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Abstract

We investigated the dynamical behavior of two coupled nonlinear forced Liénard-type oscillators, by considering the
occurrence of generalized synchronization when some system parameters (normal mode frequencies and coupling
strength) are varied, as well as the effects of parametric white noise.
� 2006 Elsevier Ltd. All rights reserved.
1. Introduction

The study of synchronization of coupled oscillators has been a topic of interest in the last years [1]. Numerous inves-
tigations have shown that there exist many ways whereby nonlinear systems may oscillate in synchrony [2]. Synchro-
nization of nonlinear oscillators is present in many situations ranging from physical to biological phenomena [3,4].
From the point of view of applications, synchronization can also be used to create a novel system whose behaviour
is more flexible or richer than that of its constituents, but which analysis or control remains tractable [5].

A paradigmatic example of a nonlinear oscillator is represented by the well-known van der Pol equation [6]. This
oscillator can represent, for example, an electronic circuit with a vacuum tube, and has been also used in phenomeno-
logical models of the heartbeat [7]. The van der Pol equation belongs to a more general class of Liénard-type oscillators,
whose dynamics in the presence of external forcing has been investigated, showing a rich behavior including crises,
intermittency and chaos [8]. We address in this paper the problem of characterizing synchronization of two coupled
Liénard-type oscillators, one of them being forced [9].

In a previous work we have shown that the coupled system of oscillators exhibits different types of synchronization,
as its parameters are varied, both in a bidirectional and a unidirectional type of coupling [10]. Bearing in mind the
usefulness of these Liénard-type oscillators to model vacuum-tube circuits, we have chosen as variable parameters
the normal mode frequencies and the coupling strength, which turn to be easily tuned in experiments. On the other
hand, in practical contexts the presence of parametric noise is unavoidable, since virtually each circuit component
has a fluctuating magnitude (like resistances, capacitances or inductances) within a given noise level [11].
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As a consequence, in this paper we aim to study numerically the effects of parametric noise on the synchronization
properties of the system with respect to the intensity and directionality of the coupling. It is important, for instance, to
assess if the synchronization properties of the oscillators still occur for parametric noise up to a given level.

This paper is organized as follows: Section 2 introduces the theoretical model, as well as the basic concepts to be used
in the discussion of synchronization. Section 3 considers the case of forced oscillators with unidirectional coupling and
the presence of noise. Section 4 analyzes the effect of a bidirectional coupling with an external force. Our conclusions are
left to the last section.
2. Coupled Liénard-type oscillators

The Van der Pol equation is commonly associated with nonlinear circuits due to the historical context in which it
appears, namely early vacuum-tube based radar research. More specifically, the triode circuit is a standard textbook
example of the Van der Pol equation [12,13]. However, a more realistic description of such a circuit leads not to the
Van der Pol, but instead to a more general expression belonging to the general class of Liénard equations, which will
be the main subject of this paper.

In this context, the triode circuit, of natural frequency X0, is forced by an external AC-source of amplitude q and
frequency X. The characteristic curve of the triode can be taken as a third-order polynomial in the grid voltage, whose
normalized form is represented by the variable x. The triode-circuit equation in this non-dimensional form reads [12]
€xþ lðx2 þ rx� lÞ _xþ x2
0x ¼ q sinðxtÞ; ð1Þ
where l and r depend on the coefficients of the triode characteristic curve.
The particular choice r = 0 yields the usual driven Van der Pol equation, but it is hardly the case in practical situ-

ations. However, Eq. (1) can be recast in the more general class of a forced Liénard-type equation
€xþ lðx� w1Þðx� w2Þ _xþ x2
0x ¼ q sinðxtÞ; ð2Þ
where
w1;2 � �
r
2
� r

2

� �2

þ 1

� �1=2

: ð3Þ
In this paper we consider two such circuits, of which only one is driven by an AC-voltage, and they are almost iden-
tical, except for their natural frequencies b1 ¼ x2

01 and b2 ¼ x2
02, which will be considered as variable parameters of the

coupled system, whose equations are
_x1 ¼ x2; ð4Þ
_x2 ¼ �lðx1 � w1Þðx1 � w2Þx2 � b1x1 þ q sinðxtÞ þ c1ðx3 � x1Þ; ð5Þ
_x3 ¼ x4; ð6Þ
_x4 ¼ �lðx3 � w1Þðx3 � w2Þx4 � b2x3 þ c2ðx1 � x3Þ; ð7Þ
where the pairs x1,2 and x3,4 stand for each coupled circuit. We supposed an asymmetric bidirectional diffusive coupling,
whose strengths, c1 and c2, take on widely different values. If c1 = 0 we will have a unidimensional coupling (master-
slave).

