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a b s t r a c t

The circadian rhythm in mammals is determined by the output of biological clock cells, e.g.

in the brain suprachiasmatic nucleus. Each biological clock cell has its own period and can

respond to photic stimulation, such that the output rhythm is given both by the coupling

among cells and the external forcing. We propose a model for the coupling among biolog-

ical clock cells of the suprachiasmatic nucleus where the coupling is mediated by the local

concentration of a diffusing neurotransmitter which is both secreted and absorbed by the

cells, influencing their individual rhythms. Such a coupling is non-local because it considers

all the cells in the assembly, and the interaction strength decays exponentially with the spa-

tial distance. We investigate the synchronization properties of this network with respect to

the coupling strength and the inverse characteristic length of the coupling, which varies from

zero (a global, all-to-all, coupling) to infinity (a local, nearest-neighbor, coupling). Quantita-

tive diagnostics of phase and frequency synchronization are applied to describe the transition

from a non-synchronized to a partially synchronized behavior as the coupling parameters are

changed.

© 2015 Elsevier B.V. All rights reserved.
1. Introduction

The circadian rhythm is a daily periodicity (roughly a 24 h cycle) of physiological, biochemical, and behavioral processes in liv-

ing beings [1]. It is produced in mammals chiefly by specialized cells (circadian clocks) belonging to the suprachiasmatic nucleus

(SCN) of the anterior hypothalamus [2]. The SCN consists of multiple, single-cell circadian clocks which, when synchronized,

produce a coherent circadian output that regulate overt rhythms [3–5]. The circadian master clock of the SCN is entrained by

the daily light-dark cycle, which acts via retina-to-SCN neural pathways [6]. Hence, for the obtention of a coordinate circadian

rhythm, the master clock cell must be coupled to the other cells in the SCN so as to synchronize them to its own rhythm as well

as to the photic stimulation.

The mechanism governing the coupling of circadian clock cells in SCN is still an open issue. Many authors recently pointed

out that the coupling among cells is of a chemical nature, being implemented through the action of γ -aminobutyric acid (GABA)

or other neurotransmitters like vasoactive intestinal peptide (VIP) [6–18]. This is not an unanimous opinion, though, since other

authors claim that the coupling is of an electric nature [19,20].
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Fig. 1. Schematic figure of the Kuramoto’s model of chemical coupling among oscillators.
The circadian clocks themselves may be regarded, in a nonlinear dynamics perspective, as limit-cycle oscillators, i.e. they

are capable of self-sustained oscillations with a well-defined intrinsic period. Moreover, there is a negative feedback mechanism

which gives stability and robustness with respect to environmental fluctuations. Kronauer [21] has proposed such a model, which

is an adaptation of the famous Van der Pol equation, but with parameters that can be compared with laboratory data [22].

The chemical coupling between oscillators like circadian clocks will be described by means of a chemical (like GABA, for

example) which is both secreted and absorbed by clock cells immersed in the intercellular medium. The coupling, in this case,

is non-local in the sense that it takes into account cells which are not necessarily close to each other. An extreme situation

belonging to this general category is the so-called global coupling, for which each cell interacts with the average concentration

of the chemical due to all the other cells [7,23,24].

A disadvantage of this type of coupling is that the chemical is expected to diffuse through the intercellular medium in a rather

complicated way, even in the limit of large times. An alternative model was proposed by Kuramoto [25], in which the equations

governing the time evolution of the oscillators can be coupled by using the concentration of a substance which diffuses through

the medium in which the oscillators are embedded. If the chemical diffuses in a timescale much faster than the oscillator period,

the coupling - although involves virtually all oscillators like in the global case - depends on the distance between oscillators in

an exponentially decaying way (in the one-dimensional case) [26,27]. This approach has been used in studies of cell interaction

[28] and neural oscillators [29].

Another example of chemical coupling of biological interest involves the cellular slime mould Dictyosteliida. During most of

their lives, these slime moulds are individual unicellular protists living in similar habitats and feeding on microorganisms. In the

absence of food, however, they release signal molecules (DIF-1, short for Differentiation Inducing Factor) into their environment,

so that they can find other amoeba and create swarms. In other words, when a chemical signal is secreted, they assemble into a

cluster which acts as a single organism [30].

In this paper we intend to apply Kuramoto’s theory of chemical coupling for studying the synchronization of circadian rhythms

of clock cells whose behavior is described by Kronauer’s model. The resulting model is expected to give better results than previ-

ous numerical simulations using Kronauer’s oscillators with a local coupling which consider a limited number of neighborhoods

of each cell [11]. In particular, we will analyze the phase and frequency synchronization of the resulting lattice system, with

emphasis on the coupling parameters leading to such desired synchronized states.

This paper is organized as follows: in Section 2 we outline a mathematical model for the coupling of oscillators mediated by

a diffusing chemical substance and its application to one-dimensional lattices. Section 3 presents a model proposed by Kronauer

and coworkers for the oscillations of biological clocks of the SCN and the external forcing. Section 4 considers a model of cou-

pled biological clocks of this kind with a coupling mediated by a diffusing chemical substance. In Section 5 we consider some

dynamical features of the coupled oscillator model, with emphasis on the synchronization of the biological clocks. Our results

concerning the synchronization with coupling and external forcing via photic stimulation, using various protocols, are reported

in Section 6. The last Section is devoted to our conclusions.

2. Oscillator coupling mediated by a diffusing chemical substance

It is thought that the modeling of the interaction among biological clocks in the SCN would involve the presence of a diffusing

chemical substance. A model for describing the coupling among oscillators mediated by a diffusing chemical substance was

proposed by Kuramoto [25] leading to non-local couplings. In the following we outline the hypotheses leading to this model and

its formulation, with emphasis on one-dimensional lattices, to be used in later Sections.

2.1. The Kuramoto model for chemical coupling

In the following we suppose that each biological clock, or oscillator cell, is located at discrete positions rj, where j = 1, 2, . . . N,

and X j = (x j, y j)
T

is the state variable for each oscillator, whose time evolution is governed by the (same) vector field F(Xj)

[Fig. 1]. We have chosen two state variables only because it is the case of oscillating biological clocks described by Kronauer’s
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equations, as will be presented in the next Section. The oscillators are not supposed to be identical, though, for they can have

slightly different parameters, reflecting some kind of biological heterogeneity.

