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Abstract

Numerical simulations of coupled map lattices with non-local interactions (i.e., the coupling of a given map occurs with all
lattice sites) often involve a large computer time if the lattice size is too large. In order to study dynamical effects which depend
on the lattice size we considered the use of small truncated lattices with random inputs at their boundaries chosen from a uniform
probability distribution. This emulates a “thermal bath”, where deterministic degrees of freedom exhibiting chaotic behavior are
replaced by random perturbations of finite amplitude. We demonstrate the usefulness of this idea to investigate the occurrence of
completely synchronized chaotic states as the coupling parameters are varied. We considered one-dimensional lattices of chaotic
logistic maps at outer crisis x → 4x(1 − x).
c© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Coupled map lattices (CML) are useful models for investigating spatially extended dynamical systems, and have
been recognized as such since the early 80s [1,2]. Unlike cellular automata, which are entirely discrete systems, CMLs
present discretized space and time and a continuous state variable whose evolution is governed by a map. Thus, CMLs
are able to generate local information and a rich spatio-temporal dynamics, properties which encourage the use of
CMLs as models of physical, chemical, and biological systems [3].

Most of the published work on CML has focused on extreme cases of coupling: (i) local coupling, which takes
into account the effects of only the nearest neighbors of a given lattice site, that can be viewed as a discretization of
a second spatial derivative appearing in a diffusive term of reaction–diffusion systems [4]; (ii) global coupling, where
each map interacts with the “mean field” generated by all lattice sites, and which can be a crude but useful model of
certain neural networks [5]. Between these limit cases we can study a non-local form of coupling which considers the
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effect of all neighbors of a given site, the corresponding strength decreasing as a power-law with the lattice distance
[6]. Another possibility is to consider other neighbors with uniform strength but that are at a cutoff distance [7].

For a one-dimensional CML of N sites the thermodynamic limit is achieved by taking N → ∞ [8]. In the
thermodynamical limit it has been proved that the Lyapunov spectrum of exponents is rescaled, such that the Lyapunov
dimension (which gives us an indication of the dimensionality of the system attractor in the phase space) has a linear
increase [9,10]. However, in practice it is difficult to obtain a satisfactory finite size scaling which would enable us to
take the N → ∞ limit. This is specially true for the power-law coupling of Refs. [6], where there are N 2 connections
between sites.

Carretero-González et al. [11] put forward an interesting proposal for treating the thermodynamical limit from
small lattices of coupled maps: they apply random inputs at the boundaries of a CML with a small number of sites
in order to simulate a thermal bath which influences the CML to which it is attached, but not being influenced by
the CML itself. These random inputs may represent the average result of many weak interactions with chaotically
evolving sites located beyond the borders of the CML and thus could be used to investigate problems requiring very
large lattices, as in studies of the thermodynamic limit, without actually using such a number of coupled maps but
instead a substantially smaller number of them. In Ref. [11], locally coupled logistic lattices have been used to show
that many statistical properties of the thermodynamic limit, such as two-point correlations, probability density, and
power spectrum, are well-approximated by a small truncated CML with random inputs.

On the other hand, the complete synchronization of chaotic trajectories (i.e., the equality of amplitudes of coupled
maps evolving chaotically with time [12]) is a dynamical feature hitherto not completely understood for a CML of
very large size. In previous works [13] we analyzed the transition to complete synchronization for a CML with a
power-law coupling and found that the critical value of the effective range parameter for the transition decreases
with the lattice size, with a well-defined value for the thermodynamic limit. However, to verify the properties of the
transition to synchronization in this limit we would have to use a large value of N . This eventually led us to investigate
the use of a truncated CML with random inputs.

In this paper we report the results of such a numeric investigation, where we have compared a large CML of
chaotic maps with a small deterministic subsystem with random inputs replacing the remaining maps. Even though a
synchronized state cannot exist, strictly speaking, for a CML with a random drive, we observed a strongly coherent
behavior in space which is remnant of a completely synchronized and fully deterministic CML. The transition to such
states has been found to share many similarities, both qualitatively and quantitatively, with the similar transition in
purely deterministic CMLs. However, we observed that the usefulness of small truncated CMLs is heavily influenced
by the effective coupling range. In particular, we obtained better results for global (mean-field) couplings, as compared
to local (diffusive) ones.

