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a b s t r a c t
We quantify the degree of spatial order of patterns at ﬁxed time generated by lattices of
coupled dynamical systems, using correlation-based and recurrence-based numerical diagnostics. These patterns are obtained through numerical integration of differential equations describing the interplay between activator and inhibitor species generating Turing
patterns. We consider different types of coupling: linear (diffusive) interaction with
nearest-neighbors, global (all-to-all) coupling and intermediate (nonlocal) coupling.
Numerical simulations are performed in one and two spatial dimensions. The effects of
noise are brieﬂy discussed. We introduce a recurrence-based quantity (recurrence-rate
matrix) to characterize two-dimensional spatial patterns.
Ó 2013 Elsevier B.V. All rights reserved.

1. Introduction
The time evolution of spatial patterns is a problem of major importance in many scientiﬁc areas. In morphogenesis, for
example, an initially homogeneous pattern common to a single cell evolves with time in a distinct way for different groups of
cells, yielding the diversity of forms and functions that characterize our organs and bodily systems [1]. There are many
examples of systems, from ﬂame fronts to roughening surfaces, which evolve from a homogeneous state toward an inhomogeneous and often disordered pattern [2].
The fact that most spatial patterns occurring in experimental or natural circumstances are neither totally ordered nor
completely disordered demands the use of diagnostics for characterization of the order or disorder of some spatial pattern.
There are techniques to analyze proﬁle roughness, like the interface width, which is the rms ﬂuctuation in the surface height
[3]. The interface width quantiﬁes the proﬁle smoothness degree, but it smears out the pattern irregularities. Hence such
quantities often cannot properly describe spatially complex patterns, since they focus on gross features of the pattern.
We have used, to quantify spatial patterns generated by coupled dynamical systems (like coupled map lattices), quantities based on adaptations of diagnostics developed originally for time series analysis, like the spatial correlation function [4].
Moreover, we have introduced recurrence-based diagnostics for spatial patterns, which are extensions of the idea of dynamical recurrences (for time series) to the realm of spatial proﬁles [5].
In this work we apply the analysis of correlation-based and recurrence-based diagnostics of spatial patterns to quantify
the degree of disorder present in arrays of coupled cells for different kinds of coupling prescriptions. Each cell undergoes a
dynamical process involving two substances: an activator and an inhibitor, whose interplay generates a given output (e.g.,
the color of an animal skin) [6]. An array of these cells can evolve from a spatially homogeneous to an inhomogeneous pattern through a Turing instability [7]. The latter causes the exponential growth of a number of unstable modes, but this
growth saturates due to the nonlinear terms in the dynamics and eventually produces a stationary pattern.
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Usually the study of the spatial patterns generated by Turing instability is made in systems with local interactions, where
the spatial units, or cells, are coupled locally by diffusive forces described by Fick’s law [8]. However, there are more complex
situations for which the coupling cannot be limited to the nearest neighbors only. This is the case, for example, in which an
assembly of cells interact through a chemical substance which is both produced and absorbed by the cells, and which diffuses in the intercellular medium [9].
The abovementioned kind of situation requires the use of nonlocal couplings, in which a given cell interacts with other
cells, the interaction depending on the spatial distance between two sites [10]. We use in this work a kind of nonlocal coupling where the interaction decays with the spatial distance as a power-law, whose exponent can be varied from a global
(all-to-all) coupling to a local (diffusive) coupling [11]. We have analyzed the conditions for the occurrence of a Turing instability in arrays of coupled dynamical systems by this nonlocal scheme [12].
In this work we investigate the formation of spatial patterns in such systems due to a Turing instability and characterize
the spatial order/disorder using both correlation-based and recurrence-based diagnostics. We identify, for both local and
nonlocal couplings, a transition between partially disordered and partially ordered patterns as the diffusion coefﬁcient is
varied.
This paper is organized as follows: in Section 2 we introduce the dynamical model we use for describing the spatio-temporal evolution of cells with nonlocal coupling in one spatial dimension. Section 3 presents ordered and disordered spatial
patterns obtained by numerical integration and analyzing how a linear Fourier analysis can give some information about the
modes which become unstable due to a Turing instability. Section 4 deals with correlation-based diagnostics of the spatial
patterns obtained, with a discussion of the effects of noise. In Section 5 we show the recurrence-based diagnostics for the
same situations, identifying a transition from disordered to ordered patterns as the diffusion coefﬁcient of an activator is
increased. Section 6 deals with two-dimensional patterns and their characterization using spatial recurrences. Our Conclusions are left to the ﬁnal Section.
2. A dynamical model for evolving spatial patterns
In this work we study a nonlinear activator-inhibitor dynamical system proposed by Meinhardt and Gierer [6] as a model
for pattern formation related to skin pigmentation:

dx
x2
¼ f ðx; yÞ ¼ qx  lx x;
dt
y
dy
¼ gðx; yÞ ¼ qy x2  ly y;
dt

ð1Þ
ð2Þ

where x ¼ ½X and y ¼ ½Y are the concentrations of the activator and inhibitor substances, respectively, and qx;y ; lx;y are positive constants.
The activator undergoes an auto-catalytic reaction, its time rate being thus proportional to the square of the concentration at a given time. The inhibition caused by the substance Y is represented by the y1 dependence on the reaction rate of
the substance X. Moreover, the inhibitor reaction rate also increases with the activator concentration, i.e. it is also inﬂuenced
by the auto-catalytic process of X. The parameters qx;y quantify those inﬂuences. Since lx;y are both positive, it is assumed
that the concentrations of both X and Y decay spontaneously with time.
There are two equilibrium points for the coupled Eqs. (1) and (2): one is the origin and another is

x ¼

q x ly
q2x ly
; y ¼
;
q y lx
qy l2x

ð3Þ

the latter representing a dynamical tradeoff between activation and inhibition which yields a time-independent behavior. In
the following we shall ﬁx the values as qx ¼ 0:01; qy ¼ 0:02; lx ¼ 0:01, and ly ¼ 0:02. For these values the equilibrium at
the origin is unstable, whereas the second equilibrium point ðx ; y Þ ¼ ð1; 1Þ is asymptotically stable.
The spatio-temporal evolution of this activator-inhibitor dynamical system can be described by introducing spatial diffusion through Laplacian terms, yielding two coupled partial differential equations of the reaction–diffusion type

