites with connectivity k, obtained through this procedure for
N ¼ 230 sites, and yielding a power-law dependence k�- with a slope - ¼ 2:08, which compares well with the experimental
values reported in Ref. [10].

The effect of coupling in the bursting synchronization is illustrated by Fig. 2, where we plot time series of the fast variable
for two distinct sites in the coupled map lattice. When the coupling is absent, neurons in the lattice burst in a non-coherent
fashion [Fig. 2(a) and (c)]. For �–0 the bursting phases approximately coincide, corresponding to bursting synchronization
[Fig. 2(b) and (d)]. If the oscillator phases are synchronized, so are their time rates, hence we can characterize bursting syn-
chronization by the existence of frequency plateaus. This can be done, by comparing the frequency of the coupled neuron
XðiÞ, given by Eq. (4), with the unperturbed frequencies observed for zero coupling, XðiÞ0 , the latter being expected to fluctuate
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Fig. 1. Probability distribution for the connectivity of the final scale-free lattice with N ¼ 230 sites. The solid line is a least-squares fit with slope �2.08.
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Fig. 2. Time evolution of the fast variable for two selected maps (aðiÞ ¼ 4:1 and aðjÞ ¼ 4:2) belonging to a scale-free lattice of Rulkov neurons with � ¼ 0 [(a)
and (c)] and � ¼ 0:04 [(b) and (d)].
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randomly. Fig. 3(a) shows such a plateau for large coupling strength. As the latter is decreased the frequency distribution
approaches its zero-coupling limit XðiÞ � XðiÞ0 .

3. Control of synchronized bursting by an external signal

Given the existence of a synchronized bursting state we are interested in ways to suppress this state by application of a
time-periodic external signal. Initially, we consider such intervention to occur at only one selected neuron i ¼ S (the remain-
ing neurons remaining unchanged), to which a term d sinðxnÞ is applied, with amplitude and frequency given by d and x,
respectively. We have used coupling strength values for which the unperturbed lattice ðd ¼ 0Þ exhibits bursting synchroni-
zation, their corresponding frequencies XðiÞ locking approximately at a common value, as depicted in Fig. 4(a), where the fre-
quency mismatch XðiÞ �x is plotted against x for all neurons belonging to a given lattice. They exhibit a common locking
region ½x1;x2�with width Dx ¼ x2 �x1. The unperturbed frequency x0, however, is not located at the middle of the phase-
locking interval, as it would seem at first. It is located nearer to the left end of the interval, so that we also consider the dis-
tance dx ¼ x2 �x0.
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Fig. 3. Bursting frequency for the scale-free lattice versus the zero-coupling frequencies for (a) � ¼ 0:10; (b) � ¼ 0:07; (c) � ¼ 0:03; and (d) � ¼ 0:01.
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Fig. 4. (a) Frequency mismatch of bursting neurons versus the external driving frequency for a scale-free lattice. (b) Mode-locking tongue in the amplitude
versus frequency of the driving signal applied at the site S ¼ 1 with amplitude d ¼ 0:05.
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The frequency-locking interval shown in Fig. 4 is actually a cross-section of an Arnold-like tongue in the parameter plane
amplitude versus frequency of the external driving signal [Fig. 4(b)]. This tongue-like structure characterizes a region where
bursting synchronized is maintained, even with the external driving. Hence, the desirable parameter choices would be those
outside this tongue. Notice that the latter is greatly asymmetric, specially for large signal amplitudes, as illustrated by Fig. 5,
where we plot the distance dx as a function of the driving amplitude. This is a beneficial effect since we would like to keep
outside a locking region without increasing too much the amplitude of the signal, what would damage a biological neuron.