This paper is organized as follows: in Section 2, we introduce the CML and its truncated version. Section 3 deals
with the characterization of the synchronized state for both the original and the truncated CML. Section 4 studies the
intermittent scenario preceding the transition to synchronized states for both systems. Our conclusions are sketched
in Section 5.

2. Coupled map lattices and synchronization of chaos

Let us consider a one-dimensional lattice of N maps, each of them with its state variable at discrete time n denoted
as x (i)

n , where i = 1, 2, . . . N .

x (i)
n+1 = (1 − ε) f (x (i)

n ) +
ε

η(α)

N ′∑
j=1, j 6=i

1
jα

[
f (x (i+ j)

n ) + f (x (i− j)
n )

]
, (1)

where 0 ≤ ε ≤ 1 is a coupling constant, α > 0 is an effective range parameter, and

η(α) = 2
N ′∑

k=1

1
kα

, (2)

is a normalization factor, with N ′
= (N − 1)/2, for N odd. The local dynamics are governed by a logistic map at

outer crisis, x 7→ f (x) = 4x(1 − x), for which there is strong (transitive) chaos. In the following we shall consider
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Fig. 1. Schematic figure showing (a) the original lattice with N sites undergoing deterministic evolution; (b) the small truncated lattice with M
deterministic sites surrounded by identical copies of a single random input.

original lattices with N sites with periodic boundary conditions: x (i)
n = x (i±N )

n and initial conditions x (i)
0 randomly

chosen within the interval [0, 1] according to a uniform distribution [14].
For this non-local coupling prescription, in the limit α → ∞, we have η(∞) → 2 and Eq. (1) reduces to the local

(or diffusive) coupling, for which each map interacts only with its nearest neighbors:

x (i)
n+1 = (1 − ε) f (x (i)

n ) +
ε

2

[
f (x (i+1)

n ) + f (x (i−1)
n )

]
. (3)

On the other hand, if α = 0, it results that η(0) = N − 1 and the map lattice becomes globally coupled

x (i)
n+1 = (1 − ε) f (x (i)

n ) +
ε

N − 1

N∑
k=1,k 6=i

f (x (k)
n ), (4)

where each map interacts with the mean value of all lattice sites, irrespective of their positions (“mean-field” model).
The power-law coupling given by Eq. (1) is an interpolating form between these limiting cases, such that one can pass
continuously from a local (nearest neighbor) to a global case just by varying one parameter (α).

Let us now describe how we implemented the thermal bath from a smaller lattice. The small truncated lattice
has M < N sites, M odd, and consists of a subsystem of the original lattice, where the remaining N − M sites,
located at the boundaries, have been replaced by identical copies of a single random input. Hence the dynamics for
those N − M sites will be no longer determined by the deterministic map f (x) but rather by a random variable with
uniform distribution within the [0, 1] interval. The formerly non-local interactions between the sites of the truncated
lattice and the sites which have been removed were accordingly replaced by interactions with the N − M identical
random inputs that we introduced [Fig. 1]. The coupling with the random inputs takes into account the dependence on
the lattice distance as jα , but the random inputs do not couple mutually.

The variables x (i)
n , in the sites containing identical copies of a single random input, obey a probability distribution

function uniform in the interval [0, 1]. Another possibility for the sites mimicking the bath would be to use a random
variable with the same probability distribution of the isolated map, which is known to be ρ(x) = [π

√
x(1 − x)]−1

at the Ulam point, but even this choice might not reflect the actual probability expected for coupled maps, since we
expect that the distribution for the coupled maps will differ from that of an isolated map, and be singular. Nevertheless,
our numerical results show that even the uniform distribution that we chose was good enough to yield the expected
effects of the heat reservoir.

