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Abstract
The time evolution of the lowest order transversal oscillation mode of a suspension bridge is studied by means of a
piecewise-linear forced and damped one-dimensional oscillator, in which the loss of smoothness is due to the asymmetric
response of the bridge hangers with respect to stretching and compression. If the midpoint roadbed deﬂection is outside a
speciﬁed safe region, the bridge is supposed to collapse. We analyze the relative area of the safe basin, or the fraction of
initial conditions in the phase space for which the bridge does not collapse with respect to the damping and forcing parameters. The safe basin erosion is enhanced by the appearance of incursive ﬁngers caused by the exponential accumulation of safe basin lobes towards an invariant manifold of a periodic orbit which undergoes a homoclinic bifurcation.
Ó 2003 Published by Elsevier Science Ltd.

1. Introduction
The eﬀects of wind-induced periodic forcing on structures were dramatically illustrated by the collapse of the Tacoma Narrows bridge in November 7, 1940. The elementary textbook explanation for this phenomenon addresses the
linear resonance between the frequency of the staggered wind-induced Von K
arm
an vortices and the bridge natural
frequency [1]. However, since linear resonance turns out to be a rather narrow phenomenon, it is unlikely to occur in an
irregularly changing environment, hence the ultimate cause for the suspension bridge collapse should be investigated in
the realm of non-linear phenomena [2].
The Tacoma Narrows bridge, prior to its collapse, was designed to have a slender, light and ﬂexible roadbed, what
allowed large-amplitude transversal vibrations. Generally, in a suspension bridge, the hangers which connect the
roadbed to the main suspension cable, respond in an asymmetric way to transversal oscillations of the roadbed: they
strongly resist to stretching but do not to compression (one-sided springs). This leads to a piecewise linear stiﬀness for
the hangers, and the roadbed dynamics has features similar to periodically forced non-linear oscillators, including
harmonic, quasiperiodic, and even chaotic motion.
Another point, where non-linear phenomena are relevant in the analysis of this problem, is that torsional oscillations
were also observed just before the bridge collapse, as shown by the famous movie shot in the moment of the disaster [3].
Coupling between diﬀerent vibration modes is a typical non-linear feature [4]. For those reasons, the oscillations of a
suspension bridge represent a mechanical system with discontinuities, for which there is a reasonable amount of literature [5–10].
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In the Tacoma Narrows bridge disaster, the failure was ultimately caused by torsional oscillations, being triggered
by the escape of a hanger out of its roadbed connection due to the large-amplitude transversal vibrations. Hence, we can
reasonably assume the bridge to collapse if the transversal deﬂection exceeds some prespeciﬁed threshold. Moreover, we
will consider the ﬁrst transversal vibration mode for the bridge roadbed, in order to take the roadbed deﬂection at its
midpoint as the maximum deformation for safety reasons. According to Refs. [2] and [11], we isolate and analyze the
time evolution of the lowest vibrational mode by means of an initial value problem for a system of ordinary diﬀerential
equations. Due to the piecewise-linear stiﬀness of the combined roadbed-hanger system, it boils down to a non-smooth
forced and damped one-dimensional oscillator.
In a previous work [12], we investigated a wide region of the forcing-damping parameter space for this model, in
which we found periodic, quasiperiodic, and chaotic behavior. Moreover, for weak dissipation we have observed a
predominance of multistable behavior, displaying the coexistence of periodic and chaotic attractors, with a highly
convoluted basin of attraction structure. From the point of view of operational safety, a suspension bridge must
withstand a quite large variety of environmental wind conditions without too large maximum deﬂections of its roadbed.
Hence, it is of paramount importance to know the set of initial conditions (in the phase space comprising the deformation of the roadbed and its time derivative) which leads to a midpoint beam deﬂection below a given threshold. This
is known as a safe basin, its complement being the corresponding exit basin, or the set of initial conditions which ultimately lead to collapse [13].
If the safe basin has a smooth boundary, it suﬃces––for safety purposes––for an initial condition to be not closer
than a numerical factor times the uncertainty to which these variables are measured. This numerical factor can be
determined by empirical methods but should be of the order of unity. However, if the safe basin has a fractal boundary,
besides exhibiting ﬁnal-state sensitivity, it accesses extended regions of the phase space and thus possibly leading to a
substantial shrinking in the size of the safe basin.
In this work, we consider the safe basin for the suspension bridge model of Refs. [2] and [11], and analyze the eﬀect
of the forcing amplitude and oscillation damping on the shape and size of the safe basin. In particular, we investigate
the strong erosion of the safe basin due to the appearance of incursive ﬁngers which rapidly decrease its relative area,
rendering the operation of the bridge highly unsafe from this point of view, even if there is a positive measure set of safe
initial conditions. The formation of these ﬁngers is due to the accumulation of bands belonging to the safe basin, when
its boundary intersects an invariant manifold of a saddle periodic orbit undergoing a homoclinic bifurcation.
The rest of this paper is organized as follows: in Section 2, we outline the dynamical model of the lowest transversal
mode of a suspension bridge. Section 3 focuses on some aspects of its dynamical behavior, including the safe and
exit basins, whereas Section 4 discusses the erosion of the safe basin and its mechanism. Section 5 contains our conclusions.

