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Abstract. The dynamics of a negative gain suppression factor laser diode subjected to injection current modulation
is similar to that of a damped nonlinear oscillator under periodic forcing. Quasi-periodicity, frequency locking and
chaos may be present, depending on the values of the forcing parameters. We have found, for some parameter
values, type-I intermittent behavior and crisis-induced intermittency. Scaling laws were obtained for the duration
of the laminar phase and the chaos-chaos switchings, respectively. The scale exponents are very close to those
expected for one-dimensional unimodal maps.
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The study of the dynamical properties of semiconductor lasers is essential for determining
their performance as light sources in optical communication systems. Due to nonlinearities
always present in laser systems [1], chaos has been detected experimentally and predicted
theoretically in different types of semiconductor lasers [2, 3]. Of special relevance are semiconductor lasers with wavelength constraints, such as VCSELs (vertical cavity surface emmiting lasers) and DFBs (distributed feedback lasers), since their single mode operation is a
requirement in long distance high speed optical communication systems. In these lasers, the
constraints may give rise to a negative gain suppression factor [4], which was shown to be
related to self-pulsation even under steady injection current [5]. It has been also suggested
that, when the self-pulsating laser is submitted to injection current modulation, it may exhibit
quasi-periodicity, frequency locking and chaos. Chaotic optical waveforms can be used to
communicate masked information at high bandwidths [6].
In the present note we have analyzed some of the effects of injection current modulation
on the dynamics of a self-pulsating laser diode. We have obtained Lyapunov plots of the
modulation parameter space (considering the amplitude and frequency of external periodic
forcing) and observed, in a certain portion of it, a similarity between its structure and that of
a one-dimensional sine-circle map [7]. We have located the corresponding Arnol’d tongues
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Table 1. Values of the physical quantities for the semiconductor laser model.
Parameter

Value

τn
τp
α

β
Nt
γ
ε

1.49 ns
3.89 ps
1.58 × 10−35 A.m3 .s
0.986
1.0 × 10−5
9.26 × 1023 m−3
8.69 × 10−13 s−1 .m3
−2.2 × 10−23 m−3

in the parameter space, and observed other interesting features such as super-stable lines,
resonance intersections related to multi-stable behavior, and the existence of a critical line
where the resonance regions start to overlap, and above which chaotic behavior may occur.
In addition, we have described routes to chaos exhibited by the laser diode model as the
modulation amplitude is varied. Quasi-periodicity is followed by mode-locking (via tangent
bifurcation) and then by a period-doubling cascade to chaos when the modulation amplitude
is increased. After the accumulation point of those bifurcations there is a sequence of periodic
windows and band-merging crisis very similar to that observed in unimodal maps [8]. We
have studied the scaling of typical average lengths in the intermittent time series related to
band-merging crisis and tangent bifurcations, and observed that the exponents obtained are
very close to the values expected for one-dimensional unimodal maps. This is a quantitative
evidence that the system dynamics can be well described by those maps in a great extent of
the modulation parameter space.
The dynamics of the laser diode model with injection current studied here is modeled by
the following single mode rate equations [5]:
1
1
dN
= I (τ  ) − γ (N − Nt )(1 − εS)S − N,
dτ 
α
τn

(1)

1
1
dS
= γ (N − Nt )(1 − εS)S − S + βN,

dτ
τp
τn

(2)

where S and N are, respectively, the photon and carrier densities, τ  is the physical time and
I is the injected current in the active region. The product of the active region volume and
the electronic charge is denoted by α,  is the mode confinement factor, β stands for the
fraction of spontaneous emission in the lasing mode, Nt is the carrier density required for
transparency, and γ is the optical gain coefficient. The gain suppression factor is denoted by
ε, which has a negative value due to the wavelength constraints of this semiconductor laser
model [4], whereas τn and τp are the carrier and photon lifetimes, respectively. The values for
these parameters we use in the numerical simulations shown in this paper are given in Table 1.
We define reduced photon and carrier densities
x1 = |ε|N,

x2 = |ε|S,

(3)
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Figure 1. Dependence of (a) the real part, and (b) the imaginary part of the eigenvalues for the linearized system,
on the steady injection current A. The arrow indicates the point where a supercritical Hopf bifurcation occurs.