In order to put these ideas in precise mathematical terms there are three relevant intervals in Fig. 1(b), characterized
in terms of the values taken by the spatial index i :

• the M deterministic sites, Id = {i ∈ Z|1 + (N − M)/2 ≤ i ≤ (N + M)/2};
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• the (N − M)/2 identical copies of a single random input placed at the left-hand side, Ir1 = {i ∈ Z|1 ≤ i ≤

(N − M)/2};
• the (N − M)/2 identical copies of a single random input at the right-hand side, Ir2 = {i ∈ Z|1 + (N + M)/2 ≤

i ≤ N };

in such a way that the dynamics of the sites are governed by the following equations:

x (i)
n+1 = (1 − ε) f (x (i)

n ) +
ε

η(α)

N ′∑
j=1, j 6=i

1
jα

[
F(x (i+ j)

n ) + F(x (i− j)
n )

]
, if i ∈ Id; (5)

where

F(x (k)
n ) =

{
f (x (k)

n ), if k ∈ Id ,

χ, if k ∈ Ir1 ∪ Ir2,
(6)

and χ is a pseudo-random variable obeying a uniform probability distribution in the interval [0, 1]. Accordingly,

x (i)
n+1 = χ, if i ∈ Ir1 ∪ Ir2. (7)

Even though the individual evolution of the sites may be chaotic, and thus sensitively dependent on the initial
conditions, the coupling effect can induce a completely synchronized state for all maps: x (1)

n = x (2)
n = · · · = x (N )

n ,
which defines a one-dimensional synchronization manifold S embedded in the full N -dimensional phase space of
the CML [12]. The dynamics along S is the same as of that an uncoupled chaotic map with a positive Lyapunov
exponent. If a completely synchronized state occurs at all, it must be a valid solution of the CML given by Eq. (1). It
turns out, however, that there is no such state, strictly speaking, for the small truncated lattice with random inputs at
the boundaries.

On the other hand, if the random inputs have bounded amplitudes (this would not be true for a Gaussian unbounded
distribution), and since the random sources are applied only at the boundaries of the truncated lattice, the latter would
still present a kind of highly coherent spatial behavior, which is a remnant of the synchronized state. In this case, the
asymptotic behavior is no longer restricted to the synchronization manifold but turns out to be a “blurry” attractor
concentrated around S. The latter is a fuzzy version of the synchronized state that exists in the absence of random
inputs, and presents a smooth density of points. The extent of fuzziness increases with the amount of randomness in
the system, provided it remains bounded [15]. We shall call this asymptotic behavior as a nearly synchronized state.

The time evolution of a CML towards synchronization is determined by the dynamics in directions transverse to
S. It can be tracked down by computing at each discrete time the transversal distance d, i.e. the distance in the plane
defined by the transversal directions to S in the N -dimensional phase space between the phase point (x (1)

n , . . . , x (N )
n )

and the synchronization manifold

d2
n =

N∑
j=1

(x ( j)
n )2

−


N∑

j=1
x ( j)

n

√
N


2

= Nσ 2
n , (8)

where

σ 2
n = var(x) = 〈x2

〉n − (〈x〉n)2 , (9)

is the variance of the map amplitudes with respect to their lattice average 〈x〉n = (1/N )
∑

j x ( j)
n at a given time n.

While in the original CML a completely synchronized state is that for which dn = 0 (after a number of transient
iterations), in the small truncated CML, for a nearly synchronized state it suffices that d � 1. In the following we
shall use by convenience the negative log-distance to the synchronization manifold:

yn ≡ − log |dn|. (10)
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Fig. 2. Probability distribution of the log-distance to the synchronization manifold for a CML of the type (1) with N = 81 maps, ε = 1.0. (a)
α = 10−4 (circles), 10−7 (diamonds), and 10−13 (squares); (b) α = 0.8 (squares), 1.0 (circles), and 5.0 (diamonds).

In the original CML (1), if an initial condition is placed exactly on the synchronization manifold S, the distance
d would be zero for all times. By way of contrast, if the initial condition is chosen off but very near S the resulting
trajectory approaches and departs from S due to the existence of transversely attracting and repulsive unstable periodic
orbits embedded in the chaotic synchronized attractor [16]. As a consequence, the distance yn to S typically fluctuates
in a random fashion, and we can study its distribution P(y), such that P(y)dy is the probability of finding the system
at a log-distance from the synchronization manifold between y and y + dy.

3. Synchronization in lattices with and without random inputs

In this section we will compare two CMLs, one with and another without random inputs, such that the lattice
size of the latter (N ) is equal to the size of the deterministic part of the former (M = 81). The total size of the
lattice with random inputs will be taken as N = 385, although similar results were obtained for different numbers of
random inputs. We shall investigate the changes (if any) that the random maps cause on the synchronization of chaotic
dynamics of the coupled maps.