2. Suspension bridge model
A suspension bridge has a roadbed (elastic beam) sustained by a large number of hangers, which are steel cables
attached to a main suspended cable. The roadbed is hinged in both ends to anchorage blocks, and the main cable is
supported by high towers (Fig. 1). In this paper we neglect the deﬂections of the main cable, and consider the oscillations of the roadbed with a restoring force provided by the hangers. Let x and z be coordinates describing the vibrating roadbed along its length and width, respectively, whereas u is the beam deﬂection along the transversal direction
y, assuming a downward deﬂection as positive. Since we will consider only the transversal vibrations of the roadbed, we
ignore any functional dependence of the deﬂections on z, so u ¼ uðx; tÞ.
The hangers are supposed to be one-sided springs: they do not withstand compression eﬀorts, but they oppose a
linear restoring force when stretched, provided the deformations are small enough to be treated in the elastic regime,

Fig. 1. Schematic ﬁgure of a suspension bridge.
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without exceeding the rupture limit. Within these limits, the restoring force can be expressed as k 0 uþ , where k 0 is the
spring constant and uþ ¼ maxfu; 0g. This leads to a piecewise linear and asymmetric stiﬀness: for downward deﬂections
we take into account the combined response of the beam and stretched hangers, whereas, for upward deﬂections, only
the beam elasticity is considered [2,11]. Moreover, we add a term W ðxÞ representing the proper weight of the beam and
its loading.
The beam transversal vibrations are described by [11]
M

o2 u
o4 u
ou
¼ k 0 uþ þ W ðxÞ þ F ðx; tÞ;
þ
EI
þ d0
ot2
ox4
ot

ð1Þ

where M is the beam mass per unit length, E is the Young modulus of the beam, and I the moment of inertia of its
transversal section. The dissipative eﬀect is modelled by a viscous damping term d0 ut . The external force F ðx; tÞ represents the periodic driving eﬀect of a Von Karman vortex street from wind impinging the bridge from the z-direction,
and with a well-deﬁned period T ¼ 2p=x0 :
F ðx; tÞ ¼ F0 ðxÞ sinðx0 tÞ:
The following boundary conditions are imposed


o2 u 
o2 u 
¼ 2 
¼ 0;
uð0; tÞ ¼ uðL; tÞ ¼ 2 
ox ð0;tÞ
ox ðL;tÞ

ð2Þ

ð3Þ

where L is the length of the roadbed.
Because of the reasons explained in Section 1, we shall analyze only the lowest transversal harmonic of the bridge
vibration
 px 
uðx; tÞ ¼ yðtÞ sin
;
L