@x
~ x r2 x;
¼ f ðx; yÞ þ D
@t
@y
~ y r2 y;
¼ gðx; yÞ þ D
@t

ð4Þ
ð5Þ

~ x;y are diffusion coefﬁcients for the activator and the inhibitor, respectively.
where D
In the one-dimensional case, and representing by z the spatial direction, we can divide the interval of interest into N cells
of length D and discretize the variables for each cell:

xj ðtÞ ¼ xðz ¼ jD; tÞ;

yj ðtÞ ¼ yðz ¼ jD; tÞ;

ð6Þ

where j ¼ 0; 1; 2; . . . ðN  1Þ and we adopt periodic boundary conditions, such that xN ¼ x0 . On redeﬁning the diffusion
constants
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2 ~
Dx;y ;
D2
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ð7Þ

we write a coupled system of ordinary differential equations governing the time evolution of the activator–inhibitor variables for each cell:

dxj
Dx
¼ f ðxj ; yj Þ  Dx xj þ ðxj1 þ xjþ1 Þ;
dt
2
dyj
Dy
¼ gðxj ; yj Þ  Dy yj þ ðyj1 þ yjþ1 Þ:
dt
2

ð8Þ
ð9Þ

The initial conditions xj ðt ¼ 0Þ and yj ðt ¼ 0Þ will be randomly chosen within the interval ½0; 1 for each oscillator j.
This diffusive type of coupling is adequate when the cells in which we divide the region of interest interact locally
through diffusive ﬂows described by Fick’s law. However, in many situations there are non-local interactions among cells.
This is the case, for example, when a given cell secrets a mediating substance which diffuses very fast through the intercellular medium and is absorbed by another cell [9]. Such non-local interactions cannot be described by a simple diffusion term
like in (4) and (5).
If the substance mediating the coupling of distant cells diffuses in a timescale much shorter than the timescale related to
the interplay between inhibitor and activator, then the coupling term can be expanded by the addition of the contributions of
all the cells in the system, not only the nearest neighbors like in the diffusive case [10]. Moreover, we can take the distance
into account when considering the interaction of spatially distant cells. One way to do this is to introduce a power-law
dependence on the interaction between two cells distant by r units of D, with an exponent a > 0 [11]. For a one-dimensional
lattice the coupled equations read
0

N
dxj
Dx X
xjr þ xjþr
¼ f ðxj ; yj Þ  Dx xj þ
;
dt
gðaÞ r¼1
ra

ð10Þ

0

N
dyj
yjr þ yjþr
Dy X
¼ gðxj ; yj Þ  Dy yj þ
;
dt
gðaÞ r¼1
ra

ð11Þ

where we have introduced a normalization factor

gðaÞ ¼ 2

N0
X
1
:
ra
r¼1

ð12Þ

and N 0 ¼ ðN  1Þ=2, for N odd.
If the exponent a is inﬁnitely large, then the only term to contribute to the summations above is the one with r ¼ 1, hence
g ! 2 and we recover the diffusive type of coupling in (8) and (9). On the other hand, if a ¼ 0, then g ¼ N  1 and all terms in
the coupling contribute with the same weight, what gives a global type of coupling (all-to-all). For a > 0 we have thus an
intermediate type of coupling that goes from global to local (Laplacian). We stress that, in the case of N ! 1, the powerlaw coupling in Eqs. (10) and (11) is not normalizable for 0 < a < 1. In the following numerical simulations we shall ﬁx
Dy ¼ 0:2 and consider Dx and a as the variable parameters characterizing the coupling among oscillators.
3. Ordered and disordered spatial patterns
On considering the linear stability of a homogeneous pattern produced by Eqs. (10) and (11) we ﬁnd the following analytical conditions for the occurrence of a Turing instability in terms of the system parameters [12]:

8 qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
< 2 l l Dx Dy ;
x

lx D y  ly D x >

: 2r ðD D þ l l =4r2 Þ; if
x y
x y

for a given pair of values of a and N, where

1
2

if 0 6 lx Dy  ly Dx 6 4r Dx Dy ;

y

lx Dy  ly Dx > 4r Dx Dy

ð13Þ

r ¼ maxs frg and

0

rðs; a; NÞ ¼ 

N
1 X
cosð2psr=NÞ
:
ra
gðaÞ r¼1

ð14Þ

The above conditions are greatly simpliﬁed if we consider the limiting case of a global coupling:

lx Dy  ly Dx >

N
N1
Dx Dy þ
lx ly ;
N1
N

ð15Þ

which, for N large, yields

lx Dy  ly Dx > Dx Dy þ lx ly :

