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a b s t r a c t
We analyze long-range time correlations and self-similar characteristics of the electrostatic turbulence at
the plasma edge and scrape-off layer in the Tokamak Chauffage Alfvén Brésillien (TCABR), with low and
high Magnetohydrodynamics (MHD) activity. We ﬁnd evidence of self-organized criticality (SOC), mainly
in the region near the tokamak limiter. Comparative analyses of data before and during the MHD activity
reveals that during the high MHD activity the Hurst parameter decreases. Finally, we present a cellular
automaton whose parameters are adjusted to simulate the analyzed turbulence SOC change with the
MHD activity variation.
© 2011 Published by Elsevier B.V.

1. Introduction
In tokamaks and stellarators [1], the plasma edge electrostatic
turbulence is the main cause of the anomalous particle and energy
transport that limits the magnetic conﬁnement performance [2,3].
Despite the expressive progress that has been achieved in the last
decades, much investigation is still necessary to better understand
and to control the electrostatic turbulence in tokamaks.
Fluctuation spectrum [4], recurrence [5–7], and self-organized
criticality (SOC) [8,9] are among subjects recently investigated to
determine basic statistical properties of the electrostatic plasma
turbulence and transport [10]. In particular, evidences of SOC, that
bring together the ideas of self-organization of nonlinear dynamics systems with the often observed near-critical behavior [11,12],
have been found in the tokamak plasma turbulence experimentally
[8] and in numerical simulations [10].
Some features of turbulence observed in all tokamak discharges
can be computationally investigated, independent of any physical model to interpret the turbulent ﬂuctuations, by the SOC
dynamics of cellular automata models of running sandpile dynamics [13]. Similar models have been applied to study selforganization in other dynamical systems, as cancerous cells proliferation [14], traﬃc ﬂow [15], neural network [16], ecosystems
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[17], and spatial pattern formation [18]. In these models avalanche
events appear naturally and can account for some speciﬁc SOC features [19].
In the tokamak TCABR, when the MHD activity increases it synchronizes with the electrostatic ﬂuctuations and their frequency
spectra have the same peaks [20,21]. The high MHD activity modiﬁes the plasma turbulence leading to a new dynamic scenario in
the plasma edge. The main differences in the turbulence with low
and high MHD activities have been recently analyzed [8,19,22]. In
this Letter we report alterations on the turbulence SOC behavior
whenever the MHD activity increases in TCABR.
In our analyzes of the plasma edge turbulence in TCABR tokamak, with low and high MHD activity, we ﬁnd that the obtained
power spectra, autocorrelation, and Hurst parameter radial proﬁles
are compatible with those expected for turbulent ﬂuctuations with
SOC dynamics. Besides that, we ﬁnd that during the turbulence
driven high MHD activity the Hurst parameter, a relevant SOC indicator, decreases in all frequency range. Moreover, we simulate
all the described characteristics and changes obtained in the analyzed data with a modiﬁed cellular automaton which is a sandpile
model with an external perturbation. We also ﬁnd that during the
high MHD activity the Hurst parameter of the electrostatic turbulence decreases.
This Letter is organized as follows: in Section 2 we present
the experimental setup. Section 3 shows the radial dependence
of SOC in the experimental results. Section 4 treats the selforganized criticality during MHD driven turbulence. Section 5
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Fig. 1. Time evolution of plasma discharge in TCABR tokamak. (a) Plasma current,
(b) central chord plasma mean density, (c) ﬂoating electrostatic potential for a typical discharge inside the limiter (r = 17 cm), (d) ion saturated current from the
vertical lines indicate the analyzed time interval.

shows a theoretical model that we use to simulate the behavior
observed in experiments. The last section presents the conclusions.
2. Experimental setup
The experiments are done in TCABR [23], a small size tokamak
(major radius R = 0.6 m, minor radius a = 0.18 m, central toroidal
magnetic ﬁeld B 0 = 1 T) in which the MHD activity can increase
and saturates without disruptions by an appropriated selection of
the plasma current evolution [20,22] or by biasing an electrode
inserted at the plasma edge [24].
The turbulence is measured at the edge and the scrape off layer
(SOL) regions by Langmuir probes. The ﬂoating potential conﬁguration is recorded with an acquisition rate of 1 MHz. The probes
can be moved between successive shots in the radial position ranging from r = 16.5 to 21 cm (corresponding to r /a between 0.92 to
1.17). Fig. 1 shows the typical evolution of the plasma during the
discharges considered in this work. As it can be seen in Fig. 1, in
the interval from 30 to 40 ms, the plasma current increases, while
the MHD activity is low and the ﬂuctuating potential and density
are almost stationary. But, after the time 40 ms, the MHD activity amplitude starts increasing and saturates by the time 50 ms. In
the interval from 50 to 60 ms, during the MHD activity enhancement, the plasma density reaches a second plateau. For all the
analyzed discharges, we selected two time intervals corresponding
to the low and high MHD activity conditions [25]. We choose the
ﬁrst time windows in the almost stationary stage just before the
growth of the MHD activity (50 ms–60 ms for the shot in Fig. 1).
Complementary, we select a second time window during the interval with saturated high MHD activity.
3. Self-organized criticality radial dependence
The ﬁrst objective of this study is to verify the existence of SOC
dynamics in the plasma edge region of TCABR during the usual low