We also suppose that the time evolution of the state variables in each oscillator is affected by the local concentration of a

chemical, denoted as A(r, t), through a time-dependent coupling function g:

dX j

dt
= F(X j) + g(A(r j, t)), ( j = 1, 2, . . . N), (1)

whereas the chemical concentration satisfies a diffusion equation of the form

ε
∂A(r, t)

∂t
= −ηA(r, t) + D∇2A(r, t) +

N∑
k=1

h(Xk)δ(r − rk), (2)

where ε � 1 is a small parameter representing the fact that diffusion occurs in a timescale much faster than the intrinsic period

of individual oscillators; η > 0 is a phenomenological damping parameter, and D > 0 is a diffusion coefficient of the mediating

substance. The meaning of the phenomenological damping parameter η in the model is a decay rate due to chemical degradation

of the substance which mediates the coupling among interacting cells. The diffusion equation above has a source term h which

depends on the oscillator state at the discrete positions rk: this means that each oscillator secrets the chemical with a rate

depending on the current value of its own state variables. In the free space the boundary condition is A → 0 as |r| → ∞.

We assume that the diffusion is so fast, compared with the oscillator period, that we may set εȦ = 0 such that the concentra-

tion relaxes to a stationary value that can be written in the following form at each oscillator position:

A(r j) =
N∑

k=1

σ(r j, rk)h(Xk), ( j = 1, 2, . . . N), (3)

where σ (rj, rk) is an interaction kernel, which is the solution of

(η − D∇2)σ (r, r′) = δ(r − r′), (4)

such that we have eliminated adiabatically the chemical concentration and, on substituting (3) into Eq. (2) we obtain the equation

expressing chemical coupling

dX j

dt
= F(X j) + g

(
N∑

k=1

σ(r j, rk)h(Xk)

)
, ( j = 1, 2, . . . N). (5)

From the Fourier transform of Eq. (4), the interaction kernel can be formally written, when d is the spatial dimension of the

system, as

σ(r j, rk) = 1

(2π)
d

∫
ddq

e−iq·(r j−rk)

η + D|q|2
. (6)

When the system is isotropic, the kernel becomes a function of the distance r jk = |rk − r j| only, and can be expressed as [27]

σ(r jk) = β(γ )

⎧⎨
⎩

exp ( − γ r jk), if d = 1,
K0(γ r jk), if d = 2,

1
γ r jk

exp ( − γ r jk), if d = 3
(7)

where K0 is the modified Bessel function of the second kind and order 0, the constant γ is the inverse of the coupling length,

which is given by

γ =
√

η

D
, (8)

and the function β(γ ) is determined from the normalization condition∫
ddrσ(r) = 1, (9)

which yields different results, according to the spatial dimension d.

We can simplify the coupled oscillator system by assuming a linear coupling in the equation for the chemical concentration,

h(X) = X. (10)

Under this hypothesis Eq. (5) becomes

dX j

dt
= F(X j) +

N∑
k=1

σ(r jk)g(h(Xk)), ( j = 1, 2, · · · N). (11)

Moreover, there can be various possible coupling prescriptions, among which the most important are
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• linear coupling, in which the coupling is performed with the current values of the state variables

g(h(X)) = AX, (12)

where A is a matrix which inform us what are the state variables involved in the coupling among oscillators. The coupling

strengths, which can be different for each state variable, can be absorbed into the matrix X definition without loss of gener-

ality.
• future linear coupling, for which the updating of the oscillators is made in the coupling term as well

g(h(X)) = AF(X). (13)

In the following we shall adopt a linear coupling for simplicity such that, on substituting (12) in (11) we arrive at the following

equation for the coupled oscillators

dX j

dt
= F(X j) +

N∑
k=1

σ(rk j)AXk, ( j = 1, 2, · · · N). (14)

2.2. Application to one-dimensional lattices

The most elementary application of the model of chemical coupling is the construction of a one-dimensional lattice of N fixed

and equally spaced oscillators with non-local interactions given by the kernel (7) for d = 1. On supposing periodic boundary

conditions

X j = X j±N′ , N′ = N − 1

2
, ( j = 1, 2, . . . N), (15)

and assuming that the distance between consecutive sites is a constant 
, we have that r jk = min| j − k|
, and we can change

the index of the summation from k = 1, 2, . . . N to m = ±1, ±2, . . . ± N′ such that r jk = m
. Thus we can rewrite the equation for

the coupled oscillators, (14)

dX j

dt
= F(X j) + β(γ )

N′∑
m=−N′

e−γ
mAXm, ( j = 1, 2, . . . N), (16)

where we have used (7).

This equation can be put in a more symmetric form splitting the summation in two and making further changes of indexes:

� = m + j for N′ > j + m, and −� = j − m for −N′ < j − m:

dX j

dt
= F(X j) + β(γ )

N′∑
�=1

e−γ
�A
(
X j−� + X j+�

)
, ( j = 1, 2, · · · N), (17)

where the normalization condition (9) gives

β(γ ) = 1

2

[
N′∑

�=1

e−γ
�

]−1

. (18)

In order to appreciate the importance of the parameter γ , let us investigate the limiting cases of the this form of coupling. If

γ goes to zero then, by L’Hospital rule, we have

β(γ = 0) = 1

2N′ = 1

N − 1
, (19)

such that we have a global type of coupling

dX j

dt
= F(X j) + A〈〈X j〉〉, ( j = 1, 2, . . . N), (20)

where the double angular brackets denote the average value of the state variable, taken over all network except the jth site itself:

〈〈X j〉〉 = 1

N − 1

N′∑
�=1

(
X j−� + X j+�

)
, ( j = 1, 2, . . . N). (21)

In this type of global coupling each site interacts with the average field of the entire network, regardless of the relative positions

of the other sites (all-to-all or totalistic coupling).