ð16Þ
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There results that a Turing instability occurs (for the global case) when Dx is less than 0:008, which is much smaller than Dy .
Above this critical value the homogeneous state is linearly stable. Furthermore, in the case of a local (diffusive) coupling, we
have r ¼ 1 and, if Dx ¼ Dy , there is no Turing instability. In other situations and, for arbitrary a in general, the threshold for a
Turing instability must be obtained numerically from Eqs. (13) and (14).
Now we consider the spatial patterns obtained by numerical integration of the full (nonlinear) coupled oscillator Eqs. (10)
and (11). If we consider parameter values for which the system is Turing-unstable, one or more spatial modes will evolve
with time, and eventually saturate due to the nonlinear terms of the coupled equations. Our deﬁnition of an ordered/disordered spatial pattern relies on its mode content, which can be investigated using Fourier analysis. Let xðz; t 0 Þ be a spatial pattern for the activator variable (with a corresponding similar pattern for the inhibitor) at a ﬁxed time t0 , chosen after the
linear Turing-unstable modes have saturated, and 0 6 z < N D, with periodic boundary conditions. We consider the Fourier
transform

1
~xðk; t 0 Þ ¼ pﬃﬃﬃﬃﬃﬃﬃ
2p

Z

ND0

xðz; t 0 Þeikz dz

ð17Þ

0

and the corresponding power spectrum

PðkÞ ¼ j~xðk; t 0 Þj;

ð18Þ

which yields information on the spatial mode content of the numerically obtained proﬁles.
Let us consider ﬁrst a local coupling (a ¼ 1000) and Dx ¼ 0:016. From (13)and (14) we predict that a Turing instability
must occur, what is conﬁrmed by numerical simulation of the coupled system of Eqs. (10) and (11) [Fig. 1(a)]. After the linear
growth of the instability, there is a saturation due to the nonlinear terms and, for larger times, there is a stable sinusoidal
pattern with principal wave number k  0:1 [Fig. 1(b)]. In fact, the linear stability analysis predicts that the intervals for
unstable modes are ½0:097; 0:135 and ½0:865; 0:903. Changing the initial condition pattern gives the same pattern, hence
it is likely to be an attractor for the system with a quite sizeable basin.
Now decreasing the coupling coefﬁcient to Dx ¼ 0:005 we have a different stationary pattern [Fig. 2(a)], but with the same
principal wave number k  0:139, which lies nonetheless within the unstable mode intervals predicted by the linear analysis, namely ½0:076; 0:392 and ½0:608; 0:924. The spatial pattern is no longer a pure mode, however, since there are many
other wave numbers contributing [Fig. 2(b)]. Moreover, the stationary spatial patterns differ as we change the initial conditions. This is a typical example of what we will call disordered pattern, in contrast with the ordered patterns exempliﬁed by
Fig. 1.
Since the formation of a stationary pattern occurs due to the saturation of the unstable modes excited due to the Turing
instability, linear theory by itself cannot explain why a given pattern is ordered or disordered. However, it turns out that the
ordered pattern occurs for a value of Dx near the threshold of Turing instability, whereas the disordered pattern is observed
for a Dx relatively far from this critical point. In this case, at least, the disordered pattern comes from the saturation of highly
unstable modes.

Fig. 1. (a) Spatio-temporal evolution of the activator variable for a one-dimensional array of cells with a coupling characterized by a ¼ 1000 and
Dx ¼ 0:016. (b) Power spectrum of a spatial pattern at ﬁxed time for different choices of initial conditions.
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Fig. 2. (a) Spatio-temporal evolution of the activator variable for a one-dimensional array of cells with a coupling characterized by a ¼ 1000 and
Dx ¼ 0:005. (b) Power spectrum of a spatial pattern at ﬁxed time for different choices of initial conditions.

Fig. 3. (a) Spatio-temporal evolution of the activator variable for a one-dimensional array of cells with a coupling characterized by a ¼ 1 and Dx ¼ 0:015. (b)
Power spectrum of a spatial pattern at ﬁxed time for different choices of initial conditions.

Let us see now how this scenario changes as the coupling is non-local, i.e. it takes into account the effect of other cells
besides the nearest neighbors. A typical case here is when a ¼ 1 (intermediate coupling). For Dx ¼ 0:015 the Turing instability saturates at an ordered pattern [Fig. 3(a)], with a wave number near zero independently of the initial conditions
[Fig. 3(b)].
As in the locally coupled case, for a smaller coupling strength (hence more distant from the threshold of Turing
instability) we have a ‘‘disordered’’ pattern [Fig. 4(a)] with many contributing wave numbers and a strong dependence on
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Fig. 4. (a) Spatio-temporal evolution of the activator variable for a one-dimensional array of cells with a coupling characterized by a ¼ 1 and Dx ¼ 0:005.
(b) Power spectrum of a spatial pattern at ﬁxed time for different choices of initial conditions.

Fig. 5. (a) Spatio-temporal evolution of the activator variable for a one-dimensional array of cells with a coupling characterized by a ¼ 0 and Dx ¼ 0:010. (b)
Power spectrum of a spatial pattern at ﬁxed time for different choices of initial conditions.

the initial conditions [Fig. 4(b)]. A different picture emerges, however, when the globally coupled case (a ¼ 0) is considered:
for larger Dx the stationary pattern is disordered [Fig. 5(a)] with many wave numbers and dependence on the initial conditions [Fig. 5(b)], just as in the case of smaller Dx [Figs. 6(a) and (b)].
4. Spatial correlation function
Our discussion of order and disorder, when referring to spatial patterns, has been mostly qualitative, based on the relative
number of spatial modes revealed by Fourier analysis. A more accurate distinction would come from suitable diagnostics of
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Fig. 6. (a) Spatio-temporal evolution of the activator variable for a one-dimensional array of cells with a coupling characterized by a ¼ 0 and Dx ¼ 0:005. (b)
Power spectrum of a spatial pattern at ﬁxed time for different choices of initial conditions.