Eqs. (4)–(7) were used by Engelbrecht and Kongas in a phenomenological model of the heartbeat [8,10]. Not by
chance, one of the earlier uses of the Van der Pol equation was a three-circuit model of the heartbeat [14]. We will
use throughout this work the following values for the system parameters l = �1.45, w1 = �0.2, w2 = 1.9, q = 0.95
and x = 1.0, letting b1,2 and c1,2 to be the variable parameters. When we have c1 = 0 and c2 > 0, the coupling is unidi-
rectional, and if c1 > 0 (but small) and c2 > 0, the coupling is bidirectional, yet asymmetric.

We have, in a previous work, introduced the coupling between oscillators as a way to model the interaction between
the heart pacemakers, the sino-atrial (SA) and atrio-ventricular (AV) nodes [10]. The SA node is the primary pacemaker
of the heart, and the electrical impulse it generates spreads out through the myocardium, reaching the AV node. Hence,
the coupling is either unidirectional or bidirectional but strongly asymmetric. In both cases we use to call the (x1,x2)
oscillator the driving one, whereas (x3,x4) is the response oscillator, corresponding to the SA and AV nodes,
respectively.

We have found complex behaviour (bifurcations, quasi-periodicity, crises, intermittency, chaos) for the sets of param-
eters chosen in this paper [10]. In many cases the system behavior consists of a chaotic orbit like that depicted by Fig. 1
(which represents the driving oscillator). Since the orbit encircles the origin we can define a geometrical phase as



Fig. 1. A chaotic orbit for the forced coupled Liénard-type oscillators and the geometrical phase for it. Coupling and forcing
parameters are c1 = 0, c2 = 0.5, q = 0.95, b1 = 1.0 and b2 = 0.66.
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hiðtÞ ¼ arctan
x2iðtÞ
x1iðtÞ

� �
ði ¼ 1; 2Þ; ð8Þ
This phase definition has been extensively used in investigations of coupled chaotic systems [16]. In such cases, it is com-
mon that the phases of both oscillators are monotonically increasing, with an average time rate called its winding
number:
Xi ¼ h _hiðtÞi ¼ lim
T!1

1

T

Z T

0

hiðtÞdt ði ¼ 1; 2Þ; ð9Þ
and which can be given the natural meaning of endogenous frequencies for the oscillations.
The simpler (and weaker) form of synchronization between two coupled oscillators consists in the equality of their

frequencies, regardless of the actual value each phase takes on, and is called frequency synchronization (FS). In terms of
the oscillators characterized by the winding number given by (9), FS is characterized by
X1ðtÞ ¼ X2ðtÞ: ð10Þ
When not only the frequencies but the phases themselves are equal we speak of phase synchronization (PS):
h1ðtÞ ¼ h2ðtÞ; ð11Þ
which is just the case originally observed by Huyghens, and which marked the discovery of synchronization in coupled
pendula. We remark that both FS and PS can be studied in periodic attractors with closed orbits in phase space such
that a phase can be defined by (8). For chaotic attractors, on the other hand, although sometimes the geometrical phase
(8) can be still defined, more often one has to resort to different ways to define a phase, like a Poincaré section or the
Hilbert transform [15].