For analyzing the other limit, namely γ → ∞, only the terms with � = 1 would contribute to the summations in (17), such

that

β(γ ) ≈ 1
eγ
, (22)
2
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and (17) becomes a local (also called Laplacian) coupling

dX j

dt
= F(X j) + 1

2
A
(
X j−1 + X j+1

)
, ( j = 1, 2, . . . N), (23)

in which each oscillator interacts only with its nearest neighbors in the lattice. In general, for 0 ≤ γ < ∞ we have a coupling with

varying effective range, in the sense that we can consider the effects of screening the influence of some oscillator on the others.

Such a property has been extensively studied by the authors when the coupling intensity varies with the lattice distance as a

power-law [31].

3. Circadian clocks as self-sustained oscillators

The SCN is composed of coupled single-cell circadian oscillators entrained by the light-dark cycle [6]. A mathematical model

for such circadian clock would have to possess the following general characteristics: (i) self-sustained oscillations with a well-

defined intrinsic period; (ii) entrainment by an external time-periodic driving [11]. These characteristics are typical of a class of

relaxation oscillators whose paradigm is the Van der Pol equation [32,33]

d2z

dt2
− μ(1 − z2)

dz

dt
+ z = 0, (24)

where z(t) is the component of the human circadian pacemaker that closely reflects the endogenous core body temperature cycle,

as measured during constant routine conditions [34], and μ measures the strength of the nonlinearity (oscillator stiffness).

If μ = 0 Eq. (24) describes a linear harmonic oscillator. For μ �= 0 it turns out that the term proportional to dz/dt is an

amplitude-dependent damping one. If z is large it dominates and the term is positive, indicating dissipation; if z is small the

term becomes negative, and we have anti-dissipation. The equilibrium between these conflicting tendencies leads to a station-

ary solution - a limit-cycle in the phase space of z versus dz/dt that identifies a positive feedback loop. The intrinsic period of

the self-sustained oscillations is well-defined, but these self-sustained oscillations can be entrained by a time-periodic external

driving.

When the nonlinearity is weak (μ � 1) it is a well-known result that the dynamics asymptotes to a limit cycle in the form of

a circle with center at the origin (z = ż = 0) and radius zr = 2, or

z(t) ∼ 2 cos (t + ϕ0) + o(μ). (25)

In other words, the dynamics on the limit cycle can be described by a phase θ(t) = t + θ(0), which time rate is the frequency

ω = dθ/dt = 1 + o(μ2). The application of perturbation methods furnishes [35]

ω = dθ

dt
= 1 − 1

16
μ2 + o(μ3). (26)

Kronauer [21] proposed a mathematical model for the human circadian clock that is essentially a modification of the Van der

Pol model (24). The variables were changed such that the radius of the limit cycle has been scaled to the unity and the period

adjusted to a 24-h cycle:

t ≡ 2π

τ
t̄, z ≡ 2x, μ ≡ τ

24
ε, (27)

which, after substitution in (24), yields(
12

π

)2 d2x

dt̄2
− ε

(
12

π

)
(1 − 4x2)

dx

dt̄
+

(
24

τ

)2

x = 0. (28)

It is important to stress that, while Kronauer have used these equations to model the human circadian system as whole, we,

following Kunz and Achermann [11], will use them to model individual clock cells of the SCN.

For small ε there follows that the limit cycle has amplitude 1 + o(ε), and the phase evolves as

θ(t) = 2π

τ
t̄ + θ(0), (29)

and its time rate, according to (26), yields an effective period of oscillation given by

τeff = 2π
dt̄

dθ
≈ τ

[
1 − 1

16

(
τ

24

)2

ε2

]−1

. (30)

For ε = 0.13 and τ = 24.20h (values used by Kronauer [37]) we have τeff = 24.23h, a value just slightly higher than τ .

Using the so-called Liénard transformations it is possible to rewrite (28) as a system of two first-order coupled differential

equations.

12

π

dx

¯
= y + ε

(
x − 4

3
x3

)
, (31)
dt
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12

π

dy

dt̄
= −

(
24

τ

)2

x + y, (32)

where

y ≡ 12

π

dx

dt̄
− ε

(
x − 4

3
x3

)
. (33)

The photic stimulation of the circadian clock is represented, in Kronauer’s model, by a driving term B(x, t̄). According to

experimental data [36] this drive should act so as to move the system in the positive x-direction for all values of x and y, as well

as in the positive (negative) y-direction for y > 0 (y < 0). There follows that the photic stimulation affects both the phase and

amplitude of the system under light exposure, i.e. the driving term must be applied in both variables

12

π
ẋ = y + ε

(
x − 4

3
x3

)
+ B, (34)

12

π
ẏ = −

(
24

τ

)2

x + By, (35)

where we used dots to denote derivatives with respect to t̄ .

Kronauer and coworkers have considered the following expression for the perceived brightness based on experimental find-

ings [37]

B(x, t) = C(1 − mx)[I(t)]
1/3

, (36)

where m = 1/3 is a modulation parameter, C = 6.88 × 10−2 is a scaling constant that normalizes the brightness magnitude, and

I is the light intensity measured in lux [38]. The term 1 − mx represents a circadian variation in the sensitivity of light: when x is

positive (during the subjective day) the brightness is reduced, and when x is negative (during the subjective night) the brightness

is enhanced. The driving term (36) represents the Zeitgeber of the circadian clock. The time-dependent part of this forcing can be

periodic or not, depending on the kind of experiment conducted, as it will be explained later on.

4. Chemical coupling of circadian clocks

In rats the SCN was found to be composed of approximately 16, 000 neurons [3], and thus a reasonable number of clock cells

is circa NT = 10, 000. Due to biological diversity we expect that the intrinsic periods τ of oscillators be randomly distributed in a

given interval. Hence, if the circadian oscillators of SCN were uncoupled they would fire in an incoherent way.

On the other hand, the observed existence of a coherent overt circadian rhythm generated by the SCN implies that there must

be a synchronization between the clock cells [23]. Moreover, if the oscillators are synchronized, they can be collectively entrained

to a single light-dark cycle. Synchronization among oscillators is possible provided there is some form of coupling between the

cells. Kurz and Achermann have considered a coupling of Kronauer-type clock cells that takes into account a limited neighbor-

hood of each neuron [11]. However, the experimental evidence suggesting that a substance like GABA or other neurotransmitter

mediates the interaction leading to the synchronization of clock cells, what would require the use of a chemical coupling char-

acterized by a coupling length γ . Moreover, if γ is large this coupling becomes essentially local, just like in electrical coupling.