3.1. Lattice without random inputs

Fig. 2 contains representative examples of the log-distance distributions P(y), for the original CML (without
random inputs) and different values of the effective coupling range. For α ≈ 0 [Fig. 2(a)], we find extremely sharp
peaks centered at d ∼ 10−15, indicating indeed a completely synchronized state. A similar behavior is observed for
α = 0.8 [Fig. 2(b)] and, at α & 0.8 there occurs an abrupt change: the stationary distances tend to a value far from
zero, indicating the convergence to a non-synchronized attractor.

While Fig. 2 presents only selected values of the effective range parameter α, in Fig. 3 we plot the dependence of
some moments of the distribution P(y) versus α. The average log-distance 〈y〉 actually displays a sharp transition
within the interval 0.8 . α . 0.9 [Fig. 3(a)]. The peaks of the distribution become sharper as α grows, as
indicated by the variance of the log-distances [Fig. 3(b)], except at the transition from a completely synchronized
to a non-synchronized behavior, where there is an increase of the peak width, which is due to the intermittent bursts
of non-synchronized behavior that are observed just before the transition, as will be discussed in the next section.
This anomalous behavior is confirmed by the skewness of the distribution [Fig. 3(c)], which grows at the transition
indicating the presence of more asymmetric log-distance peaks in the vicinity of the transition.

The synchronization in the CML can also be observed in the time evolution of the lattice average map amplitude
〈x〉n , as shown in Fig. 4. For very small α (global coupling) the average amplitude oscillates randomly, in the same
way as individual maps do [Fig. 4(a)]; while its variance (which, from Eq. (9), is related to the distance to the
synchronization manifold) is essentially zero, indicating that the CML has achieved a completely synchronized state
[Fig. 4(b)]. In the neighborhood of the transition to synchronized behavior, the oscillations of 〈x〉n have less amplitude
than before [Fig. 4(c)], the corresponding variance presenting an intermittent alternation between less synchronized
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Fig. 3. Moments of the distributions of the log-distance to the synchronization manifold for a CML (1) with N = 81 maps, ε = 1.0: (a) average;
(b) variance; (c) skewness versus the effective range parameter α.

Fig. 4. Time evolution of the (a) average, and (b) variance of the map amplitudes for a CML (1) with N = 81 maps, ε = 1.0, and α = 10−7. (c)
and (d), α = 1.0. (e) and (f), α = 2.0.

and more synchronized states [Fig. 4(d)]. For large α (local coupling) the oscillations of 〈x〉n have small amplitudes
[Fig. 4(e)], and the variance fluctuates around a non-zero value, indicating total absence of synchronized behavior
[Fig. 4(f)].

3.2. Lattice with random inputs

Now we consider a CML with the same number N of sites as before, but now with random inputs at the boundaries.
Fig. 5(a) and (b) display the distribution of the log-distance to the synchronized manifold for values of α small and
large, respectively. Irrespective of α being small or large, the log-distance peaks drift continuously with α, suggesting
the absence of a sharp transition to synchronized behavior.

This conclusion is reinforced by the inspection of Fig. 6(a), (b), and (c), where three moments of the distributions
of the log-distance to the synchronized state (average, variance, and skewness) are plotted versus the effective
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Fig. 5. Probability distribution of the log-distance to the synchronization manifold for a CML of the type (1) with N = 385, random inputs, and
M = 81 maps in the deterministic part, for which ε = 1.0 and (a) α = 10−13 (diamonds), 10−7 (squares), and 10−4 (circles). (b) α = 0.8
(diamonds), 1.0 (squares), and 5.0 (circles).

Fig. 6. Moments of the distributions of the log-distance to the synchronization manifold for a CML (1) with N = 385, random inputs, and M = 81
maps in the deterministic part, for which ε = 1.0. (a) Average; (b) variance; (c) skewness versus the effective range parameter α.

range parameter α, respectively. The transition from synchronized to non-synchronized behavior still exists but is
smoother than that in the previous case. This can be understood from a rather general point of view. Let us consider
first the strictly deterministic CML, where there is a well-defined synchronization manifold S. At the transition to
non-synchronized behavior, it follows that the manifold as a whole loses transversal stability with respect to S, which
means that an infinite number of unstable periodic orbits embedded in the chaotic attractor at S lose transversal
stability [16]. This is known as a blowout bifurcation and, besides a global bifurcation, differs from bifurcations of
single periodic orbits, in that a blowout bifurcation involves an infinite number of periodic orbits [17].