In the opposite side of the spectrum of synchronization phenomena lies one of the major breakthroughs of chaos
research during the last thirty years: complete synchronization (CS) of systems, which may occur even when they
present chaotic behavior. The CS is characterized by the equality (up to a specified tolerance) of all its state variables
at each time. For two coupled oscillators, it turns out that it suffices that the positions and corresponding velocities
are equal:
x1ðtÞ ¼ x3ðtÞ; x2ðtÞ ¼ x4ðtÞ: ð12Þ
Complete synchronization is found to occur only if the coupled oscillators are identical [15]. In coupled oscillators with
a small mismatch of the normal modes, and if the coupling is not too strong, it is possible to find a weaker effect called
lag synchronization (LS), defined as the approximate equality of the state variables, delayed by a given time lag s [16].
x1ðtÞ � x3ðt � sÞ; x2ðtÞ � x4ðt � sÞ: ð13Þ
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When the normal modes of the coupled oscillators are widely different, as in the case we are investigating here, there
is no longer LS because the oscillator positions and velocities differ by a large amount [10]. Even in this case, however, it
is still possible to find the called generalized synchronization (GS), which is observed when there exists a functional rela-
tionship between the amplitudes of the two coupled oscillators,
Fig. 2.
(b) Th
x2ðtÞ ¼ F ðx1ðtÞÞ ð14Þ
and which can occur even for non-identical systems [17]. Eq. (14) defines a functional manifold, which has to be trans-
versely stable for a GS state to exist. Sometimes one may observe generalized lag synchronization (GLS), when the func-
tional relationship between the variables holds up to a time delay s
x2ðtÞ ¼ F ðx1ðt � sÞÞ: ð15Þ
Beyond classifying and identifying some types of synchronized behavior which appear in the coupled oscillator
dynamics, it is also important to determine the stability under small deviations from the synchronized trajectories in
the phase space. If the coupled system were identical, a synchronization manifold S would be defined through the con-
ditions (12). Trajectories originating from typical initial conditions asymptote to this CS state if it is asymptotically sta-
ble for all possible trajectories s(t) of the driving oscillator, either periodic or chaotic, under small displacements in
directions transversal to S [10].

The Lyapunov exponent of the response (x3,x4) oscillator under the explicit constrain that it is computed for the
trajectory s(t), is called conditional Lyapunov exponent. The trajectory is computed along the CS or GS manifold,
according to the situation to be analyzed. There are as many conditional exponents as directions transversal to S,
but it suffices to compute the maximal conditional exponent kcond. The negativity of the maximum conditional exponent
is a necessary condition for both CS and GS [18].
3. Forced oscillators under unidirectional coupling

We shall initially be concerned with the master–slave configuration resulting from adopting a unidirectional cou-
pling (c1 = 0). The master oscillator (x1,x2) is fed by an external periodic driving which, in the context of the heartbeat
model, may be thought of as the nerve impulses responsible for the pacemaker function.

Fig. 2 shows numerical results for the coupled system (4)–(7) with (widely different) normal mode frequencies
equal to b1 = 1.0 and b2 = 0.666 and a driving with amplitude a1 = 0.95 and frequency f1 = 1.0. In Fig. 2a we plot
(a) Frequency difference of two coupled Liénard-type oscillators with external forcing as a function of the coupling strength c2.
e two largest Lyapunov exponents. (c) Largest conditional Lyapunov exponent.
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the winding number difference between the oscillators as a function of the coupling constant c2. We clearly see that,
as the coupling goes stronger, there is a tendency for the oscillators to exhibit frequency synchronization
(X1 � X2! 0) after c2 � 0.47.

These winding number are obtained from a phase of a chaotic oscillator for which a geometrical phase could be
defined, just like in the Rössler attractor for example [15]. This can be seen in Fig. 2b, where we plot the two largest
Lyapunov exponents for the system (one vanishes along the flow and the least one is always negative). For the whole
range of coupling strengths here considered the attractor is chaotic. This occurs basically due to the driving effect. In
fact, for some intervals of c2-values both are positive and the system exhibits hyperchaos.