ð4Þ

where yðtÞ ¼ uðL=2; tÞ indicates the maximum deﬂection of the bridge roadbed, measured at its midpoint. Accordingly,
we make a similar separation of variables for the other functions
 px 
 px 
W ðxÞ ¼ W 0 sin
; F0 ðxÞ ¼ B0 sin
:
ð5Þ
L
L
Since the preloading W is usually taken to be a constant value, the decomposition for W ðxÞ, Eq. (5), should be
intended as the lowest order term in the harmonic expansion of a constant function, which amounts to an error less
than 10% [2].
Substituting these expressions into Eq. (1), the time evolution of the roadbed midpoint deﬂection turns out to be
governed by an ordinary diﬀerential equation
 p 4
d2 y
dy
M 2 þ d0 þ EI
y þ k 0 y þ ¼ W 0 þ B0 sinðx0 tÞ:
ð6Þ
dt
dt
L
which, after deﬁning the following non-dimensional spatial and temporal variables
 p 2 rﬃﬃﬃﬃﬃ
px
EI
t;
x^ ¼ ; ^t ¼
L
L
M

ð7Þ

as well as the normalized parameters
 2
 4 0
L
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L
k
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;
p 2 EIM
p EI
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 4 0
 4 0
L
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0
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; W ¼
;
x
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EI
p EI
p
d¼

ð8Þ
ð9Þ

is rewritten as
y 00 þ 2dy 0 þ my ¼ W þ B sinðxtÞ;

ð10Þ
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Fig. 2. One-dimensional oscillator with two springs, one of them with a clearance, equivalent to the suspension bridge transversal
vibrations: (a) upward deﬂections, for which only the beam stiﬀness is acting, (b) downward deﬂections, for which both the beam and
hanger stiﬀnesses occur and (c) rupture. The string in the upper part of the ﬁgure plays no role in the elastic response of the oscillator.

where the primes denote derivatives with respect to the scaled time, the hats on the variables being removed for ease of
notation, and

1
if y < 0;
ð11Þ
m¼
ðk þ 1Þ if y > 0;
represents the piecewise-linear stiﬀness.
Fig. 2 shows a simple mechanical analogue of Eq. (10), as a externally driven and damped spring-mass one-dimensional system. The combined stiﬀness of the beam and hangers, provided the rupture limit is not achieved, acts only
for positive deﬂections. This makes the system akin to oscillators with clearances, or discontinuities [5–10].
3. Safe and exit basins
We assume that the beam (and consequently the bridge) collapses if its midpoint deﬂection yðtÞ exceeds some
speciﬁed value yR , the rupture deﬂection, which is related to the maximum allowed stress on the roadbed. In such a case,
a crude model for the behavior when y > yR assumes that the restoring force provided by the hangers would disappear,
so that the beam has only its proper weight (a non-smooth potential with discontinuous force, see Fig. 3(a)). However,
it is too strong to assume that the restoring force could immediately vanish after y ¼ yR , since this force is continuously
distributed along the beam, and after the roadbed collapses the hangers would (ideally) disrupt according to their
distances to the midpoint.
A more realistic, but still a phenomenological model, would be represented by an exponential decrease of the effective force on the roadbed for y > yR (a smooth potential with a piecewise-smooth continuous eﬀective force):
Feff ðyÞ ¼ W  ðk þ 1ÞyR exp½bðy  yR Þ;

ðy > yR Þ;

ð12Þ

where we have adopted b ¼ 10 for a faster convergence (see Fig. 3(b)).

Fig. 3. Restoring force (full line) and the corresponding eﬀective potential (dashed line) as a function of the vertical bridge deﬂection y:
(a) simple rupture and (b) exponentially decreasing rupture.
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Fig. 4. Phase portrait (vertical deﬂection versus vertical velocity) for the suspension bridge model (10), with W ¼ 1, k ¼ 50, x ¼ 4.0,
B ¼ 3.0, d ¼ 0.05 and yR ¼ 0.775. Three initial conditions are used, leading to a period-2 attractor (time-T map points are marked ‘‘+’’),
a chaotic attractor (points marked ‘‘x’’), and an escaping trajectory (points are marked ‘‘o’’). The corresponding continuous-time
trajectories are represented by dashed lines. The ﬁlled squares represent the critical line for collapse.