Previous works have also considered the case of a global coupling, for which each cell interacts with the mean-field generated

by all the other ones [7,23]. However, this form of coupling treats all cells in the same way, regardless of their mutual distances,

what is a crude approximation for the biological environment of the intercellular medium. The latter is a fluid medium in which

the chemical is secreted by the cells, diffuses along the medium, and affects the firing rate of the cells.

If we suppose that the interaction between biological clocks is mediated through a chemical substance diffusing in the in-

tercellular medium we are led to a description based on Kuramoto’s model. The adiabatic limit in the latter holds in this case

because the characteristic diffusion time is much less than the oscillator period (that, for circadian rhythms, is circa 24h).

Using the Kronauer model for the oscillations in the SCN cells, we take, for the state variables for each biological clock,

X j = 12

π

(
x j

y j

)
, (37)

whereas the time-dependent vector field is

F(X j, t) =
(

yj + ε
(

x j − 4

3
x3

j

)
+ B(t) − Dxxj, −

(
24

τ

)2

x j + B(t)yj − Dyyj

)
, (38)

where Dx and Dy are the coupling coefficients for the variables x and y, respectively, of the Kronauer model. The parameters

Dx and Dy should not be confused with the diffusion coefficient D of the substance mediating the interaction among SCN cells,

though.
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The state-dependent term in the forcing due to the photic excitation is considered to be a function not of the oscillator state

itself but rather of the average value over all the network:

B(t) = C(1 − m〈x〉)[I(t)]
1/3

, (39)

where

〈x〉 = 1

N

N∑
i=1

xi. (40)

The biological clocks are not really identical, since their parameters are slightly different from each other, reflecting some de-

gree of heterogeneity in the cell assembly. In principle this would require that all parameters in the Kronauer model be different,

but this would introduce a non-essential complexity in the description by the enlargement of the number of variable parameters.

A simple way to take this diversity into account is to choose only the natural clock periods τ j as different for each cell in the SCN

assembly. We did so by choosing the values of τ randomly, according to a Gaussian distribution with ensemble mean < τ >= 25h

and standard deviation σ = 1h:

P(τ ) = 1

σ
√

2π
exp

[
− (τ − 〈τ 〉)2

2σ 2

]
. (41)

The coupling prescription (17) can be implemented by the following coupling matrix

A = π

12

(
Dx 0
0 Dy

)
. (42)

Without loss of generality we can normalize the distances along the lattice such that 
 = 1. In this way we can write an equation

for the coupled biological clocks according to the Kuramoto model:

12

π
ẋ j = yj + ε

(
x j − 4

3
x3

j

)
+ B(t) − Dx

[
x j − β(γ )

N′∑
�=1

e−γ �
(
x j−� + x j+�

)]
, (43)

12

π
ẏ j = −

(
24

τ j

)2

x j + B(t)yj − Dy

[
yj − β(γ )

N′∑
�=1

e−γ �
(
yj−� + yj+�

)]
, (44)

with j = 1, 2, . . . N and the normalization factor β(γ ) is given by Eq. (18).

We have integrated numerically this system of 2N equations using the LSODA package, based on a 12th order Adams predic-

tor–corrector method [39], with the following set of parameter values: ε = 0.13, m = 1/3, C = 6.88 × 10−2, with the values of

the natural periods τ j chosen according the Gaussian PDF given by Eq. (41) with 〈τ 〉 = 15h and σ = 1h. We choose the initial

conditions for each cell (xj(0), yj(0)) in a random fashion, according to a uniform probability distribution over the interval [−1, 1].

In this work we choose, as the coupling parameters to be varied: (i) the coupling coefficients (Dx and Dy) and (ii) the parameter

γ specifying the effective coupling range, varying from global to local, as γ goes from zero to infinity, respectively. The forcing

parameters (corresponding to the photic stimulation) will be treated with more detail later on.

5. Synchronization of oscillator phases and frequencies

In the case of coupled circadian oscillators of the form (31)–(32), we assume that the asymptotic behavior for all of them con-

sists of a stable limit-cycle, which does not alter its characteristics even after being coupled with the other clocks. The strongest

form of synchronization consists on the equality of the oscillator variables for all times, or

x1(t) = x2(t) = · · · = xN(t), y1(t) = y2(t) = · · · = yN(t). (45)

However, this condition turns to be too stringent to be applicable in the case of coupled biological oscillators, since they are nat-

urally unequal and thus not amenable to complete synchronization. We are thus interested in weaker forms of synchronization

which involve the geometric phases and/or their time rates, or frequencies.

For the coupling and forcing parameters used in this work, the oscillator dynamics displays an attractor encircling the origin

(xk0 = 0, yk0 = 0), which can be a limit-cycle or other more complicated trajectory, and such that we can define geometrical

phases for them [Fig. 2]:

θk(t) = arctan

(
yk(t) − yk0

xk(t) − xk0

)
, (k = 1, 2, . . . N). (46)

Accordingly, the perturbed frequency for each oscillator is the average time rate of its phase, or

�k = lim
T→∞

θk(T) − θk(0)

T
, (k = 1, 2, . . . N). (47)

Since we have introduced some diversity in the values of the overt periods τ j for each oscillator, we also expect that the perturbed

frequencies be distributed around a mean value according to a given probability distribution function.
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Fig. 2. Limit-cycle of a self-sustained oscillator described by Kronauer model and its geometrical phase.
5.1. Phase synchronization

Coupled phase oscillators can exhibit, according to the intensity of the coupling, phase synchronization: in the extreme case,

all coupled oscillators have the same phase for all times

θ1(t) = θ2(t) = . . . = θN(t). (48)

Phase synchronization is weaker than complete synchronization, as defined by (48), for the oscillator evolution can have un-

correlated amplitudes but synchronized phases. This is typically the case in the coupling of chaotic systems with funnel-type

attractors, like the Rössler system [40]. If the oscillators are biological clocks, phase synchronization means that the cycles begin

at the same times, even though the finer details of the dynamics may the slightly different. Bursting neurons, for example, display

this type of phase synchronization when coupled [31].