The asymmetry of the mode-locking tongue means that, if a frequency of the driving signal is smaller than of the unper-
turbed network, we would expect a minute effect in terms of synchronization. As a consequence, driving frequencies higher
than the autonomous frequency of the lattice yield better results in terms of synchronization. A nice qualitative explanation
for the asymmetry of the mode-locking tongues has been provided by Ivanchenko et al. [5]. An imposed positive signal pre-
cipitates a burst into a quiescent regime, and delays it when the signal is negative. If the driving frequency is higher than that
of the mutually synchronized network, the periodic signal will fasten the oscillations of the neurons. On the other hand,
when the driven neuron starts a burst, there is an abrupt change in the mean field perceived by all neurons in the lattice,
pushing them to a quiescent state. As a result, higher frequencies would give better synchronization effects.

The wider the frequency-locking interval is, the more robust is the external driving with respect to imperfect parameter
determination and noise, which is a question of considerable experimental importance. However, it may well happen that, if
only one pinning (i.e., a driving applied on just one neuron) is considered, the corresponding locking interval would be too
small so as to ensure robustness against imperfect parameter determination. For example, if the frequency of the pinning is
known up to an uncertainty comparable to the island width, suppression of bursting would be non-reliable. On the other
hand, simply increasing the amplitude of a single pinning would not work too, since this would lead to saturation [see Fig. 5].

The latter problem is particularly severe when the lattice size increases, as illustrated by Fig. 6(a), where we plot the lock-
ing interval width Dx as a function of the inverse lattice size. Since the connectivity of the lattice sites in a scale-free network
presents a power-law statistics, we expect that most of the sites are poorly connected, with very few well-connected ones.
Accordingly, in Fig. 6(a), we show the results when the driving signal is applied to the most connected site in the lattice (cir-
cles), and to the two next most connected sites (squares and triangles). As expected, the former would give larger mode-lock-
ing tongues than the latter, which represent poorly connected neurons. Moreover, for all the cases the tongue width
decreases with 1=N, meaning that the locking interval becomes too small for large networks, what would turn the interven-
tion practically unfeasible.

One possible way to circumvent this problem is to use more than one site to control at the same time (multiple pinnings)
[5]. It was shown that increasing the number of pinnings augments the width of the mode-locking tongue, as expected. How-
ever, in practice we do not know in advance what sites are the most connected ones, since such an intervention experiment
would be conducted in a macroscopic piece of tissue with scarce information about the existing connections. Hence it is
more useful to compare the effect of one pinning ðNp ¼ 1Þ applied to the most connected site and the effect of multiple pin-
nings ðNp ¼ 10Þ applied to randomly chosen sites. Our results are depicted in Fig. 6(b). In both cases the tongues dilate as the
number of pinnings is augmented with minor differences, showing that the use of multiple randomly chosen pinnings pro-
duces the same synchronization effect than a single pinning applied to the most connected site.

4. Conclusions

In conclusion, the use of external intervention for suppressing bursting synchronization in a coupled Rulkov map lattice
has many similarities with the phase synchronization of a chaotic oscillator with an external periodic source. Tongue-like
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Fig. 5. Distance between the non-perturbed bursting frequency and the higher end of the mode-locking interval x2. The remaining parameters are the
same as in Fig. 4.
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Fig. 6. (a) Width of the frequency-locking interval versus inverse lattice size for NP ¼ 1 driving signal, applied to the most connected site (circles), the
second (squares) and the third (triangles) most connected sites, with amplitude d ¼ 0:20. (b) Tongue width as a function of the driving amplitude for (a)
NP ¼ 1 driving signal applied to the most connected site; (b) NP ¼ 10 driving signals applied to randomly chosen sites.
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structures in the driving parameter space are obtained representing parameter values for which synchronization is main-
tained. Those tongues were shown to be greatly asymmetric but, as a general trend, their widths increase with the driving
amplitude. In order to suppress bursting synchronization we must choose driving parameters outside these tongues. The
tongues’ widths decrease rapidly with the lattice size, such that larger widths would be obtained either by increasing the
driving amplitude (a rather undesirable choice) or by using more than one external signal, or pinning. We numerically dem-
onstrated that two factors should be taken into account in a practical intervention experiment: (i) the driving frequency
must be higher than the autonomous bursting frequency of the lattice; and (ii) multiple driving signals (at least 10) should
be used, since their average effect is similar to that of a single pinning applied to the most connected site.
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