The non-smoothness of the vector ﬁeld (10) leads to a complex dynamics for the bridge oscillations, in the sense that
one expects the coexistence of various attractors, both periodic and chaotic, with an involved basin structure [12], not
necessarily but very often of a fractal nature. The introduction of a rupture prescription like Eq. (12) introduces a novel
feature which enhances the complexity of the system, for the bridge collapse can be considered as a kind of ‘‘attracting
behavior’’. This does not correspond necessarily to a new attractor, since in principle any attractor would lead to
collapse, if y > yR .
The rupture condition, in the phase space y y_ , is represented by a straight line y ¼ yR , such that an initial condition
will ultimately lead to collapse if the trajectory starting from it crosses the critical line in some point. If the basin of any
attractor intersects this line, it is probable that some initial condition, which would otherwise asymptote to the attractor, will eventually escape for y > yR . This can occur both for basins of either periodic or chaotic attractors. Fig. 4
shows such a situation, in which there is coexistence of a period-2 attractor (stable focus) and a chaotic attractor in
the phase space (vertical bridge deﬂection versus time-rate of deﬂection). In this ﬁgure, it is also shown a trajectory,
starting from an initial condition lying in the basin of the period-2 attractor, which escapes after reaching y > yR .
The points shown in Fig. 4 result from a stroboscopic (time-T ) map from the continuous time ﬂow 2. Chaos is characterized through the formation of a topological horseshoe for the invariant attracting set [5]. Fig. 5 shows segments
of the stable and unstable manifolds emanating from a saddle ﬁxed point embedded in the chaotic attractor of Fig. 4.
The formation of a topological horseshoe is inferred from the existence of homoclinic intersections of these manifolds
in phase space.
What ultimately determines whether or not an initial condition leads to a collapse is not to what basin of attraction it
belongs, but rather whether or not the corresponding transient behavior leads to y P yR . This essential diﬀerence leads
to the concept of a safe basin, which is the set of initial conditions that do not lead to collapse, i.e., the corresponding
transient trajectories have yðtÞ < yR for all times. Its complement in the phase plane is the corresponding exit basin. This
deﬁnition is operational in the sense that it provides the algorithm for its obtention. Let us consider a bounded region of
the phase plane and cover it with a ﬁne grid of points, and use each point as an initial condition for evolving the ﬂow
(10) for a large time tmax . If, for 0 < t < tmax no orbit point has yðtÞ P yR , then very probably this initial condition is safe
and it is painted gray; otherwise we stop integrating just after the condition y > yR is fulﬁlled by the trajectory, and we
mark the initial condition as a dark pixel. The gray and dark regions are numerical approximations to the safe and exit
basins, respectively.

2

We have numerically solved (10) by using a 12th order Adams method (from the LSODA package [14]).
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Fig. 5. Stable and unstable manifolds emanating from a ﬁxed point embedded in the chaotic attractor shown in Fig. 4. The existence of
homoclinic intersections signals the formation of a topological horseshoe in the phase plane.

Fig. 6 shows a sequence of such plots for a ﬁxed value of the damping coeﬃcient d and nine values of the forcing
amplitude B. The relative area of the safe basin in the region under consideration, denote here as f , is approximated by
the ratio between the number of gray pixels and the total number of pixels covering the phase-space region selected out
for analysis. This region is supposed to cover all safe initial conditions. We observed that the area f decreases, from
about 32% to virtually zero as the wind forcing increases. This is consistent with the increase of the oscillation amplitudes as the forcing builds up, what turns a collapse more frequently observed for ‘‘typical’’ initial conditions.