Since b1 5 b2, and the master oscillator is forced, the mismatch between oscillator parameters is so large that we do
not expect neither CS nor PS, even for large coupling strengths. In fact, Fig. 3a, which depicts a part of the time evo-
lution of the variables x2 and x4 for c2 = 0.1, shows the absence of any synchronization between the two systems, even
their frequency content being different. This is more clearly shown in the power spectra of both series shown in Fig. 3b,
which have very few features in common. Increasing the coupling to c2 = 0.45 (Fig. 3c) would reveal a chaotic GLS
state since, apart from the different values of the peak heights in both series, their overall characteristics are similar,
suggesting the existence of a functional relationship (though possibly very intrincate) between x2 and x4 such that their
evolutions are similar in almost everything but the maximum values they take on. Moreover, the signals are delayed
from each other from a nearly constant time interval, which is confirmed by the coincidence of their power spectra
(Fig. 3d), pointing out that there are essentially the same frequency components in the Fourier decomposition of both
series. This do not imply that their amplitudes coincide, but the Fourier coefficients of both series would be related by
some (perhaps nonlinear) relationship.

The emergence of chaotic GLS states is also related to the behavior of the conditional Lyapunov exponent kcond. In
this case, the vanishing of the conditional exponent indicates the onset of a chaotic GLS state, in which there is a nearly
constant time interval between peaks (the time lag). This should not be considered as a case of LS, because the oscillator
amplitudes are significantly different, and it occurs after c2 � 0.38 (Fig. 2c).

The condition kcond = 0 indicates, for such widely different oscillators, the transition from non-synchronized to GLS
states in the forced case, and is quite complex, as revealed by Fig. 4, where we trace out the boundary between these
regimes as we vary the coupling strength and the normal mode frequency mismatch b1 � b2. White (gray) pixels repre-
Fig. 3. Time series for two unidirectionally coupled Liénard-type oscillators with external forcing with coupling strength c2 = 0.1 (a),
and 0.45 (c). The remaining parameters are the same from the previous figure, (b) and (d) are the power spectral densities (arbitrary
units) for (a) and (c), respectively.
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Fig. 4. Synchronization, regions in the parameter plane of normal mode frequency mismatch versus coupling strength. White (gray)
regions represent parameter values for which the conditional exponent kcond is negative (positive).
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sent parameter values for which the conditional exponent kcond is negative (positive), indicating presence (absence) of a
GLS state. There is an apparently connected GLS region contained in the rectangle 0.2 < b1 � b2 < 0.4 and 0 < c2 < 0.5.
Since the area of the synchronized (white) region is comparatively small, synchronization of forced oscillators becomes
less likely to occur, if we choose at random the parameter values in this plane.
Fig. 5. Conditional Lyapunov exponent versus unidirectional coupling strength for noise applied on c2 with levels (a) g = 0.1 and (b)
g = 0.5. Noise applied on b1 with g = 0.1 (c) and 0.5 (d).



A.M. dos Santos et al. / Chaos, Solitons and Fractals 36 (2008) 901–910 907
When we include a parametric noise in the system our interest is to verify if the system is robust enough to keep
its dynamical behavior. Firstly we introduce white noise on the coupling parameter by writing it as (1 + gr1(n))c2,
where c2 is the nominal value of the coupling strength, r1 is a pseudo-random number chosen with uniform proba-
bility in the [�1, +1] interval and g is a noise level. To verify the robustness of the system under this parametric noise
term only, we have computed the conditional Lyapunov exponent. Our results, exemplified by Fig. 5a and b for two
different noise levels, show that the values take on by kcond are negligibly changed, and we conclude that, at least for
the coupling strength, parametric noise do not alter significantly the boundary between GLS and non-synchronized
behavior.

We also have included a noise term on the normal frequency b1 in the same way as for the coupling strength. Figs. 5c
and d show the variation of the conditional exponent with c2 when noise levels of h = 0.1 and h = 0.5, respectively, are
introduced in b1. In this case, however, the behavior of kcond is considerably altered by noise. In particular, the c2-value
for the onset of GLS decrease as the noise level increases. This means that GLS is easier to achieve if the normal mode
frequencies have some noise. Many systems exhibiting stochastic resonance do present such kinds of behavior, for
which noise facilitates the observation of some phenomenon.
4. Forced oscillators with bidirectional coupling