The intermittent switching between laminar intervals of almost synchronized states and bursts of non-synchronized
behavior can also be explained by the transverse stability properties of the synchronization manifold. As we diminish
the parameter α, it happens that some unstable periodic orbit embedded in S loses transversal stability, while S itself
remains transversely stable as a whole (i.e. the maximal transversal Lyapunov exponent is negative). This has been
called a bubbling transition [18]. Just after this transition, trajectories off but near S experience excursions away from
it due to the (relatively few) transversely unstable orbits, but are bounded to return to the vicinity of S due to the
(relatively many) transversely stable orbits. When such a trajectory is close to S we have the laminar states, whereas
the bursts are the excursions that it experiences, far from S [16].
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Fig. 7. (a) Negative log-distance to the synchronization manifold for a CML (1) with N = 385, random inputs, and M = 81 maps in the
deterministic part, for which ε = 1.0, α = 0.001. (b) Magnification of a small segment of the time series. The dashed line stands for the threshold
level below which we consider a more synchronized state.

Assuming that the sharp transition to non-synchronized behavior in the deterministic CML is mediated by a blowout
bifurcation occurring in the synchronization manifold S, we can appreciate the effect of random inputs that, as we
have seen, smoothes the transition. If we are in the vicinity of the blowout bifurcation, random inputs can drive us back
and forth the bifurcation point, making the distribution of log-distances to S to have a continuous variation rather than
a sharp one, as it would occur in the deterministic CML. This is confirmed by the absence of a peak of the variance of
the map amplitudes near the transition point [cf. Fig. 6(b)], which results from the intermittent bursting. We remark
that the variances were computed only from the deterministic sites, i.e. without considering the random inputs.

Since our system of coupled maps has random inputs it does not possess an invariant synchronization manifold.
However, we can still refer to more (less) synchronized states if the negative log-distance y is greater (less) than a
threshold ymin . We fixed this threshold in a rather arbitrary but reasonable way by considering a level placed one
standard deviation below the average value of the log-distances to the synchronization manifold. In Fig. 7(a) we plot
a time series of the log-distances for a lattice with random inputs, for ε = 1.0 and α close to zero. The overall effect
of the thermal bath is to shield the synchronization manifold at a distance around e−3

≈ 0.05, which is a rough
measure of the noise level produced by the thermal bath. Accordingly we computed the average of the distribution
(viz. 3.80251) and subtracted one standard deviation (0.551976) in order to put the threshold level at the location
marked as a dashed line in Fig. 7(b), which is a magnification of a part of the complete time series. Once a trajectory
falls above this threshold it is referred to as being a more synchronized one.

The more synchronized states are interrupted, in an intermittent way, by the less synchronized states, which can
be considered as bursts. The interburst interval, denoted as τi , varies with time in an irregular fashion, such that it is
useful to compute the average interburst duration 〈τ 〉 = (1/Nτ )

∑
i τi . In Fig. 8(a) we plot the latter as a function of

α. For large α, the interburst intervals are so short that we have essentially only those less synchronized states. As we
approach α . 0.5, it turns out that 〈τ 〉 goes to infinity, indicating a transition to a more synchronized state since the
interburst intervals become infinitely long. This value of α for a transition is considerably less than the value (between
0.8 and 0.9) obtained without random inputs. This difference is a consequence of the random perturbations back and
forth near the blowout bifurcation, which displace the transition to shorter values of α. Fig. 8(b) exhibits the variation
with varying ε, for a fixed α = 0.0. While the less synchronized states are dominant for weak coupling, the average
interburst interval increases with ε and we see again the divergence of 〈τ 〉 when ε & 0.46, indicating the existence of
a similar transition for a varying coupling strength.
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Fig. 8. Average interburst intervals for a CML (1) with N = 385, random inputs, and M = 81 maps in the deterministic part, as a function of (a)
α, for ε = 1.0; (b) ε, for α = 0.0.

Fig. 9. Probability distribution of the log-distance to the synchronization manifold for a CML of the type (1) with N = 385 maps, α = 0.0. (a)
ε = 0.600 (circles), 0.500 (squares), and 0.490 (diamonds). (b) ε = 0.469 (circles), 0.460 (squares), and 0.200 (diamonds).