Fig. 2. Power spectrum P xx of the ﬂoating potential ﬂuctuation at four different
radial positions: (a) r /a = 0.91 (inside the plasma column); (b) r /a = 1.00 (limiter);
(c) r /a = 1.05 and (d) r /a = 1.16 (outside the plasma column), respectively. (e) Local
decay exponent in function of the frequency and the radial position obtained from
28 shots. (For interpretation of the references to color in this ﬁgure, the reader is
referred to the web version of this Letter.)

MHD activity [26–28] (as commonly observed in other tokamaks),
and to evaluate how this dynamic is dependent of the radius [29].
In order to perform it, we analyze some typical features associated
with SOC dynamics in the ﬂoating electrostatic potential, such as:
power spectrum (Fig. 2), autocorrelation function (ACF) (Fig. 3) and
the Hurst parameter of the ﬂuctuations (Fig. 4).
In SOC systems, the power spectra are expected to be nearly
1/ f noise for a given range of frequencies [11], separated by
two frequency intervals quite different, at least in our case [29].
For the TCABR tokamak data from the inside plasma column at
r /a = 0.91 [Fig. 2(a)] and far outside for r /a = 1.16 [Fig. 2(d)], the
frequency spectra show two distinct frequency intervals range with
approximate decay slope of 0 and −4. The spectral decay with
the 1/ f 4 dependence occurs for high frequencies ( 200 kHz)
while the 1/ f 0 spectral dependence occurs for low frequencies
( 100 kHz). The turbulence in these positions does not show evidences of SOC dynamics. However, in Fig. 2(b) for r /a = 1.00 and
(c) for r /a = 1.05 we can observe the 1/ f spectral dependence
(3 kHz  f  100 kHz). In order to evaluate the spectral range in
which the decay slope is close to −1, we ﬁt the slope of the power
spectra considering only a small range of the frequency spectra.
By doing it, we determine the local slope in function of the radial position and mean frequency of each frequency range used
to determine the local slope. The radial dependence of the decay slope obtained from the ﬁt of 28 shots is summarized in
Fig. 2(e). The black contour lines in Fig. 2(e) limit the region in
which the local slope is close to −1: the regions with local slopes
close to −1 are marked in white, while slopes below −1 are indicated in red and the blue is used to mark the regions with slopes
above −1. As it can be seen in Fig. 2(e), a broad frequency range
in which the slope is close to −1 is observed for the radial positions close to the plasma edge (0.97 < r /a < 1.13), while only
a narrow frequency range with slope close to −1 is observed in
the most internal (r /a ∼ 0.93) and external (r /a ∼ 1.16) positions
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Fig. 4. Radial dependence of the Hurst parameter (circles). The vertical black dashed
lines mark the position of the existence of SOC behavior.

Fig. 3. Autocorrelation function (ACF) of the ﬂoating potential ﬂuctuations measured at four different radial positions: (a) r /a = 0.91 (inside the plasma column);
(b) r /a = 1 (limiter); (c) r /a = 1.05 and (d) r /a = 1.16 (outside the plasma column),
respectively. (e) Average ACF obtained from 28 shots. The thick magenta contour
line indicates the exp(−1) level and the dashed black contour lines the levels of
0.05, 0.20, 0.35, . . . , 0.95. (For interpretation of the references to color in this ﬁgure, the reader is referred to the web version of this Letter.)