4. Erosion of the safe basin
The decrease of the relative safe basin area with the forcing amplitude is often called basin erosion, and can be
illustrated in Fig. 7(a). For forcing amplitudes less than a critical value (about 2.5 for the parameters used in Fig. 7(a))
there is no erosion at all, and this is followed by a decrease which can be reasonably ﬁtted as a power law
f ðBÞ ¼ C1 Bc1 ,where C1 ¼ 2.9 and c1 ¼ 2.3. This scaling persists up to another critical amplitude, followed by an abrupt
fall and vanishing of the safe area. This non-trivial behavior can be partially understood by considering the corresponding bifurcation diagram for the vertical position versus the forcing amplitude (Fig. 7(b)).
There is a period-1 stable orbit of the stroboscopic map, for small forcing amplitudes, corresponding to a primary
non-linear resonance between the natural and forcing frequencies. As the driving amplitude increases to B 1:8 this
orbit undergoes a subharmonic period-doubling cascade to chaos, with accumulation at B 2:7. The chaotic attractor
disappears at B 3:8 due to a crisis, i.e., it collides with an unstable periodic orbit. For a small window between B ¼ 2.0
and 2.5 there is another period-3 coexisting attractor, born through a saddle-node bifurcation, and which also
undergoes a similar period-doubling cascade, disappearing beyond another crisis. The decrease of the safe area occurs
continuously and it increases roughly in the parameter region where a chaotic attractor exists, and the sudden vanishing
of the safe area coincides with the crisis which destroys the chaotic attractor. For B > 2:7 one sees an apparently fractal
boundary separating the safe and exit basins. This structure leads to a sensitivity to the ﬁnal state, meaning that an
increase in the accuracy of the initial condition leads to only a modest increase in our ability to predict in which basin
the initial condition is [19].
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Fig. 6. Phase portraits showing the safe (gray) and exit (dark) basins, for W ¼ 1, k ¼ 50, x ¼ 4.0, d ¼ 0.10, yR ¼ 0.5, and nine values of
the forcing amplitude B. The normalized safe area is also indicated in the panels.

It should be emphasized that the basin erosion process we are dealing with in this paper is somewhat diﬀerent from
the extensively studied problem of safe basins of a driven oscillator under the potential
1
1
V ðxÞ ¼ x2  x3 ;
2
3

ð13Þ

which models, for example, the rolling motion of a ship under ocean waves [13,15–18]. The safe basin there is the set of
initial conditions which do not lead to the capsizing of the ship ðx ! 1Þ. However, in this case, the safe basin actually
corresponds either to a basin of some bounded attractor or to the union of the basin of bounded attractors (the escape
could be viewed as an attractor at inﬁnity). The observed fast erosion of the safe basin can be interpreted as a result of a
homoclinic tangency of the stable and unstable manifolds of the hilltop unstable saddle orbit. The erosion is continuous
but there are discontinuous changes whose rate is determined by the manifold intersections following a homoclinic
tangency [15].
On the other hand, in the problem of the bridge collapse we have chosen the rupture deformation in a rather arbitrary way, such that the critical line in the phase space, given by y ¼ yR intercepts one or more basins of attraction.
Hence, we should not expect, in general, that the safe basin coincides with some basin of attraction. The interpretation
of this result should be looked for in the properties of the transient behavior of trajectories in phase space. As far as the
critical line intercepts some basin, it may well happen that an initial condition, even far from this line, can generate a
transient trajectory which hits the critical line and exits, thus leading to collapse.
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Fig. 7. (a) Relative safe area as a function of the forcing amplitude, for the same parameters as the previous ﬁgure. The straight line
shown for 2:65 < B < 3:75 is a least-squares ﬁt for the points marked as full circles. (b) Bifurcation diagram for the vertical position (of
the time-T map) versus the forcing amplitude, showing coexistence of periodic and chaotic attractors.