as well as a non-dimensional time t = τ  /τn . The physical constants can also be suitably
arranged to get normalized quantities
J (t) =
E=

I (t)τn |ε|
,
α

τn
,
τp

F = β,

C=

γ τn
,
|ε|

G=

D = |ε|Nt ,

ε
= −1,
|ε|

H = D,

(4)
(5)

so that we can rewrite the rate equations (1) and (2) in a normalized form
dx1
= J (t) − x1 − C(x1 − D)(1 − Gx2 )x2 ,
dt

(6)

dx2
= F x1 − Ex2 + H (x1 − D)(1 − Gx2 )x2 .
dt

(7)

A linear stability analysis of Equations (6) and (7) for steady injection J = A shows that
there is a stable equilibrium point for sufficiently low injection current values, characterizing
a steady state for laser operation. This state undergoes a supercritical Hopf bifurcation at
a threshold current value, as have been pointed out by Bennett et al. [5]. In Figure 1, we
illustrate this transition as we vary the steady injection current J = A, showing the real and
imaginary parts of the Jacobian matrix eigenvalues for the flow (6, 7). The threshold of self
pulsation occurs at A ≈ 28.21, where there is a supercritical Hopf bifurcation characterized
by the emergence of a stable limit cycle, the equilibrium point becoming unstable. We adopt
the value A = 40.44 in the subsequent analyses. An example of limit cycle is depicted in
Figure 2, in which we have a frequency (hereby denoted W0 ) numerically found to be equal
to 11.70 (corresponding physically to a 1.25 GHz oscillation).
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Figure 2. Limit cycle in the phase plane (x1 , x2 ) for A = 40.44. Dotted lines represent two trajectories, starting
from different initial conditions, that asymptote to the limit cycle.