spatial disorder. One of them is the spatial correlation function, with is the spatial analogue of the time correlation function:
let us consider a spatial pattern of the activator variable for N cells fxk gNk¼1 at ﬁxed time t 0 , as we have considered in the previous analysis of Fourier modes [Figs. 1–6]. We choose t 0 such that the pattern is stationary, hence the results do not depend
on the value of t 0 .
We compute the spatial average at ﬁxed time

hxi ¼

N
1X
xk
N k¼1

ð19Þ

and the corresponding deviations ^
xk ¼ xk  hxi. The spatial correlation function at a distance j is deﬁned as [4,5]

P
^xk ^xkþj
EðjÞ ¼ Pk
:
^ 2
k ðxk Þ

ð20Þ

In ordered patterns the spatial correlation function is either uniform or present regular oscillations with the spatial position j
along the lattice. On the other hand, disordered patterns are characterized by a spatial correlation which decays with the
distance j along the array of cells.
Let us consider that EðjÞ has some behavior as a function of the spatial distance j, varying from zero to jmax . We can use as a
diagnostic of spatial disorder the variance of the spatial correlation function
j

VarðEÞ ¼

max
X
1
2
ðEðjÞ  EÞ ;
jmax  1 j¼1

ð21Þ

where an average over the spatial distances is taken:

E¼

jmax
1 X
EðjÞ;

jmax

ð22Þ

j¼1

in such a way that a disordered pattern is typically characterized by small values of the variance VarðEÞ, whereas for ordered
pattern it is usually larger.
In Fig. 7(a) we consider two spatial patterns obtained for local coupling (a ¼ 1000) and Dx ¼ 0:016 for two different initial
conditions, which are practically indistinguishable. Its spatial correlation function, as for any ordered pattern, oscillates with
j with a large variance of 0:506, near the value it would take for a pure sinusoidal pattern.
A disordered spatial pattern is exempliﬁed in Fig. 8(a), where we plot the stationary states for a ¼ 1000; Dx ¼ 0:009 and
two initial conditions. In fact, the spatial correlation function presents exponentially decaying oscillations [Fig. 8(b)] and a
corresponding smaller variance (0:219) than the previous case. Another example occurs for Dx ¼ 0:005 [Fig. 9(a)], for which
the spatial correlation function decays rapidly with j and then displays small amplitude oscillations [Fig. 9(b)] with an even
smaller variance (0:0614) than in the previous case, hence it is still more disordered from this point of view.
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Fig. 7. (a) Spatial patterns at ﬁxed time for a ¼ 1000 and Dx ¼ 0:016 and two different initial conditions. (b) Variation of the spatial correlation function
with the distance j along the array of cells.

Fig. 8. (a) Spatial patterns at ﬁxed time for a ¼ 1000 and Dx ¼ 0:009 and two different initial conditions. (b) Variation of the spatial correlation function
with the distance j along the array of cells.

In real-life simulations of spatio-temporal dynamics one has to take into account the unavoidable presence of extrinsic
random noise, which generally adds on the spatial disorder. An otherwise smooth pattern, for example, becomes a blurry
pattern after the addition of noise, whereas already disordered patterns tend to become even more disordered with noise.
The difference is that we are describing in this paper spatial disorder caused by dynamics, i.e. a deterministic effect, whereas
noise is a non-deterministic one. Noise in spatio-temporal systems can be regarded in two basic ways: (i) an external stochastic force that perturbs the dynamical system; and (ii) a random perturbation of the system parameters, commonly called
additive and parametric noise, respectively [13].
Let us consider the case of additive noise, which can represent collectively random inﬂuences of the environment on the
activator variable. We thus add to the activator variable in the coupled system of Eqs. (10) and (11) a noisy term rpðtÞ, where
pðtÞ represents a uniform random variable on the interval ð1; þ1Þ with unit variance and zero mean, and r will be referred
to as the noise level.
We consider in Fig. 10 the inﬂuence of the noise level r on the variance of the spatial correlation function for a onedimensional chain of N ¼ 101 oscillators with a power-law coupling in the intermediate case (a ¼ 1) for different values
of the diffusion coefﬁcient. When Dx ¼ 0:015 [Fig. 10(a)], which corresponds to the spatio temporal pattern displayed by
Fig. 3, we have an ordered wave-like spatial pattern in the absence of noise, with a spatial correlation function with relatively
large variance VarðEÞ  0:4. As long as the noise level is not too large the variance does not change signiﬁcantly with r.
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Fig. 9. (a) Spatial patterns at ﬁxed time for a ¼ 1000 and Dx ¼ 0:005 and two different initial conditions. (b) Variation of the spatial correlation function
with the distance j along the array of cells.

Fig. 10. Variance of the spatial correlation function versus the noise level for a one-dimensional chain of N ¼ 101 oscillators with a ¼ 1 and Dx ¼ 0:015 (a),
0:009 (b), and 0:005 (c).