Fig. 8. Schematic ﬁgure of a phase portrait containing only one period-1 attractor and two initial conditions, one belonging to the safe
basin and other leading to rupture. The safe basin is depicted as a gray circle touching the critical line for rupture y ¼ yR .
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Although no complete theory exists for transient behavior, some facts can help us to grasp a picture of the process
leading to basin erosion. Let us ﬁrst imagine a simple situation: a unique basin of a period-1 stable focus at (y  ; y_  ¼ 0),
intercepting the critical line (see Fig. 8). A typical initial condition in this basin will spiral towards the focus with a time
rate given by the eigenvalues of the linearized map, evaluated at the equilibrium point. Let us suppose for simplicity that
the eigenvalues are equal so that the projection of the transient orbit is an equilateral spiral converging to ðy  ; 0Þ. A
transient trajectory would hit the critical line only if the initial condition is placed at a distance greater than
jyR  y  j.The safe basin would be a circle centred at ðy  ; 0Þ (or a part of it) touching the critical line.
In fact, in the ﬁrst panel of Fig. 6, corresponding to a value of B for which there is a single period-1 focus near the
origin, the safe basin is a closed and apparently smooth curve touching the critical line (the rightmost margin). The fast
decrease of the safe area, beginning at B 2:70, is followed by the formation of incursive ﬁngers (seen from the fourth
panel of Fig. 6) in a similar way to those observed in the problem of capsizing ship [13].
Fractal basin boundaries of attractors are naturally incursive, in the sense that they are related to homo and heteroclinic intersections of stable and unstable manifolds of saddle periodic orbits of the system. Since those intersections
map one to another ad inﬁnitum, the manifolds present a convoluted structure that extends through a wide portion of
the phase space. The transient orbits near such a fractal basin boundary would be as convoluted as the boundary itself,
so they are expected to cross the critical line very often, increasing dramatically the number of unsafe initial conditions.
In this case the erosion of the safe basin is also related, but in a less obvious way, to fractal basin boundaries of attractors.
The presence of a homoclinic tangency signals the transformation of a basin boundary of a non-chaotic attractor,
from smooth to fractal, as it has been shown for the forced Duﬃng equation [20]. When the forcing amplitude is
further increased, chaotic motion sets in, corresponding to the evolution of the homoclinic tangencies, with a persistence of the fractal basin boundaries. This fact may suggest why the safe basin erosion occurs slightly before the chaotic
attractor sets in (see Fig. 7(b)). The sudden disappearance of the chaotic attractor for B 3:8, following a crisis, leads
to the vanishing of the safe area, since the attractor no longer exists and is replaced by a long chaotic transient
which visits for some time the remnant of the chaotic attractor and goes far away from it, eventually crossing the critical
line.
A qualitatively similar picture emerges when the variable parameter is the damping instead of the forcing amplitude.
Fig. 9 shows a sequence of safe basins for decreasing damping coeﬃcients, also showing basin erosion due to the
presence of incursive fractal ﬁngers. The normalized safe basin area is plotted in Fig. 10 as a function of increasing
damping, which exhibits a power-law ﬁt for small damping: f ðdÞ ¼ C2 dc2 , where C2 ¼ 3.8 and c2 ¼ 1.22. In the ship
capsizing problem, the appearance of incursive ﬁngers, as the damping coeﬃcient is varied, is also related to homoclinic
intersections, and can even be predicted on the basis of the Melnikov criterion [13]. For the suspension bridge model the
transient trajectories can be very long for small damping, and thus it becomes more probable (when the boundaries are
fractal) that they cross the critical line and escape.
We can understand the formation of these incursive ﬁngers by considering the eﬀects of the dynamics on some
partition line C separating two regions in phase space, when this partition line intersects some invariant manifold of an
unstable ﬁxed point in phase space (for the stroboscopic map). This partition line does not need necessarily to be a basin
boundary segment, and actually it is not, since, as we have seen, the safe basin in general does not coincide with the
basin of some attractor in the bridge problem. In this case, a partition line is the boundary of a safe basin. The
conditions under which there are incursive ﬁngers are: (i) there is a homoclinic bifurcation in the bridge dynamics;
(ii) the safe basin boundary intercepts an invariant manifold of the periodic orbit P that underwent this homoclinic
bifurcation.
Since the stroboscopic (time-T ) map F is invertible, we can compute both the forward and backward images of
points and sets in the phase plane. Under the backward images of the map, the iterations of the partition line C intersecting the unstable manifold of P , i.e.,. Fn ðCÞ, approaches P as time goes to inﬁnity, in such a way that (see Fig.
11): (i) the intersection points between the unstable manifold and the boundary of the set C converge exponentially fast,
according to the corresponding unstable eigenvalue of the linearized map at P ; (ii) the lengths of the lobes, or incursive
ﬁngers, increase exponentially to compensate for the decreasing of their widths, and the ﬁngers themselves tend to
follow the stable manifold of P . The union of all images of C is a curve which oscillates as it approaches the unstable
ﬁxed point, such that the segments of the safe basin boundary will become extremely thin ﬁlaments accumulating on the
stable manifold of P [21].
Finally, Fig. 12 presents a sequence of safe basins when the rupture deformation, yR , is varied. The presence of
incursive fractal ﬁngers is also observed, and causes safe basin erosion as the critical line approaches the origin, what is
already expected since a nearby critical line would intercept many more trajectories than a farther line would. The
corresponding reduction of the safe area also obeys a power-law behavior in a certain range of the rupture deformation
(see Fig. 13): f ðyR Þ ¼ C3 yRc3 , with C3 ¼ 1, and c3 ¼ 1.97.
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Fig. 9. Phase portraits showing the safe (gray) and exit (dark) basins, for W ¼ 1, k ¼ 50, x ¼ 4.0, B ¼ 3.0, yR ¼ 0.5, and nine values of
the damping coeﬃcient d. The relative safe area is also indicated in the panels.