A numerical diagnostic of phase synchronization is provided by Kuramoto’s complex order parameter: its amplitude and

phase refer to a gyrating vector equal to the vector sum of phasors for each oscillator in a chain with periodic boundary conditions

[41]

z(t) = r(t)eiψ(t) = 1

N

N∑
j=1

eiθ j(t), (49)

where r and ψ are the amplitude and phase of the order parameter.

Usually the order parameter fluctuates with time, and so we take the temporal mean of the order parameter magnitude

r = lim
TR→∞

1

TR

∫ TR

0

r(t)dt, (50)

where TR is chosen such that the transients have died out. If r = 1 all oscillators have the same phase and the gyrating vectors add

in a coherent fashion. Values of r less than the unity represent partially synchronized states. In the other limit, if the oscillators

are completely non-synchronized, the gyrating vectors have a kind of destructive interference and r is close to zero. If the number

of oscillators is infinitely large (thermodynamic limit) then r = 0, otherwise chance correlations may render r small yet nonzero.

One paradigm example of phase synchronization is the Kuramoto model for globally coupled phase oscillators (this coupling

would correspond, in terms of the model with a diffusing chemical substance, to the limit γ → 0):

θ̇ j = � j = ω j + K

N

N∑
k=1

sin (θk − θ j), ( j = 1, 2, . . . N), (51)

where θ j, �j and ωj are, respectively, the phase, coupled frequency and uncoupled frequency of the jth oscillator, and K > 0 is the

coupling strength. The oscillators have different uncoupled frequencies ωj, which are randomly chosen according to a probability

distribution function g(ω). Let 〈ω〉 be the average frequency with respect to this distribution: we can redefine the frequencies

ω → ω′ = ω − 〈ω〉 such that the average is now ω′ = 0. We also suppose that g(ω′) is unimodal and symmetric with respect to

ω′ = 0.
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Using (49) we can rewrite (51) in the following form

θ̇ j = � j = ω j + Kr sin (θ j − ψ), ( j = 1, 2, . . . N). (52)

For K < Kc = 2/(πg(0)), the assembly is completely non-synchronized in phase (r = 0) [41]. At K = Kc the system begins to

present phase-synchronized states, and the order parameter has the following scaling law near the critical point: r ∼ (K − Kc)
1/2

.

For Kc large enough one has r → 1 and thus a completely phase-synchronized state results. In summary, coupled oscillators can

become phase-synchronized if the coupling is strong enough, even in absence of an external forcing.

When there is external forcing a different synchronization behavior is observed. If the oscillators are uncoupled but subjected

to external forcing, with frequency ωext, it is well-known that the oscillators slave to this external source and respond with the

same frequency ωext. In terms of the biological clocks of the SCN, just the photic stimulation is sufficient to make all the clocks

synchronized to its frequency, provided their coupling is too weak to have a noticeable effect. In general, if there is both coupling

and external forcing, the competition between these two factors determines the outcome of the system, which can become

partially phase-synchronized. This has been studied in the Kuramoto model (51) when the external source is time periodic ∼
sin (ωextt) [42].

5.2. Frequency synchronization

Frequency synchronization means that the oscillators have equal time rates for their phase evolution:

�1 = �2 = · · · = �N, (53)

up to a certain (small) tolerance. Frequency synchronization is weaker than phase synchronization because two or more oscilla-

tors can oscillate out of phase (by a given phase difference) but still have the same time rate. For biological clocks, sometimes it

is sufficient to ensure that the oscillators are frequency-synchronized, since in this case their periods have the same value.

One numerical diagnostic of frequency synchronization is the dispersion or variance of the coupled frequencies, with respect

to the corresponding spatial average [43]:

δ� =
[

1

N − 1

N∑
j=1

(
� j − 〈�〉)2

]1/2

(54)

where

〈�〉 = 1

N

N∑
j=1

� j (55)

is the average frequency of the oscillator chain. Frequency synchronization implies that δ� ≈ 0. Related to the quantity δ� is the

dispersion of the periods of the coupled oscillators

δT = 2π

δ�
. (56)

Another useful diagnostic is provided by the synchronization degree: we usually observe the formation of synchronization

plateaus, or clusters with Nj adjacent oscillators with same frequency, within the lattice. Hence, when defining a plateau, one has

to take into account the spatial position of the oscillator. In globally coupled lattices, this description is quite meaningless but,

in non-local couplings like the power-law one or the coupling mediated by a diffusing chemical, the spatial distance between

oscillators determines plateaus. Let Np be the total number of plateaus, whose average length is thus

〈N〉 = 1

Np

Np∑
j=1

Ni. (57)

The synchronization degree is the ratio between the average plateau length and the total lattice size:

P = 〈N〉
N

. (58)

If there is overall frequency synchronization the entire chain is a unique plateau, hence < N >= N and P = 1. On the other

hand, if there is no frequency synchronization at all, the plateaus are so tiny that < N > ≈1, hence P ∼ 1/N which is very small

if the lattice is large. Previous numerical simulations with coupled map lattices with power-law coupling have shown that there

is a sharp transition between synchronized and non-synchronized states as the range parameter goes through a critical value

[44,45].

6. Numerical simulations of photic stimulation

Circadian clocks of the SCN are driven by photic stimulation in a way that can described approximately by the Kronauer

model already presented. However these circadian clocks also interact with each other through secretion and absorption of a
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Fig. 3. (a) Distribution of periods of SCN cells in the uncoupled (open circles) and globally coupled (γ = 0 and Dx = 5.73 × 10−2) case (full circles), with photic

stimulation according to the Protocol 1a. (b) Time series for the x and y variables of one typical SCN cell (dashed and full thin lines, respectively) and mean field

〈x〉 (full thick line) corresponding to the case depicted in (a).
chemical which diffuses through the intercellular medium. This coupling is likely to induce collective effects in the cell assembly,

such as synchronization of phases and frequencies. In this Section we consider the combined effects of photic stimulation and

chemical coupling in the cells of the SCN. We adopt the same stimulation protocols previously used by Kunz and Achermann in

their numerical simulations using nearest-neighbor coupling [11]. In our case, since the coupling is non-local, we can distinguish

between local, intermediate range and global couplings.