However, when r J 0:00025 the pattern becomes increasingly disordered, and the corresponding values of VarðEÞ decrease
sharply to values near zero.
On the other hand, for Dx ¼ 0:009 [Fig. 10(b)], which corresponds to the spatio temporal pattern of Fig. 4, the disordered
pattern in the noiseless case has a relatively small variance (VarðEÞ  0:03). As the noise level is nonzero, the pattern is
slightly more disordered, and the variance of E ﬂuctuates around its noiseless value, with distinctive peaks of greater disorder. The same scenario is observed for Dx ¼ 0:005 [Fig. 10(c)].
5. Spatial recurrences
Spatial recurrences have been recently used to quantify the regularity of spatial patterns, in an analogy with the temporal
recurrence analysis made in time series of physical processes [14,15]. We interpret a spatial pattern (at ﬁxed time) as a kind
of ‘‘time series’’, in which the role of time is played by the spatial separation j along the array of cells. For real time series, a
recurrence occurs when the state of the system approaches an earlier value within a given precision. For spatial patterns a
recurrence would be the same coincidence that occurs after some distance j [5].
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For numerical calculations we obtain a spatial recurrence matrix Rij deﬁned as follows: let us suppose that in a spatial
pattern fxk gNk¼1 two cells i and j have the same value, up to some precision e, or jxi  xj j < e. We say that, in a N  N matrix,
the element Rij ¼ 1, otherwise (i.e. if the cells do not have the same values) it is Rij ¼ 0. More formally, the spatial recurrence
matrix elements are deﬁned as

Rij ¼ Hðe  jxi  xj jÞ;

ð23Þ

where H is the Heaviside unit step function.
Since one point is trivially recurrent to itself we always have Rii ¼ 1 (usually these elements are taken out of numerical
estimates). Moreover, the recurrence matrix is symmetric: Rji ¼ Rij . The entries of the recurrence matrix depend on the precision e, since if the latter is too large practically all elements will be equal to the unity (and the analysis would not give any
useful information). On the other hand, if e is too small we would not detect any recurrences at all, and nearly all elements
would be zero, what is also undesirable. A judicious choice of e is thus necessary in this analysis.
From the plethora of existing diagnostics, we choose only three for our purposes [15,16]. One is the recurrence rate (REC),
which is deﬁned as the relative number of nonzero elements in the recurrence matrix, or

REC ¼

N X
N
1 X

N2

Rij :

ð24Þ

i¼1 j¼1;j–i

Since recurrence points can occur by pure chance the use of REC itself can lead to false positives. We thus improve the analysis using another diagnostic, the so-called determinism (DET), a term borrowed from the time-series analysis. It deals with
the diagonal structures which exist in the recurrence matrix. For time series these diagonals are related to deterministic evolution, so the name. In spatial patterns, however, it characterizes recurrent structures which cannot occur by pure chance.
We take ‘min ¼ 2 as the minimum length of a diagonal in the recurrence matrix. Next we search all diagonals, with different lengths ‘ and make a histogram, which is a numerical approximation of the probability distribution function Pð‘Þ
of these lengths. The determinism is deﬁned as the relative number of points belonging to diagonal structures, or

P
DET ¼

‘¼‘min
P

‘Pð‘Þ

i;j–i Rij

:

ð25Þ

Hence, in a completely disordered pattern, where any recurrences (or nonzero elements of Rij ) occur by pure chance, there
would be no diagonal structures, and DET would be near zero, even though REC would not.
There are also horizontal structures in the recurrence plots (equivalent to vertical structures due to symmetry), which are
also helpful to distinguish true recurrences from chance recurrences. We proceed as before, counting how much horizontal
structures of length ‘ > ‘min ¼ 2 exist in the recurrence matrix and obtaining another probability distribution function P  ð‘Þ,
from which we obtain the laminarity (LAM) as

P

‘¼‘ ‘P ð‘Þ
LAM ¼ P min 
:
‘¼1N ‘P ð‘Þ

ð26Þ

In order to understand the meaning of the recurrence-based quantiﬁers (REC, DET, and LAM) in terms of the order/disorder presented by the spatial patterns we are considering, let us revisit the examples formerly analyzed by the spatial correlation function. The regular (almost sinusoidal) pattern displayed in Fig. 7(a) has REC ¼ 0:225; DET ¼ 0:551, and
LAM ¼ 0:599. The less regular pattern in Fig. 8(a) has REC ¼ 0:225; DET ¼ 0:548, and LAM ¼ 0:567, i.e. these diagnostics cannot distinguish between the two situations.
The reason is that in the second case many points in the spatial pattern are close to each other, what causes an increase of
the recurrences, rather than a decrease of them. This can be observed also in Fig. 9(a), where REC ¼ 0:412; DET ¼ 0:782, and
LAM ¼ 0:737, i.e. the recurrences actually increase, in spite of the patterns themselves being now more disordered. Hence the
amount of recurrences is not, by itself, a characteristic of an ordered pattern, as it would seem at ﬁrst. The recurrences measure the proximity of points in a given pattern, even though those points are scattered in an irregular fashion. One immediate
conclusion is that we have to supplement the recurrence-based information with the more direct observation of the spatial
correlation function.
The relation between recurrence-based and correlation-based quantities can be investigated by considering their dependence on the coupling parameters considered in this work, like the coupling strength Dx . Fig. 11(a) shows the variance of the
average correlation function as a function of Dx for locally coupled oscillators (a ¼ 1000). The average was taken over 500
different randomly chosen initial conditions. We also show in Fig. 11(a) the result for a surrogate pattern obtained by shufﬂing all the points of the original pattern so as to destroy the existing correlations. As expected, for the surrogate pattern the
variance is small and does not change with Dx (i.e. it is a completely disordered pattern).
The spatial pattern for the local coupling typically presents a transition from a disordered state to an ordered state as Dx
increases. For small Dx [see Fig. 9(a) for an example] the pattern is considered to be disordered because the variance is relatively small [Fig. 9(b)]. However, such pattern has some regularity since many of the oscillators are partially synchronized.
We deﬁne a synchronized pattern as a set of adjacent oscillators for which the values of their state variables xi ðtÞ are equal
(up a given tolerance) for all times t. It may well happen that all the oscillators in the chain are synchronized, what yields a
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Fig. 11. (a) Variance of the spatial correlation function, (b) 1  REC and (c) 1  DET as a function of Dx for a ¼ 1000. The values of REC and DET represent
averages performed over 500 patterns generated by different random initial conditions.