Fig. 10. Safe area as a function of the damping coeﬃcient, for the same parameters as the previous ﬁgure. The straight line for
0:04 < d < 1:05 is a least-squares ﬁt for the points marked as full circles.
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Fig. 11. Schematic ﬁgure showing the formation of incursive ﬁngers of the safe basin, resulting from the backward images of a
partitioning line which intercepts the unstable manifold of a ﬁxed point of the time-T map.

Fig. 12. Phase portraits showing the safe (gray) and exit (dark) basins, for W ¼ 1, k ¼ 50, x ¼ 4.0, B ¼ 3.0, d ¼ 0.100, and nine values of
the rupture deformation yR . The relative safe area is also indicated in the panels.
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Fig. 13. Safe area as a function of the rupture deformation, for the same parameters as in the previous ﬁgure. The straight line for
0:23 < yR < 0:49 is a least-squares ﬁt for the points marked as full circles.

5. Conclusions
The renewal of interest in the Tacoma Narrows bridge failure problem is due to the general awareness of the key role
played by non-linearity in its dynamical behavior. Striking non-linear features already appear when we consider the
dynamics of a single, lowest-order transversal vibration mode. Other modes, as torsional ones, have been shown to
present a similarly rich behavior [22]. The weakly damped and forced dynamical system presents multistable behavior
with many coexistent attractors, both periodic and chaotic, with a complicated basin structure. Hence, we can call the
suspension bridge a complex system in the sense that: (i) it is composed of many parts that are interrelated in a nontrivial manner; (ii) it has both ordered and random behaviors; and (iii) it exhibits a hierarchy of structures over a wide
range of lengths [23]. External noise is able to drive the system oﬀ a given basin and make it jump to another one, what
can cause structural damage due to the resulting amplitude jumps.
We have assumed that, if the bridge maximum deformation exceeds some threshold it collapses. In view of that, the
collapse depends not so much on the character of the coexistent attractors but instead on the transient behavior. We
have studied in this paper the sets of initial conditions which do not lead to collapse, or safe basins, and got numerical
evidence that there is a sharp reduction of the area of this safe basin as a system parameter is varied. We have considered the forcing amplitude, the damping coeﬃcient and the rupture deformation as the variable parameters. The safe
basin is determined basically by the transient behavior of orbits belonging to one or more coexisting basins of attraction. Fractal basin boundaries lead to transient orbits crossing more frequently the critical line of rupture in the
phase space and, as a consequence, there is a substantial erosion of the safe basin, with a typical presence of incursive
ﬁngers. These ﬁngers, on the other hand, result from successive intersections of the safe basin boundary with an invariant manifold of a saddle periodic orbit in phase space.
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