6.1. Stimulation protocols

The numerical simulations are performed in the following way: we randomly choose the initial conditions and uncoupled

oscillator periods as well as a given photic stimulation protocol I(t) which enters Eqs. (43)–(44) through (36). The evolution

equations are numerically integrated from ti = 0 until a time tf chosen so as to yield stationary patterns. We adopt as a numerical

criterion for stationarity that, for successive revolutions along the attractor, the period is constant up to a tolerance of 10−4 (this

may not be achieved in some cases, for reasons to be discussed later). Once such a stationary pattern is achieved we obtain

the phases (46) and the corresponding frequencies (47). The phases are then used to compute the order parameter (49), period

dispersion (56) and synchronization degree (58).

In this work we use three photic stimulation protocols:

1. Protocol 1a: the system is evolved in constant darkness (i.e. I = 0 for all times).

2. Protocol 1b: from ti = 0 to tt = 1200 h the system is subjected to dark-bright cycles of duration 
t = 12 h and constant light

intensity I0 = 1000lux. After tt the system evolves in complete darkness.

3. Protocol 1c: the system experiences dark-bright cycles as before but with a duration of 12 h, from ti = 0 to tf.

6.2. Globally coupled case

It corresponds to the γ → 0 limit in the chemical coupling equations. In Fig. 3 we present the results of applying Protocol

1a to the system. The weakly coupled oscillators, with coupling coefficients of Dx = Dy = 1.30 × 10−3, have periods randomly

distributed about a mean of circa 25 h, with a sizeable dispersion. We used a lattice of 10201 coupled oscillators, but in Fig. 3(a)

we show just 100 oscillators for the sake of clarity (we will follow the same choice in the following figures). The normalized period

dispersion and degree of synchronization are, respectively, δT = 1 and P = 0 in this case and the order parameter magnitude is

r = 0.02. The same oscillators, when coupled with larger coupling coefficients of Dx = Dy = 5.73 × 10−2 become almost totally

synchronized at a period of 25, 02 h [Fig. 3(a)]. The period dispersion is δT = 0.23, degree of synchronization P = 0.01 and order

parameter r = 0.54. This means that, even in the absence of photic stimulation, the oscillators can synchronize solely due to their

mutual interaction.

In Fig. 3(b) we show time series of the x and y variables of a selected oscillator in the coupled assembly, both showing

a periodic behavior. Since the oscillators are already synchronized, their period is about 25 h. Moreover the y variable has a

dephasage with respect to x, and thus the trajectory in the phase plane x − y [shown in Fig. 4(a)] is a closed curve, actually a limit

cycle.

We also show in Fig. 3(b) the mean field 〈x〉 with respect of all oscillators: it does oscillate with the same period of the

individual clocks, what is a further indication of frequency synchronization. The application of Protocol 1b did not change any of
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Fig. 5. Dependence of the period dispersion (black), order parameter magnitude (blue) and synchronization degree (red) with the coupling strength for 10, 201

globally coupled SCN oscillators (γ = 0) with Protocol 1a. (For interpretation of the references to color in this figure legend, the reader is referred to the web

version of this article).
the previous results. Hence we conclude that the “learning phase” between ti = 0 and tt = 1200 h did not affect the stationary

patterns we obtained with constant darkness.

The general behavior of the synchronization quantifiers with increasing coupling strength Dx = Dy can be followed in Fig. 5 for

Protocol 1a (the corresponding diagram for Protocol 1b has exactly the same form). For small values of the coupling coefficients

both the order parameter magnitude r and the synchronization degree P take on very small values, indicating absence of phase

and frequency synchronization. The variance of the oscillation periods (δT) has the highest possible value in this case, indeed. As

Dx is increased, we see that r begins to grow after a critical value Dx ≈ 3.82 × 10−2 and P does so at Dx ≈ 5.73 × 10−2, indicating a

transition from a non-synchronized behavior to a partially synchronized one. At the same time the period variance decreases to

nearly zero, and both r and P approach the unity, indicating a completely synchronized state, both in phase and frequency. These

features are in accordance with classical models of globally synchronized oscillators like the Kuramoto model [46].

During the application of Protocol 1c the photic stimulation is applied during all the duration of the numerical experiment. An

illustrative example is provided by Fig. 6(a), where we consider the distribution of periods for uncoupled and coupled oscillators

with Dx = 1.91 × 10−2. We still have synchronization of biological clocks but at a different period of ≈ 24h, with quantifiers

δT = 0.04, P = 0.25 and r = 0.94. The time series of the variables x and y, as well as the normalized photic stimulation, are

plotted in Fig. 6(b).

It would seem, at first, that we have a qualitatively similar case when compared with Fig. 3. However, the attractor in the

phase place is not a limit cycle in this case [see Fig. 4(b)] , rather it is a curve that seems not to close itself, or a quasiperiodic

orbit. Since this quasiperiodic orbit always encircles the origin it is possible to define a geometric phase for motion along it, as it

is also the case in funnel chaotic attractors (like the Rössler attractor). Such a quasiperiodic response is already expected since the

driving is not a purely harmonic function but rather a square-wave which power spectrum is composed by an infinite number of

frequencies, even though the dominant frequencies are obviously related to the main 24 h periodic behavior. For strong coupling

strengths, however, those higher-order harmonics are highly damped and the oscillator responds at the main frequency of the

driving.
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Fig. 6. (a) Distribution of periods of SCN cells in the uncoupled (open circles) and globally coupled (γ = 0 and Dx = 1.91 × 10−2) case (full circles), with photic

stimulation according to the Protocol 1c. (b) Time series for the x variable and the mean field 〈x〉 of one typical SCN cell (dashed and full thick lines, respectively)

and light intensity (full thin line) corresponding to the case depicted in (a). The light intensity was normalized to I0 = 1000 lux.