Fig. 12. (a) Variance of the spatial correlation function, (b) 1  REC and (c) 1  DET as a function of Dx for a ¼ 0. The values of REC and DET represent
averages performed over 500 patterns generated by different random initial conditions.

homogeneous pattern. More often, however, a number of clusters of the chain present synchronization, separated by disordered parts. Such heterogeneous patterns are partially synchronized, and are also related to the so-called chimera states [17],
which are observed quite frequently in non-locally coupled oscillators.
For a larger Dx [as in Fig. 7(a)] the variance of EðjÞ increases [Fig. 7(b)] and we have considered such a pattern as ordered,
with respect to a sinusoidal pattern, because the oscillators are no longer synchronized in this case. Hence in our analysis the
concept of pattern order does not imply synchronization. Actually it is sometimes even the opposite, as this example shows.
From the previous discussion we expect that the recurrence-based quantities decrease as this transition unfolds, since the
more disordered is the pattern the shorter are the corresponding recurrence rate and determinism. In order to compare
the recurrence-based quantities with the variance of the correlation function we plot in Figs. 11(b) and (c), respectively,
the quantities 1  REC and 1  DET (the averages are also taken over 500 different random initial conditions). We observe
changes in both quantities related to the transition from a disordered to an ordered behavior. The transition is not very sharp,
due to the ﬁnite size of the lattice, but begins at Dx  0:0065, which is the same value at which the variance of EðjÞ begins to
increase in Fig. 11(a).
The globally coupled case (a ¼ 0) is qualitatively different from the locally coupled case. The variance of EðjÞ is small for
all the values of Dx considered, but it diminishes even more for Dx larger than  0:01 [Fig. 12(a)]. Hence there is not a transition from a disordered to an ordered pattern, but simply a change between a disordered and a much more disordered pattern as Dx increases. Since we have seen that disordered patterns turn out to be often synchronized (or partially
synchronized) this is not a surprising result: the larger is the coupling strength, the more synchronized a pattern results
for a global coupling (which favors synchronization). Actually if the pattern is homogeneous (completely synchronized) then
the variance of EðjÞ is zero. This observation is conﬁrmed by the recurrence-based quantities [Figs. 12(b) and (c)].
6. Two-dimensional patterns and spatial recurrences
In this Section we will consider two-dimensional lattices of coupled oscillators described by the Meinhardt–Gierer equations. In the two-dimensional case, we have two spatial directions zx and zy . For a square lattice with local coupling, i.e., we
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couple a given site to its nearest neighbors in both spatial directions, there are N 2 cells of area D2 and the variables are discretized as

xi;j ðtÞ ¼ xðzx ¼ iD; zy ¼ jD; tÞ;

yi;j ðtÞ ¼ yðzx ¼ iD; zy ¼ jD; tÞ;

ð27Þ

with i; j ¼ 1; 2; . . . ðN  1Þ, with periodic boundary conditions (i.e. the spatial region is actually a 2-torus). The discretized
Laplacian in (4) and (5) is

r2 xði; jÞ ¼


1 
xi1;j þ xiþ1;j þ xi;j1 þ xi;jþ1  4xi;j ;
D2

ð28Þ

such that discretized equations analogous to (8) and (9) can be written for the two-dimensional case. The initial conditions
xi;j ð0Þ and yi;j ð0Þ are also randomly chosen.
The power-law coupling, as in the one-dimensional case, considers the interaction of a given site with all its neighbors,
the coupling strength decreasing with the lattice distance. The corresponding equations for a two-dimensional square lattice
are
0

0

N X
N
dxi;j
Dx X
xiþr;jþs þ xir;js þ xiþr;js þ xir;jþs
¼ f ðxi;j ; yi;j Þ  Dx xi;j þ
;
a=2
dt
jðaÞ r¼0 s¼0
ðr2 þ s2 Þ
0

ð29Þ

0

N X
N
dyi;j
yiþr;jþs þ yir;js þ yiþr;js þ yir;jþs
Dy X
¼ gðxi;j ; yi;j Þ  Dy yi;j þ
;
a=2
dt
jðaÞ r¼0 s¼0
ðr 2 þ s2 Þ

ð30Þ

where we excluded from the double summations the term with r ¼ s ¼ 0, and the normalization factor is now
0

jðaÞ ¼

0

N X
N
1X
1
;
2 r¼0 s¼0 ðr 2 þ s2 Þa=2

ð31Þ

and N 0 ¼ ðN  1Þ=2, the term r ¼ s ¼ 0 being also excluded from the summations.
We can extend the recurrence-based characterization of one-dimensional patterns to the two-dimensional case as well.
What we do is essentially to consider a block recurrence matrix, based on a two-dimensional pattern for the activator variable fxij gNi;j¼1 , consisting on N 2 sites. At each site xij we consider a square block of side N 0 centered at the site [Fig. 13] such
0
that we compute the recurrence rate of xij with all the other sites belonging to this block fxk‘ gNN
i;j¼1 . In other words, we make a
two-dimensional extension of the recurrence rate given, in the one-dimensional case, by Eq. (24), with the difference that
here the recurrence rate is a matrix element REC ij , given by