measured by the probes. These ﬁgures suggest that the SOC is radial dependent. Similar frequency dependency was also observed
in other experimental observations in which the ion saturation current was measured at the radial position where the ﬂow was zero
[13].
The autocorrelation functions (ACF) of the ﬂoating potential
ﬂuctuations measured at the same four radial positions: (a) r /a =
0.91 (inside the plasma column); (b) r /a = 1.00 (limiter); (c) r /a =
1.05 and (d) r /a = 1.16 (outside the plasma column), respectively,
are displayed in Fig. 3. In Fig. 3(a) and Fig. 3(d), it can be seen that
the value of ACF decays very rapidly with time, showing the short
decorrelation time of the local turbulence in the two considered
radial positions. However, in Figs. 3(b) and 3(c) we observe the existence of long time correlations with evidence of a tail in the ACF
near the limiter (r /a = 1.00). In fact, these results show the radial
dependence of the e-folding time as reported in [8].
A better characterization of the radial dependence of the ACF
is presented in Fig. 3(e), which shows the average ACF in each
radial position taken from the same 28 shots used to produce
Fig. 2(e). Dashed black contour lines indicates the correlation levels
of 0.05, 0.20, 0.35, . . . , 0.95 while the magenta thick contour line
indicates the exp(−1) ∼ 0.37 level. The autocorrelation function
displays an extended tail at large delay time near to the limiter,
enforcing the evidence that this is a region with high SOC behavior.
Other evidence of self-organized criticality on TCABR ﬂuctuations is obtained through the Hurst parameter (with R / S method)
[30]. The Hurst parameter is deﬁned as E [ R (n)/ S (n)] = λn H
(n → ∞), where E is the expected value, [ R / S ] is the rescaled
range, n is the number of data points and λ is a constant. The
Hurst parameter of the time series gives us the degree of the
regularity or randomness and long-time effect of the process, contributing to the knowledge of the future behavior of the system

and characterizing how the process is self-organized criticality
[31,32]. The value of the Hurst parameter varies between 0 and 1.
For H = 0.5, the process is random. Moreover, for 0  H  0.5 the
time series is characterized like anti-persistent or anti-correlated,
and for 0.5 < H  1 the signal are persistent or auto-correlated.
Fig. 4 shows the radial dependence of the Hurst parameter for
the time interval with low MHD activity. Consistently Figs. 2, 3
and 4 point out that the region near to the plasma limiter shows
strong evidences of the SOC behavior. So, in the following analysis the region with r /a between 0.95 and 1.1 will be called as
‘the SOC region’. Moreover, we can see that the Hurst parameter
quickly decays from the radial position r /a = 0.95 towards inside
the plasma column (plasma edge). The same situation is observed
for Hurst parameter that decreases in the scrape-off layer plasma
according to the radial position moving away from r /a = 1.1 to
out of the plasma column. The variation of the TCABR Hurst values is from 0.57 (on border of the ﬁgure) to maximum value
0.83 around the limiter (r /a = 1). Such scenario indicates that the
plasma turbulence and probably the plasma transport present high
self-organized similarity behavior [13]. The SOC behavior more
pronounced close to radial positions just after the limiter is an indication of high spatial correlations in this region. Complementary,
the observed SOC decrease towards internal or external regions indicates a turbulence decorrelation that may be caused by the high
shear ﬂow present in these regions.
The features reported in this section are an indication of SOC
at the plasma edge. However, alternatively, some of these features
could also be explained by other dynamical models. Thus, for example, high Hurst parameter values could also be interpreted as an
indication of coherent structures caused by coherent drift waves
traveling poloidally at the plasma edge.
4. Self-organized criticality during MHD driven turbulence
In the TCABR, when the MHD activity increases the high MHD
activity synchronizes with the electrostatic ﬂuctuations and their
frequency spectra have the same peaks [25,22]. The high MHD activity modiﬁes the plasma turbulence leading to a new dynamic
scenario on the plasma edge [33]. In this section we determine
the inﬂuence of the high MHD activity on SOC dynamics.
Thus, we analyze the SOC behavior of the electrostatic ﬂuctuations on time interval with high MHD activity. To perform it, we
analyzed the ﬂuctuation signal ﬁltering the dominant MHD frequency. The ﬁlter is as follows: ﬁrst we apply the Fourier transform
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Fig. 7. The one-dimensional sandpile model with L cells versus height hn , where n
is each lattice site, N f is the number of sand grains that slide off the sandpile slope
and N g is the number of sand grains randomly deposited at each time.
Fig. 5. Power spectrum of the ﬂoating potential ﬂuctuation at four different radial positions: (a) r /a = 0.92 (inside the plasma column); (b) r /a = 1 (limiter);
(c) r /a = 1.05 and (d) r /a = 1.16 (outside the plasma column), respectively. For all
four ﬁgures we have the power spectrum with low MHD activity (blue continuous
line), with high MHD activity (red dashed line) and with MHD high activity ﬁltered
the resonants frequencies (black dashed line). (For interpretation of the references
to color in this ﬁgure, the reader is referred to the web version of this Letter.)