Fig. 7. (a) Distribution of periods of SCN cells in the uncoupled (red circles) and with intermediate coupling (γ = 1 and Dx = 1.91 × 10−1) case (open circles),

with photic stimulation according to the Protocol 1a. (b) Time series for the x and y variables of one typical SCN cell (dashed and full thin lines, respectively) and

mean field 〈x〉 (full thick line) corresponding to the case depicted in (a). (For interpretation of the references to color in this figure legend, the reader is referred

to the web version of this article).
6.3. Intermediate coupled case

Now let us pass to the intermediate coupled case, where γ = 1, which is a non-local form of interaction which takes into

account the influence of near and distant cells, but the influence of these interactions decreases exponentially with the spatial

distance. In Fig. 7(a) we plot the period distribution of 100 cells (out of 10, 201 oscillators) in the uncoupled case (Dx = 0), which

are randomly distributed over a wide range of periods, and a coupled system with Dx = 1.91 × 10−1. Comparing with Fig. 3(a),

obtained for a smaller coupling coefficient Dx = 5.73 × 10−2, we see that the intermediated coupling case requires a considerably

higher coupling strength to have a partially synchronized state (at least five synchronization plateaus can be distinguished in

Fig. 7(a)). The mean field of the system, accordingly, undergoes small-amplitude oscillations [Fig. 7(b)].

The dependence with spatial distance with cells clearly difficults synchronization, since the coupling strength is compara-

tively weaker in this case compared to the globally coupled case (where the interaction takes place with the neurotransmitter

mean field, regardless of the cells positions). Indeed, we need a further increase in the coupling strength to observe some degree

of frequency synchronization, as illustrated by Fig. 8(a), where even with a strong coupling (Dx = 7.64 × 10−1) we still have two

synchronization plateaus [and a mean field exhibiting slightly wider oscillations, cf. Fig. 8(b)]. This is also reflected in the larger

limit cycle exhibited in such case [see Fig. 4(c)].

The need of higher coupling strengths in the intermediate case (as compared with the globally coupled one) is illustrated

in Fig. 9, where we plot the order parameter magnitude r, synchronization degree P and period variance δT as a function of
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Fig. 8. (a) Distribution of periods of SCN cells with intermediate coupling (γ = 1) for Dx = 1.91 × 10−1 (red circles) and 7.64 × 10−1 (open circles), with photic

stimulation according to the Protocol 1a. (b) Time series for the x and y variables of one typical SCN cell (dashed and full thin lines, respectively) and mean field

〈x〉 (full thick line) corresponding to the case depicted in (a).
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Fig. 9. Dependence of the period dispersion (black), order parameter magnitude (blue) and synchronization degree (red) with the coupling strength for 10, 201

SCN oscillators with intermediate coupling (γ = 1) with Protocol 1a of photic stimulation. (For interpretation of the references to color in this figure legend, the

reader is referred to the web version of this article).
the coupling coefficient. Even with large coupling strengths (we made simulations up to Dx ∼ 7.64 × 10−1) it was not possible to

observe phase synchronization. However, a transition to frequency synchronization was possible to observe for Dx > 2.29 × 10−1,

confirmed by the decrease of the variance period. This is not surprising, since frequency synchronization is a weaker phenomenon

compared with phase synchronization, such that it is possible to have frequency synchronization when there is only partial (or

almost no) phase synchronization.

Some details of the quasiperiodic forcing represented by the protocol 1c of photic stimulation can be observed in this inter-

mediate coupling case. We plot, in Fig. 10(a) the time series of the x variable for three selected cells (namely j = 1, 2849, and

6313, selected out of 10, 201 oscillators in a lattice with γ = 1). The power spectra of the responses of these three oscillators,

after coupling, are depicted in Fig. 10(b). The oscillator j = 1 has a natural period T0 = 24.025 h, very close to the forcing period

(24 h) and, accordingly, has a response with nearly the same period (corresponding to the 24 h peak in its power spectrum). The

oscillators j = 2849 and 6313 have natural periods widely different from the zeitgeber and equal, respectively, to 29.019 h and

21.120h. As we can see in their power spectra, both have a complex response, having been excited many periods. For example,

the oscillator j = 2849 has a response peak at ∼ 30 h (close to its natural period) and other at the forcing period 24 h, as well as

other minor peaks at 40 h and 20 h. This is a characteristic feature of a quasiperiodic response. In this case, too, the response of

the oscillators occurs with the main frequency of the driving due to the fast damping of the higher-order harmonics.

6.4. Locally coupled case

Finally we consider the locally coupled case, since it is the coupling form adopted in earlier numerical investigations of this

model [11]. In this case (γ = 10) only the nearest neighbors practically contribute to the coupling, and hence the contributions of

distant cells are ignored. This type of coupling is consistent with a situation where the SCN cells are closely packed, such that the

exchange of neurotransmitters is made through the corresponding cell membranes. For spiking neurons this would correspond

to electrical synapses (gap-junctions).

It is remarkable that we can observe frequency synchronization in this case, as illustrated by Fig. 11(a), where we plot the

periods for uncoupled and locally coupled oscillators. We see that, for a coupling strength strong enough (in this case Dx =
7.64 × 10−1) there is an appreciable degree of synchronization [three very close plateaus can be observed in Fig. 11(a)], confirmed

by the mean field oscillations in Fig. 11(b) as well as by the large limit cycle exhibited in Fig. 4(d). Like in the intermediate
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Fig. 10. (a) Time series for the x variables of three SCN cells selected out of a lattice with 10, 201 cells with intermediate coupling (γ = 1) for Dx = 7.64 × 10−3

with photic stimulation according to the Protocol 1c. The light intensity was normalized to I0 = 1000 lux. (b) Power spectra of the response of the three cells

depicted in (a).

Fig. 11. (a) Distribution of periods of SCN cells in the uncoupled (open circles) and locally coupled (γ = 10 and Dx = 7.64 × 10−1) case (full circles), with photic

stimulation according to the Protocol 1a. (b) Time series for the x and y variables of one typical SCN cell (dashed and full thin lines, respectively) and mean field

〈x〉 (full thick line) corresponding to the case depicted in (a).
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Fig. 12. Dependence of the period dispersion (black), order parameter magnitude (blue) and synchronization degree (red) with the coupling strength Dx for

10201 locally coupled SCN oscillators (γ = 10) with Protocol 1a. (For interpretation of the references to color in this figure legend, the reader is referred to the

web version of this article).
coupling case, we can observe a transition to frequency synchronization as the coupling strength increases, even though a phase

synchronization is not observed at all (at least for Dx less than 1.15) [Fig. 12]. The latter result holds for protocols 1a and 1b.