REC ij ¼

iþN0 X
iþN 0

1 X

N0





H e  xij  xk‘  ;

2

ð32Þ

k¼i ‘¼i

forming what we call recurrence-rate matrix, and which can be represented as a ðN  N 0 Þ  ðN  N 0 Þ pixel matrix whose elements can be distinguished by a colorscale, for example [Fig. 13].
Apart from this detail of construction, the recurrence-rate matrix elements have the same interpretation of REC in terms
of characterization of spatial patterns. It should be noted that the recurrence-rate matrix is shorter than the original square
pattern by a factor of N 0 ð2N  N 0 Þ. Hence, if N 0 is too large the recurrence-rate matrix can be so short that it fails to provide a

N − N’

N

x ij

N’
N − N’

N’
REC ij

N
block
N’
N’

two−dimensional pattern

recurrence−rate matrix

Fig. 13. Schematic ﬁgure showing the construction of the recurrence rate matrix from the original two-dimensional spatial pattern.
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Fig. 14. (a) Spatial pattern for the activator variable (in colorscale) for a two-dimensional square lattice of 101  101 cells, for a ﬁxed time, chosen so as to
exhibit stationary behavior. The remaining parameters are a ¼ 1000 and Dx ¼ 0:016. (b) Recurrence-rate matrix elements (in colorscale) obtained with
blocks of side N 0 ¼ 20.

characterization of the patterns observed in the original two-dimensional ﬁgure. Finally, it is possible also to construct determinism and laminarity matrices for this case, with a similar procedure as we used for the recurrence rate. In the following we
will consider two-dimensional patterns with N ¼ 101 sites and blocks with size N 0 ¼ 20 so as to obtain the recurrence-rate
matrix.
A two-dimensional pattern with the same parameters is shown in Fig. 14(a), for which we have used periodic boundary
conditions and random initial conditions. The parameters were chosen to be the same as in Fig. 1, for which the coupling is
local (nearest-neighbor) and Dx ¼ 0:016. A snapshot pattern is shown for a time at which the pattern displays stationary
behavior, i.e. we stopped the time integration after two consecutive patterns differ, for each lattice site, by a factor smaller
than a speciﬁed tolerance (viz. 105 ), what takes about 2  105 times to achieve. The values of the activator variable are
shown in a colorscale. The resulting pattern comprises clearly distinguishable ridges and valleys, with a kind of spatial order
similar to the one-dimensional case, although the pattern is no longer periodic in two dimensions. Since this pattern is stationary this absence of periodicity comes from the interplay between the dynamics in both spatial directions, taking into
account that the initial conditions are randomly chosen. Such ‘‘zebra’’ patterns appear quite often in applications of the
Meinhardt-Gierer system to describe skin pigmentation [6].
The elements of the recurrence-rate matrix, deﬁned by Eq. (32), and corresponding to the spatial pattern shown in
Fig. 14(a), are shown in Fig. 14(b) with help of a colorscale. The latter is such that, the bluer the pixel, the less is the corresponding recurrence rate for the block matrix centered at the corresponding pixel in the original pattern, according to the
scheme shown in Fig. 13. The recurrence-rate varies from  0:25 to 0:29 and it is generally smaller at the lower half of
the pattern than at the upper one, indicating that the zebra pattern is not spatially homogeneous, as a cursory look might
suggest, but instead it exhibits a trend along the curved stripes that actually are seen in Fig. 14(a). Hence, although in a large
scale the pattern may appear homogeneous, there are local inhomogeneities that stem from the ﬁnite size of the lattice and,
perhaps, the initial conditions as well.
Fig. 15(a) exhibits a two-dimensional pattern for the same parameters as in Fig. 2, i.e. a ¼ 1000 and Dx ¼ 0:005 (local coupling and weak diffusion). As in the one-dimensional case, the weaker coupling turns the pattern more disordered than the
corresponding case with stronger coupling, displaying a kind of ‘‘leopard’’ skin pattern [Fig. 15(a)]. The colorscale used to
indicate the values of the activator concentration suggest that, although the background is rather homogeneous at low concentrations, the peaks have different heights. This is more clear by considering the corresponding recurrence-rate matrix depicted in Fig. 15(b). The values of REC ij vary from 0:74 to 0:81 in such a way that there are locally recurrent regions related to
higher values of this quantity.
The case of intermediate coupling ða ¼ 1Þ is ﬁrst exempliﬁed by Fig. 16(a) that, as in its corresponding one-dimensional
case [see Fig. 3], exhibits a sinusoidal pattern, which is not wavelike since it is stationary rather than propagating in time.
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Fig. 15. (a) Spatial pattern for the activator variable (in colorscale) for a two-dimensional square lattice of 101  101 cells, for a ﬁxed time, chosen so as to
exhibit stationary behavior. The remaining parameters are a ¼ 1000 and Dx ¼ 0:005. (b) Recurrence-rate matrix elements (in colorscale) obtained with
blocks of side N 0 ¼ 20.

Fig. 16. (a) Spatial pattern for the activator variable (in colorscale) for a two-dimensional square lattice of 101  101 cells, for a ﬁxed time, chosen so as to
exhibit stationary behavior. The remaining parameters are a ¼ 1 and Dx ¼ 0:015. (b) Recurrence-rate matrix elements (in colorscale) obtained with blocks
of side N 0 ¼ 20.