is noted that at the radial positions around the plasma limiter the
Hurst parameters are well above 0.5, indicating the existence of
long-range dependencies in the ﬂuctuation dynamics in the plasma
edge SOC region. Moreover this ﬁgure shows a decreasing of Hurst
parameters in the SOC region when the MHD activity increases.
The fact that the ﬁltered signal (with high MHD activity) and
the signal with low MHD activity have different SOC indicators
shows that the high MHD activity changes the dynamics of turbulence in the plasma edge region [12]. We interpreted this fact
by the nonlinear coupling between high MHD activity and plasma
turbulence. We conjectured that a nonlinear coupling modiﬁes
the turbulence breaking out the SOC dynamics. In fact, if we assumed that there is no coupling between the turbulence and the
MHD activity, the effects of the high MHD activity would be restricted to the frequency of the MHD modes and the ﬁltered signal
would have the same characteristics of the signals without high
MHD, which is not observed. The present results show that the
high MHD activity in TCABR reduces, but not suppresses, the selforganized criticality at the plasma edge.
5. Sandpile model

Fig. 6. (Color online.) Radial dependence of the Hurst parameter in time range with
low MHD activity (circles), high MHD activity ﬁltered (triangles) and low MHD activity ﬁltered (asterisks) with the same spectral range used in high MHD activity.
The vertical black dashed lines marks the position of the existence of SOC behavior
radial dependence.

and observe the MHD modes in the power spectrum, as shown
in Fig. 5 with high MHD activity (red dashed line). Then, we extract the signal with the dominant frequency 13 kHz and their
harmonics. The inﬂuence of the oscillations induced by the MHD
modes on the ﬂoating potential signals is removed by using a
numerical spectral ﬁlter. To do it, initially we perform a Fourier
transform of the original signal. Then, we decrease the amplitude
of the Fourier coeﬃcients in the frequencies in the range of the
main MHD peak and their harmonics to almost zero and ﬁnally we
perform the inverse Fourier transform. This procedure corresponds
to have a band-stop ﬁlter (or band-reject ﬁlter). To verify the SOC
dynamics of the extracted signal, we obtain its power spectrum
and Hurst parameter.
In Fig. 5 we present the power spectra of the ﬂoating potential ﬂuctuation at four radial positions, r /a = 0.92, 1.0, 1.05, and
1.16. Each one of the four plots in Fig. 5 show the power spectra
with low MHD activity (blue continuous line), with high MHD activity (red dashed line), and with MHD high activity ﬁltered at the
resonant frequencies (black dashed line).
Fig. 6 exhibits the radial proﬁles of the Hurst parameters estimated from potential ﬂuctuations at various radial positions including the SOC region: low MHD activity (circles), low MHD activity ﬁltered (asterisks) and high MHD activity ﬁltered (triangles). It

In this section we consider a sandpile model to simulate the
reported SOC experimental evidence on turbulence data analyzed
in this work. A cellular automaton is used to study the sandpile
behavior. We have modiﬁed the one-dimensional model implemented by Hwa and Kardar [34]. The domain is separated into
cells, where N g sand grains are added to the cells with a determined probability. So, we apply the following rule: if Z n  Z c , then
hn = hn − N f , and hn+1 = hn+1 + N f , where hn is the height of the
cell n, Z n is the difference between hn and hn+1 , Z c is the critical
gradient and N f is the amount of sand that falls in an overturning
event (Fig. 7).
A method to quantify self-organized criticality is the frequency
diagnostics applied to the time history of instantaneous ﬂips considering the saturated region. The frequency spectrum can be divided into three regions. The ﬁrst region is the high-frequency
end of the spectrum, that follows approximately a f −4 power law
(right region). This region is identiﬁed as the no interacting (overlapping) avalanche region. The intermediate region presents a f −1
dependence that is related to transport events linked with SOC
characteristics. In the third region the spectral power is relatively
ﬂat and ﬁnally rolls over at the lowest frequencies. This last region
is identiﬁed with global discharge events that have extremely long
correlation times.
Fig. 8(a) shows the power spectrum for data obtained of the
TCABR and Fig. 8(b) for sandpile model with L = 200. The black
line corresponds to the condition where the MHD activity is low,
while the red line is for high MHD. It is possible to simulate the
high MHD (red line) due to the fact that we added an external
particle driving N ext in the sandpile model. The external driving is
an amount of sand that falls in a determined time τ . The grains
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dependence. Furthermore, the effect of high MHD activity on the
electrostatic turbulence SOC dynamics was also studied. Finally, we
veriﬁed that the SOC dynamics observed in the experimental data
with high MHD activity are compatible with the dynamics of a
cellular automaton composed by a sandpile model with periodical
external driving.
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Fig. 8. Power spectrum of the ﬂoating potential ﬂuctuation (a) and sandpile model
(b) with (red) and without (black) high MHD activity. In the sandpile model we
consider L = 200, N f = 3, N g = 3, Z c = 8, τ = 47, 1.1 106 iterations and 1.0 × 106
transient iterations. In our simulations we consider N ext = 0 to obtain black line and
N ext = 40 to red line. (For interpretation of the references to color in this ﬁgure, the
reader is referred to the web version of this Letter.)
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