Now we present results considering the case where c1 5 0 and c2 5 0, and a low value of c1 = 0.01, because of
the strong asymmetrical character of the bidirectional coupling. We have found both periodic and chaotic behavior
in this case and even GS states, provided the values of c2 are large enough. The nature of such states can be inferred
from the time series of Fig. 6a, where we indicate by solid (dashed) lines the values of x2(x4) for a coupling strength
(c2 = 0.25) where there is no synchronization whatsoever. Both series exhibit a sequence of peaks but with variable
Fig. 6. (a) Time series of x2 (solid lines) and x4 (dashed lines) for non-synchronized states and c2 = 0.25. (c) Power spectral density
corresponding to (a), (b) and (d) are the corresponding diagrams for generalized synchronized states obtained for c2 = 2.0.



Fig. 7. Conditional Lyapunov exponent versus bidirectional coupling strength for noise applied on c2 with levels (a) g = 0.1 and (b)
g = 0.5. Noise applied on b1 with g = 0.1 (c) and 0.5 (d).
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time delay. The chaotic nature of this motion follows from the positivity of the maximum Lyapunov exponent but it
is also suggested by the rugged profile of the power spectral density of both series (Fig. 6b). As c2 is increased, how-
ever, the time series present peaks with similar evolution and a short time delay between them (Fig. 6c), indicating a
chaotic GLS state. One more indication of this similitude lies in the near-coincidence of both power spectra
(Fig. 6d).

Since the emergence of such GLS states has been related to the conditional Lyapunov exponent in the unidirectional
case, we have also analyzed its behavior under application of parametric noise. Fig. 7a shows the variation of kcond with
the bidirectional coupling strength c2 with a low noise level added to the normal mode frequency b1, indicating a tran-
sition to GLS for c2 � 0.30. On the other hand, adding a higher noise level increases the required value for transition to
c2 � 0.37 (Fig. 7b). The opposite behavior is observed, however, when noise is added to the normal mode frequency b1.
For small noise level (Fig. 7c) the onset to the transition to GLS occurs for c2 � 0.33, whereas a higher noise level
(Fig. 7d) decreases the required coupling to c2 � 0.17.

We have also studied the effect of parametric noise on the Lyapunov exponents for this bidirectional coupling. Fig. 8
show the behavior of the two largest Lyapunov exponents versus the coupling parameter c2 (the other one being kept
fixed at c1 = 0.01). In Fig. 8a we considered a noise level of g = 0.1 applied on the coupling strength c2. The noiseless
case is represented by bold lines, whereas thin lines stand for the noisy system. There are pronounced differences
between these cases when the exponents are negative, whereas the distinction is small when they are positive. This is
a rather general fact since noise on chaotic trajectories has the effect of just increase the randomness, making for a small
increase in the rate of divergence of nearby trajectories. For periodic trajectories, however, the role of noise is destruc-
tive and the Lyapunov exponent is expected to become less negative. Curiously, when the same level of noise is applied
on the normal mode frequency b1 the differences between the noiseless and noisy cases are small for positive exponents
but practically indistinguishable for negative exponents (Fig. 8b).



Fig. 8. Two largest Lyapunov exponents as a function of c2, when a noise level of 0.1 is applied to the parameter (a) c2 and (b) b1. Thin
(thick) lines stand for the system with (without) noise.
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5. Conclusions

We have studied the effect of parametric noise in the coupled system of two Liénard-type oscillators with external
periodic forcing. The parameters on which we applied noise were the coupling strength and the normal mode frequency.
Two coupling cases were considered: a unidirectional (master-slave) and a bidirectional (strongly asymmetric) one. The
dynamical feature chosen to be investigated with respect to robustness under parametric noise was the transition from a
non-synchronized to generalized synchronized behavior. Since the oscillators have quite different parameters we do not
expect to observe complete, phase, or lag synchronization.

In the case of unidirectional coupling we verified that there can exist a state of generalized lag synchronization,
where the time evolution for both oscillators has different maximum amplitudes but a nearly constant time lag between
them. The transition between these regimes was found to occur more easily for increasing noise in the normal mode
frequency. The bidirectional case presents generalized synchronization (without time lag) between oscillators. The over-
all effect of parametric noise is similar for this second case.
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