Figure 3. (a) Lyapunov plot of the modulation parameter space. The maximal exponent is represented in grayscale,
for which the larger the exponent, the brighter is the pixel in the figure. (b) Enlargement of a region of the Lyapunov
plot of the modulation parameter space.
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When a sinusoidal time modulation is added to the steady injection current in the form
J (t) = A + B sin(W t), the system behaves like a periodically driven nonlinear oscillator.
Therefore, it can exhibit quasi-periodic motion, frequency locking, and chaos depending on
the values of B and W . In order to identify these dynamical regimes in the modulation parameter space (W versus B), we have shown in Figures 3a and 3b two Lyapunov plots, on
which the largest Lyapunov exponent is represented by gray-scale. The Lyapunov exponents
were computed according to the Eckmann–Ruelle algorithm [9]. The second exponent was
observed to remain between −55 and −80, indicating a strongly dissipative system. We can
identify frequency locking regions (Arnol’d tongues), and supercritical lines (darker lines
inside the tongues) that correspond to periodic super-stable orbits for which the Lyapunov
exponent diverges. Between each pair of Arnol’d tongues we have regions of quasi-periodic
behavior, as evidenced by the vanishing of the maximal Lyapunov exponent.
It is possible to identify a critical line at B ≈ 6.0 touching the tips of all main super-stable
lines (see Figure 3a). This critical line divides the parameter space into two distinct regions:
below it only quasi-periodic and mode-locked attractors are observed, and above it period
doubling cascades and chaotic attractors may be observed [10]. Above the critical line, the
tongues typically develop two branches and intersections of branches belonging to different
tongues occur. These intersections are commonly related with coexistence of attractors and
multi-stability. In the intersection regions the system may evolve to any of the possibly coexisting attractors depending on the initial condition chosen. Taking this fact into account,
we have always used the same initial conditions, namely x1 = x2 = 0. A larger region of the
parameter space is shown in Figure 4 and it is possible to observe that main tongues associated
to periods one, two, three, etc. grow up from those points where (W/W0 ) = 1, 2, 3, . . . . The
overall structure near these tongues is the same as for the first tongue (see Figure 3b). Note
also that the critical line for larger W is no longer at a fixed value of B ≈ 6.0 but goes upward
with increasing W . The general features observed in the parameter space of this system are
very similar to those found in circle maps [7]. It is indeed possible to derive analytically such
maps from a class of impulsively forced limit-cycle oscillators [11].
In order to clarify this connection with one-dimensional circle maps, in Figure 4 we depict first return maps for three different points of the parameter space of Figure 3. The first
corresponds to the border of the period-1 Arnol’d tongue (Figure 4a). There is a quadratic
tangency of the return map with the 45◦ -line, pointing out that a tangent bifurcation takes
place on the border of the tongue. The second and third return maps depicted in Figures 4b
and 4c correspond to points in the parameter space chosen next to a region of chaotic motion
near the period-1 tongue, respectively. The latter map has a unimodal character.
In order to reveal other routes to chaotic behavior exhibited by this model we considered
in Figure 5a a bifurcation diagram for the normalized photon density x1 , obtained by keeping
W constant at 3.2W0 and varying B over the range 0.0 < B < 40.0. For B values up to
approximately 8.0, the system exhibits quasi-periodic behavior, as shown in Figure 5b by the
vanishing of the maximal Lyapunov exponent. After a tangent bifurcation, as the value of B is
further increased, the interior of an Arnol’d tongue is reached, and the dynamics is locked in
a period-3 orbit. Following this orbit, a period-doubling bifurcation cascade leads the system
to undergo chaotic motion.
The sequence of periodic windows and chaotic band mergings is similar to that of unimodal maps, what may be seen in Figure 5c, where a part of the bifurcation diagram depicted
in Figure 5a has been magnified. We may see in any of the three chaotic bands a period6 window between the points indicated by the symbols B4 and B2 (that will be related to
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Figure 4. First return maps for selected values of the modulation frequency and amplitude: (a) W = 1.2W0 ,
B = 5.8; (b) W = 1.2W0 , B = 16.6; (c) W = 1.3W0 , B = 10.2.
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Figure 5. (a) Bifurcation diagram for x1 versus amplitude modulation B, with W = 3.2W ; (b) maximal Lyapunov
exponent; (c) enlargement of a region of (a) indicated by an arrow. Band merging crises are indicated by arrows
as B2 and B4 .
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Figure 6. (a) Time series for the stroboscopic map of x1 with W = 3.2W0 and B = 24.785 (only the lower
branch is shown). (b) Average duration of the laminar phase as a function of the difference B − Bt , near the
tangent bifurcation value (Bt ≈ 24.780).

critical behavior later on). In the right side of B2 we can observe a period-7 and a period-5
windows, whereas a period-3 windows is in the extreme right side of the diagram. In some of
the observed periodic windows we find bubbles with brief period doubling sequences followed
by similar but reverse sequences; as for B ≈ 23.5, for example (see Figure 5c). This ordering
of periodic windows embedded in the chaotic region is in accordance with the U -sequence
[12], what emphasizes the connection of the behavior of this laser diode model with injected
current modulation with that of a uni-dimensional circle map.
We observe the existence of intermittent behavior in many points of the bifurcation diagram, where a chaotic region suddenly disappears, and a tangent bifurcation gives rise to
a periodic window [13]. Note that the period-3 orbit starting at B ≈ 8.0 in Figure 5a does
not come from an intermittent transition, since for B  8.0 the dynamics is quasi-periodic,
rather than chaotic. For example, let us consider the time series for the stroboscopic (time-
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2π/W ) map when B is near a period-9 window (Figure 6a). Only the part corresponding to
the lower branch in the bifurcation diagram is shown for simplicity. We observe the characteristic features of type-I intermittency scenario: the system remains near the period nine
orbit for long stretches of time and escapes from it during the chaotic bursts, before being
re-injected in the vicinity of that orbit. We have computed the average time τ an orbit stays
in the laminar phase, considering a large number of initial conditions in the phase plane.
This average laminar duration depends on the B parameter in a power-law fashion, when B
approaches Bt
τ ∼ k(B − Bt )γ ,