This highly regular pattern is characterized by a similar structure in the recurrence-rate matrix [Fig. 16(b)], for which the
value of REC has a wide variation (from 0:3 to 0:9). The colorscales of both ﬁgures are complementary, indicating that the
background of lower concentrations is more recurrent than the crests of higher concentration. Moreover, REC is lower when
there are abrupt pattern variations.
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Fig. 17. (a) Spatial pattern for the activator variable (in colorscale) for a two-dimensional square lattice of 101  101 cells, for a ﬁxed time, chosen so as to
exhibit stationary behavior. The remaining parameters are a ¼ 1 and Dx ¼ 0:005. (b) Recurrence-rate matrix elements (in colorscale) obtained with blocks
of side N 0 ¼ 20.

Fig. 18. (a) Spatial pattern for the activator variable (in colorscale) for a two-dimensional square lattice of 101  101 cells, for a ﬁxed time, chosen so as to
exhibit stationary behavior. The remaining parameters are a ¼ 0 and Dx ¼ 0:010. (b) Recurrence-rate matrix elements (in colorscale) obtained with blocks
of side N 0 ¼ 20.

If the diffusion coefﬁcient is lowered for intermediate coupling, the spatial pattern becomes more disordered [Fig. 17(a)],
just like in its one-dimensional version [Fig. 4]. The general aspect of the pattern resembles that observed in local coupling
[Fig. 15(a), i.e. sharp peaks scattered over an almost homogeneous background of low concentrations. The recurrence-rate
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Fig. 19. (a) Spatial pattern for the activator variable (in colorscale) for a two-dimensional square lattice of 101  101 cells, for a ﬁxed time, chosen so as to
exhibit stationary behavior. The remaining parameters are a ¼ 0 and Dx ¼ 0:005. (b) Recurrence-rate matrix elements (in colorscale) obtained with blocks
of side N 0 ¼ 20.

matrix [Fig. 17(b)], however, is different from the Fig. 15(b): there are still regions of slightly higher recurrence rate, interspersed with regions of lower REC. Hence the recurrence-rate matrix is capable to detect very subtle differences in the spatial
patterns due to localized structures.
These observations hold also for the two-dimensional patterns [Figs. 18(a) and 19(a)] corresponding to the one-dimensional cases shown in Figs. 5 and 6, respectively, i.e. for global coupling (a ¼ 0).
7. Conclusions
The characterization of spatial order and disorder in patterns produced by complex dynamical systems, such as networks
of coupled nonlinear oscillators, is a problem of considerable interest, for it provides a way to investigate possible transitions
between ordered and disordered states in these patterns. In this paper we consider a number of numerical diagnostics for
characterizing the spatial order of patterns generated by coupled nonlinear equations describing skin pigmentation, which
is a paradigm system for studying complex spatial patterns. The ﬁrst diagnostic we have used is the spatial correlation function and its corresponding variance, which is a straightforward extension of the well-known time self-correlation. The second diagnostic is based on the recurrence quantiﬁcation analysis developed for time series and also extended to spatial
patterns (at ﬁxed time). From the latter we have borrowed concepts like recurrence rate, determinism and laminarity, which
have counterparts in the analysis of spatial patterns.
The spatial correlation function is a valuable diagnostic of spatial order and disorder, but it does so in a global level, i.e. it
is chieﬂy an averaged quantity. However, many patterns of dynamical interest are characterized by the coexistence of both
ordered and disordered patterns (like the so-called chimera states [17]). For such complex patterns one needs diagnostics
that can identify heterogeneous spatial patterns, what is actually possible with recurrence-based measures.
From the many parameters which describe the coupled system of nonlinear oscillators we have chosen the diffusion coefﬁcient of the activator as the bifurcation parameter to be varied in numerical simulations. Another parameter which variation is worth considering is the exponent of the nonlocal coupling term. By sweeping its value from zero to inﬁnity, it is
possible to go continuously from a global type of coupling (all-to-all or mean ﬁeld) to a local one (Laplacian or nearestneighbor).
In the local coupling (nearest-neighbor) we observed, as the coupling strength (diffusion coefﬁcient) is increased, a transition from a disordered pattern (for weak diffusion) to an ordered pattern (for stronger diffusion). The terms ordered and
disordered, in this case, are taken with respect to a oscillatory (sinusoidal) pattern. Hence it turns out that a partially synchronized pattern may be disordered from this point of view.
This transition is revealed by the variance of the spatial correlation function and also by recurrence based measures
1  REC (REC being the recurrence rate) and 1  DET (DET being the determinism). The latter undergo abrupt changes as this
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transition unfolds. We remark that we should not use REC and DET as single indicators of order–disorder, since the proximity
of points in a spatial pattern (quantiﬁed by REC) does not necessarily indicate the existence of an ordered pattern. We must
compare the results of REC; DET (and also the related laminarity LAM) with the variance of the spatial correlation function. In
the global coupling (all-to-all) we did not observe such a transition: the disordered pattern observed for weak diffusion becomes even more disordered for strong diffusion. This is explained by the presence of partially synchronized patterns in this
case, which become homogeneous for large coupling.
In addition, we have considered two-dimensional patterns obtained for the same parameters as the one-dimensional
ones. The general characteristics of the two-dimensional patterns follow the one-dimensional patterns. Moreover, in this paper we propose a new recurrence-based quantiﬁer for two-dimensional patterns, consisting on a recurrence-rate matrix
computed using blocks extracted from the original pattern. This diagnostic is capable to distinguish localized spatial structures and pattern differences. Hence it has a potential to be applied in other areas in which pattern detection is important,
like medical images (tomography, mammography and so on) [18].
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