In summary, we have observed a transition from a non-synchronized to a partially frequency synchronized state in all cases

of coupling considered in this work (global, intermediate and local). In each case a critical value of the coupling strength D∗
x

can be estimated, by considering the value of Dx for which the synchronization degree P decreases from the unity past a small

tolerance interval (1.0 − tolerance) and the period variance δT increases past a small tolerance value. In Fig. 13 we plot the critical



F.A.d.S. Silva et al. / Commun Nonlinear Sci Numer Simulat 35 (2016) 37–52 51

0 2 4 6 8 10
γ

0

1.91

3.82

5.73

7.64

D
x*(

10
-1

)

δT
P

Fig. 13. Critical coupling strength vs. exponent γ considering the behavior of the period variance (black) and synchronization degree (red). (For interpretation

of the references to color in this figure legend, the reader is referred to the web version of this article).
coupling coefficient D∗
x as a function of the exponent γ considering both forms of estimating the critical point of the frequency

synchronization transition.

Considering first the synchronization degree P, we see that the critical coupling strength increases monotonically from ∼
7.64 × 10−2 (for globally coupled cells) to 3.82 × 10−1 (for locally coupled ones), a fact already related to the dependence of the

coupling with the spatial distance among cells. The same kind of qualitative behavior can be obtained with the period variance

δT, but in this case the saturation value is ∼ 6.88 × 10−1. This discrepancy can be attributed to the different sensitivity of both

quantifiers to the onset of a partially synchronized state.

7. Conclusions

The suprachiasmatic nucleus (SCN), which governs the circadian rhythms in mammals, contains about 10, 000 biological

clock cells which oscillate at specified natural periods and are subjected to a common photic stimulation which determines their

response. Since the output of the assembly of SCN cells has a common period there follows that some kind of collective effect is

produced due to the coupling of the biological clocks. Recent experimental evidence suggest that this coupling may be mediated

by the local concentration of a diffusing neurotransmitter such as GABA. Hence this coupling has to take into account not only

the nearest neighbors of a given cell but the collective effect of the cell assembly. Due to the diffusion of the neurotransmitter

this effect must exhibit some dependence on the relative spatial positions of the interacting cells.

In this work we propose a model for this non-local form of coupling based on a previous model of Kuramoto for a coupling

mediated by a diffusing chemical substance which is both secreted and absorbed by cells, thus altering their own dynamics

and periods, which may lead to synchronization, if the coupling strength is large enough. Since we are more interested in the

coupling itself than in the details of the cell dynamics, we choose the latter to be as simple as possible, using a model proposed

by Kronauer that essentially assumes that the biological clocks work as Van der Pol-like oscillators with well-defined periods.

We made numerical simulations of assemblies of coupled biological clocks using a coupling model in which the interactions

decay exponentially with the lattice distance in one spatial dimension. The key assumption in the model is that the diffusion time

scale is much shorter than the oscillator period, in such a way that the local concentration of fixed cells relax immediately to its

stationary state. If the timescales are comparable, though, numerical integration of the interaction kernel would be necessary to

evaluate the local concentration of the neurotransmitter at arbitrary time. The inverse characteristic length of this decay (γ ) is a

tunable parameter which varies from zero (the case of a global all-to-all coupling) to infinity (the case of local, nearest-neighbor

coupling).

In the numerical simulations we have considered three photic stimulation protocols: in the first protocol (1a) the system

evolves in constant darkness, in protocol 1b it is subjected to dark–bright cycles (12–12 h) during some 1200 h and it is left in

constant darkness afterwards, and in protocol 1c it experiences dark-bright cycles all the time.

For the globally coupled case, in which each cell interacts with the mean field of the entire assembly (regardless of the relative

positions of the cells) there is a transition from a non-synchronized behavior to a partially synchronized one as the neurotrans-

mitter coupling coefficient increases past a critical value. We have observed both frequency and phase synchronization, the

results being similar for both protocols 1a and 1b. The general features of this transition are very close to those predicted by the

well-known Kuramoto model of globally coupled oscillators.

The similarity between 1b and 1a is due to the short duration of the dark–bright photic stimulation in 1b, when compared

with the total period of time spanned by the simulation. Hence the system effectively “forgets” the transient cycles of protocol

1b and has a behavior chiefly dominated by the stationary features of protocol 1a. As far as the protocol 1c is concerned, though,

the behavior is quite different since it corresponds to a periodic square-wave forcing causing a quasiperiodic response, i.e. the

system responds in a number of frequencies, including the forcing frequency and secondary harmonics.

For the intermediate coupling case there is a strong dependence on the spatial distance between clock cells, and the inter-

action between them is generally weaker than for the globally coupled case. In fact, we have observed frequency (but no phase)

synchronization as the coupling strength increases, but the critical coupling strength needed is higher in this case. For example,

we have obtained Dx,cr = 5.73 × 10−2 for the globally coupled case (γ = 0), whereas this critical value is Dx,cr = 9.55 × 10−2

for the intermediate coupled case (γ = 1), indicating that a stronger coupling strength is needed due to the spatial decay of

the interaction strength in this case. Likewise, for the parameter values considered in this work phase synchronization was not
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observed due to the small interaction strength, relatively to the globally coupled case. Protocol 1b yielded similar results to 1a

and protocol 1c generates a quasiperiodic response as well.

Finally, for locally coupled case (γ = 10) we have the same strong dependence on the spatial distance, in such a way that

effectively only the nearest neighbors of a given cell participate in the interaction. The transition to frequency synchronization

is observed again, but needs an even stronger coupling strength (the critical value is Dx,cr ≈ 1.91 × 10−1 in this case. We have

considered other values of γ as well so as to seek for a relationship between this parameter and the critical coupling strength.

Our results show that this relation is a monotonic increase that saturates after γ = 4, hence the nearest-neighbor limit is rapidly

achieved in this case.

The overall conclusion is that in non-local couplings the coupling strength necessary for achieving frequency synchronization

of the lattice is typically less than for the locally coupled case, thanks to the spatial dependence of the interaction among clock

cells. Our simulations were performed in the one-dimensional case only, chiefly due to computational limitations. In future

works we shall present results for two and three-dimensional lattices with this kind of non-local coupling.
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