4. Globally coupled small truncated lattices with random inputs

Now we compare CMLs with a large number of sites and small truncated CML with random inputs, in order to
assess the usefulness of the latter in studies involving the synchronization transition in the thermodynamical limit.
We shall restrict ourselves here to the globally coupled case (α = 0) and use the coupling strength ε as the tunable
parameter.

Figs. 9 and 10 show the probability distributions for the log-distance for various coupling strengths, for CMLs with
N = 385 and N = 81 with random inputs at the boundaries, respectively. Both lattices do not exhibit synchronized
states for weak coupling, since the corresponding distributions are concentrated around large values of y [Figs. 9(a)
and 10(a)]. As we approach a critical value of 0.5, however, the distributions become wider and their maxima drift
towards smaller values of d , indicating the proximity of the synchronization transition. The latter is more abrupt at
εc = 0.5 for the large CML [Fig. 9(b)], and becomes smoother for the small truncated CML [Fig. 10(b)].

The transition to the synchronized state for globally coupled chaotic maps at εc = 0.5 can be theoretically predicted
for a CML of piecewise linear maps f (x) = βx (mod 1), where x ∈ [0, 1] and β > 1 such that the resulting dynamics
are strongly chaotic (transitive); just like that in the logistic map at outer crisis f (x) = 4x(1 − x), such as those
used in this work. In fact, the tent map, which is closely related to the case β = 2, is topologically conjugate to the
logistic map at r = 4 [19]. For α = 0, the global mean-field coupling in a CML of βx maps leads to the following
(N − 1)-fold degenerate Lyapunov spectrum [5]

λ1(β) = ln β > 0, (11)
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Fig. 10. Probability distribution of the log-distance to the synchronization manifold for a CML of the type (1) with N = 385, random inputs, and
M = 81 maps in the deterministic part, for which α = 0.0. (a) ε = 0.500 (circles), 0.464 (diamonds), and 0.463 (squares). (b) ε = 0.460 (circles),
0.455 (diamonds), and 0.450 (squares).

λ j (β, ε) = ln

∣∣∣∣β [
1 − ε

(
1 +

1
N − 1

)]∣∣∣∣ , ( j = 2, 3, . . . N ),

provided ε < (N − 1)/N .
It may well happen that many exponents are positive, hence a quantity of interest is the lattice-averaged value of

the positive Lyapunov exponents, or the density of metric entropy [10]

h = 〈λi 〉i,λi >0 =
1
N

λi >0∑
i=1

λi . (12)

Hence, for ε ≥ εc the density of metric entropy is usually very small and goes to zero as N → ∞. For 0 < ε < εc,
all the exponents are positive, and the metric entropy density depends on ε as

h(α = 0) =
1
N

{
ln β + (N − 1) ln

[
β

(
1 − ε −

ε

N − 1

)]}
. (13)

For large N , the above expression goes to zero for

ε ≥ εc = 1 −
1
β

, (14)

which means that the CML has achieved the synchronized state. Since the synchronized attractor is one-dimensional,
the only positive Lyapunov exponent is λ1 = ln β, such that the density of metric entropy becomes h = λ1/N and
goes to zero as N becomes large. In the particular case β = 2, it follows that the CML exhibits a synchronized state
provided ε > εc = 1/2, in agreement with the result depicted in Fig. 9. The small truncated CML with random inputs,
on the other hand, does not present a sharp transition to a synchronized state, by the same reasons explained in the
previous section. As ε equals 0.5, the distances to the synchronized manifold tend to zero [Fig. 6(a)].

Another way to come to this result is to consider the Lyapunov dimension, which furnishes an estimate of the
information dimension of the system attractor embedded in the N -dimensional phase space of the CML. Let p be the
largest integer for which

∑p
j=1 λ j ≥ 0. Then D is defined by one of the following relations [20]

D =


0, if there is no such p

p +
1

|λp+1|

p∑
j=1

λ j , if p < N

N , if p = N

(15)
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Fig. 11. Cutoff of the probability distribution of the log-distances to the synchronization manifold. (a) CML without random inputs and N = 81
(circles) and with random inputs and N = 385, M = 81 (squares). (b) CML without random inputs and N = 385 (circles) and with random inputs
and N = 387, M = 385 (squares).