(8)

where Bt ≈ 24.78 is the value of the tangent bifurcation parameter, at the border of a period9 window. We have found (see Figure 6b) that γ = 0.474 ± 0.007, where the deviation is
related to the linear regression procedure. This result is very close to γ = 0.5, which is the
value theoretically predicted for unimodal quadratic maps [13].
Another dynamical feature observed in this model was crisis-induced intermittency, which
typically follows an interior crisis, in the same way that a chaotic transient follows a boundary
crisis. An interior crisis occurs when a chaotic attractor collides, in the state space, with an
unstable periodic orbit, as a system parameter is varied through a critical value. This collision
turns the former chaotic attractor into a chaotic saddle, a non-attracting dense chaotic set [14].
This behavior is typically present in mergings of chaotic bands in bifurcation diagrams. Just
after an interior crisis, the orbit spends long periods of time bouncing in the region to which
the attractor was restricted before the crisis. After one of these long irregular oscillations the
orbit escapes from this region and wanders erratically through a new and enlarged region that
was made possible for the orbit after a crisis has been occurred. The orbit eventually returns to
the former chaotic region to which it was restricted to move, yielding chaos-chaos transitions
which are found to obey a power-law scaling for the average time between two successive
chaos-chaos switchings [15].
Let τ correspond to the average time between two consecutive switchings, for a parameter value slightly above some band-merging crisis parameter (see Figure 7a). The two values
of crisis parameters used to analyze this chaos-chaos crisis-induced intermittency were labeled
as B4 and B2 in the bifurcation diagram of Figure 5c. A scaling law similar to Equation (8)
was obtained for τ , the corresponding exponent (γ ) being equal to 0.493 ± 0.015 for the
transition near B4 , and 0.498 ± 0.004 for B2 (see Figure 7b). These values are still in good
accordance with the theoretical value of 0.5 predicted for one-dimensional quadratic maps
[8]. From the symmetries presented in the parameter space (see Figure 3) one could imagine
that routes to chaos similar to those described above are typical for this system. Indeed, the
bifurcation diagrams in the vicinity of other main tongues are very similar to the one shown
in this note, the main diference being the number of branches, the motion inside each branch
being quite similar.
In summary, we have analyzed the dynamics of a self-pulsating laser diode model under
injection current modulation. Using Lyapunov plots in the modulation parameter space we
have found many similarities between the laser model dynamics and that exhibited by a onedimensional circle map. We have observed super-stable lines in the parameter space, which
correspond to periodic motions less sensitive to external noise, and hence of practical interest.
The bifurcation diagram obtaining by varying the injected current amplitude is very similar
to that of a unimodal map. In particular, we have observed an ordering of period windows in
accordance with the U-sequence.
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Figure 7. (a) Time series for the stroboscopic map of x1 with W = 3.2W0 and B slightly above B2 , showing
how the trajectory visits each one of the chaotic bands existing before the band merging. Only the lower branch is
shown. (b) Average time between chaos-chaos switchings as a function of the differences B − Bc , where the crisis
parameter may have the values indicated in Figure 5c as B2 and B4 .

We have focused our attention on two specific dynamic features: firstly, in the neighborhood of a period-9 window embedded in the chaotic region we characterized type-I intermittency, and obtained a scaling law for the average duration of the laminar phase. Second, close
to chaotic band-mergings we have found crisis-induced intermittency, and a scaling law for the
time between chaotic switchings was obtained. Our results are in close agreement with theoretical predictions for unimodal maps. The possibility of representing the dynamics of the laser
diode by a unimodal map strongly suggests the utility of such lasers as an attractive chaotic
generator for information transmission, since the available methods for encoding information
in chaos [16, 17] require a partition of the phase space (to associate each side of partition with
a binary symbol). In the case of unimodal maps, the extremum of the map allows for a natural
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partition, and the symbolic dynamics (the grammar) can be readily determined. Moreover,
methods for controlling chaos such as the OGY method can be more easily implemented
in one-dimensional systems [18]. Results on the implementation of this method in the laser
model here studied will be published elsewhere [19].
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