Fig. 12. Bifurcation diagrams for the distance to the synchronization manifold versus the coupling strength for α = 0 and (a) a CML without
random inputs and N = 385 sites; and (b) a CML with N = 385, random inputs and M = 81 sites in its deterministic part.

and we have that D = 1 if there is only one positive exponent λ1 such that p = 1, which means that the trajectory has
become asymptotic to the synchronized attractor.

The probability distributions of the log-distance to the synchronization manifold we have considered here have
unequal tails: the right tail is exponential but the left one exhibits a cutoff value C = min(yn), since the kicks at the
vicinity of the synchronization manifold act as a reflecting barrier for the near-synchronized trajectories. In order to
summarize the comparisons we have made, in Fig. 11 we plot the variation of the cutoff with the α parameter for both
regular and small truncated CMLs of different sizes. For both small and large N [Fig. 11(a) and (b), respectively] we
observe a sharp transition to the synchronized behavior for purely deterministic lattices; and which becomes smoother
as we consider small truncated lattices with random inputs. In the latter case the smoothing reveals an exponential
decay which does not depend on the lattice size, in such a way that we could use smaller lattices for characterizing
such a transition, provided they are coupled with the same thermal bath.

Another useful comparison between the CMLs with and without random inputs is provided by Fig. 12, where we
plot the bifurcation diagram of the distance to the synchronization manifold as a function of the coupling strength
ε, for the global case α = 0. In the CML with N = 385 sites [Fig. 12(a)] we clearly observe that, for ε > 0.5,
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Fig. 13. Bifurcation diagrams for the log-distances to the synchronization manifold versus the coupling strength for α = 0.5 and (a) a CML without
random inputs and N = 385 sites; and (b) a CML with N = 385, random inputs and M = 81 sites in its deterministic part.

the distance to the synchronization manifold is zero, in accordance with the theoretical estimate we have done for
a closely related class of chaotic maps. However, another outstanding feature appears here: for 0.4 . ε . 0.5 the
distance fluctuates in an apparently irregular fashion, the amplitude increasing with the parameter mismatch |ε − εc|.
Since these fluctuations achieve values of d near zero, we have here the intermittent transition to synchronization
scenario described in the previous section. It is apparent that, for ε < ε∗

≈ 0.4 these fluctuations cease to occur and
the CML never synchronizes.

We can thus conclude, on the basis of these results, that for a global coupling (α = 0) the bubbling transition,
i.e. the point where some periodic orbit embedded in the synchronization manifold first loses transversal stability,
occurs at εc ≈ 0.5 for decreasing ε-values. Which particular periodic orbit loses transversal stability is not clear
since there is a total of 384 transversal directions, hindering an analytical treatment. In simpler cases, however, the
bubbling transition has been studied with the help of low-dimensional maps, where the bifurcations responsible for
this were identified [21,22]. Moreover, for ε = ε∗

≈ 0.4 the intermittent bursts cease to exist (or, equivalently, the
interburst interval goes to zero as ε tends to ε∗ from below) and ε∗ actually signals the blowout bifurcation point,
where the synchronization manifold loses transversal stability as a whole. For CMLs where the local dynamics is
governed by piecewise linear maps some analytical results for the bubbling transition and blowout transitions are also
available [13].

We can observe in Fig. 12(b) the results for a small truncated CML of N = 81 sites and with random inputs at
its boundaries. The overall effect of the stochastic perturbation is to make the previous diagram a bit more fuzzy, and
pushing some critical points to the left, i.e. the bubbling transition and the blowout bifurcation continue to be observed
in this system, the difference with the original CML being that the parameter values for this to occur are somewhat
lowered to εc ≈ 0.45 and ε∗

≈ 0.35, respectively. This agrees with the heuristic argument used in the previous
section: the effect of the random perturbations is to push the system back and forth such that, if we are close enough
to a bifurcation or other critical point, the transition that we are studying occurs earlier than that it does in the absence
of those perturbations. This occurs both for the bubbling transition (a local bifurcation of an unstable orbit embedded
in the synchronization manifold) and the blowout bifurcation (a global bifurcation involving an infinite number of
unstable orbits).

We repeated this analysis for another value of the range parameter, α = 0.5, the results being depicted in Fig. 13. In
the original “large” CML [Fig. 13(a)], we observe the same general aspects of the synchronization behavior, but with
quantitatively different results. The bubbling transition and the blowout bifurcation occur at εc ≈ 0.75 and ε∗

≈ 0.45,
respectively. Both values are higher than those observed in the mean-field case, which is expected since we now
have a shorter effective range, which is closer to a local coupling, where there is more difficulty in synchronizing
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CMLs than in global couplings. This effect has been previously described in these and related lattices: in local
couplings the diffusion effect is usually not strong enough to overcome the chaotic instability of each map, such
that the CML does not synchronize; whereas global couplings favor synchronization due to the extended action of
diffusion [16,23]. The same case, but now with a small truncated CML [Fig. 13(b)] still has both transitions (although
the diagram is more blurry due to the noisy terms) but with a little change of critical ε-values with respect to the CML
without perturbations. This suggests that the effect of the random inputs is less pronounced as we approach local
couplings.

5. Conclusions

The original motivation of this work was to investigate the possibility of treating large CMLs by means of
smaller truncated versions, with random inputs at their boundaries to emulate the interactions with the distant
neighbors undergoing chaotic behavior. This resembles a thermal bath in the sense that we are replacing a number
of deterministic degrees of freedom by a stochastic source coupled to the remaining degrees of freedom. This idea
has been previously shown to furnish good results for local couplings [11]. In our paper we focused on non-local
couplings, where the interaction between sites decreases as a power-law with the lattice distance. The spatio-temporal
property we choose to examine was the transition to completely synchronized chaotic states as the coupling parameters
are varied. We have used in this work truncated lattices with N = 81 sites because our numerical investigations
indicated that nothing essentially different would happen if larger values of N were chosen. Our conclusion was that
such a small lattice with random inputs at its boundary would be enough to emulate a large deterministic lattice.

We have performed two basic tests: in the first one we kept the coupling strength fixed and varied the effective
range from low α, meaning global coupling, to large α, meaning local (nearest-neighbor) coupling. For regular lattices
we found a transition from a completely synchronized to a non-synchronized behavior at αc ≈ 1. This transition is
preceded by an intermediate regime characterized by the intermittent switching between regular synchronized intervals
and bursts of non-synchronized behavior. For small truncated lattices with random inputs at their boundaries the former
synchronized states no longer exist but there are highly coherent states which we refer to as more synchronized states
as compared to the less synchronized ones. In the latter case, a transition still exists among more and less synchronized
states, but the transition is no longer abrupt and exhibits an exponential decay due to the random perturbations added
to the CML.

In the second test we fixed the effective range parameter so as to have a globally coupled lattice, in which each
map interacts with the mean field of all other sites, and we varied the perturbation strength. The regular lattice also
presents in this case a transition to synchronized states, but the process is best known since there are analytical results
valid for closely related maps. The transition occurs in two stages as the coupling strength decreases: in the first stage,
named bubbling transition, some periodic orbit embedded in the synchronization manifold loses transversal stability,
the result being an intermittent switching between synchronized and non-synchronized states due to the existence of
unstable orbits with different numbers of unstable directions in the chaotic synchronized state, a phenomenon also
called unstable dimension variability [16].

The second stage is the complete loss of transverse stability of the synchronization manifold, which occurs for an
infinite number of unstable orbits and is also well-known as a global blowout bifurcation. The small truncated lattice
still presents this two-stage transition to a more synchronized behavior, but the critical values for both the bubbling and
blowout are lowered with respect to the corresponding regular lattices due to the anticipation caused by the presence
of random inputs in the vicinity of the bifurcation points.

Carretero and co-workers [11], on discussing CMLs similar to ours (with a different normalization, though) pointed
out that better results could be obtained with locally coupled lattices when compared with globally coupled ones.
They pointed out that a subtle collective behavior would emerge for local couplings, which would influence the
thermodynamical limit for the correlation decay. We claim that the collective behavior reported in Ref. [11] is the
complete synchronization of chaotic maps, which actually occurs for global couplings, and whose properties can be
studied also by small truncated lattices, as long as we take into account the impossibility of getting sharp transitions
due to the smearing effect of the random kicks. Nevertheless, the idea of using a thermal bath to replace a number of
chaotic sites has proved to be a useful one, for example when one needs to investigate the effect of large lattices.
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