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Abstract

Spatially extended dynamical systems may exhibit intermittent behavior in both spatial and temporal scales,

characterized by repeated conversions from spatially localized transient chaos into global laminar patterns. A simple

model, yet retaining some features of more complex systems, consists of a lattice of a class of tent maps with an escaping

region. The coupling prescription we adopt in this work considers the interaction of a site with all its neighbors, the

corresponding strength decaying with the lattice distance as a power-law. This makes possible to pass continuously from a

local (nearest-neighbor) to a global kind of coupling. We investigate statistical properties of both the chaotic transient

bursts and the periodic laminar states, with respect to the coupling parameters.

r 2006 Elsevier B.V. All rights reserved.
1. Introduction

Spatio-temporal intermittency is one of the most investigated phenomena in the realm of spatially extended
dynamical systems [1,2]. It is characterized by the coexistence of laminar regions, which exhibit regular
dynamics both in space and time, and spatially irregular bursts with temporal chaotic dynamics, being a
possible scenario for the transition to fully turbulent states [3]. Spatio-temporal intermittency has been
experimentally investigated in a wide variety of systems, like Rayleigh–Bénard convection [4], rotating
Taylor–Couette flows [5], and Taylor–Dean flows [6]. Numerical simulations of this phenomenon are greatly
simplified by the use of coupled map lattices, which are dynamical systems with discrete space and time, and
possessing a continuous state variable for each lattice site [7,8]. Spatio-temporal intermittency has also been
observed in lattices of coupled maps [9–17].

One of the most important questions raised on this study is how does one or more lattice sites, initially in a
laminar state, become part of a turbulent burst and vice versa. This can be referred to as a transition from
local transient chaos into global laminar states. A rough answer would be based on the effect of the coupling
with other sites on the local dynamics of a given map, what could drive the map from being chaotic to periodic
e front matter r 2006 Elsevier B.V. All rights reserved.
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and chaotic again, depending on the details of the map interaction with its neighbors. In order to give a more
precise meaning to this claim, Chaté and Manneville have introduced a piecewise linear map with two regions,
one chaotic tent map endowed with an escaping linear part [11].

Their model became a paradigm for the study of spatio-temporal intermittency, and received a lot of
attention in recent years. Many authors have studied the relation of the dynamics displayed by this model with
directed percolation [12–14], and the critical point for the onset of spatio-temporal intermittency, finding
power-law correlations indicating long-range spatial correlations. The structure and statistics of clusters for
this model have been also received attention [15]. A version of this model with asynchronous updating rule has
been also considered [16]. Other model in which the onset of spatio-temporal intermittency has been
investigated is a lattice of coupled circle maps [17].

While the above-mentioned results have shed light on the nature of the coupling effect on spatio-temporal
intermittency, they are limited to coupled map lattices with local (nearest-neighbor) interactions. Nonlocal
couplings, on the other hand, also take into account the effect of all lattice sites, like globally coupled map
lattices, where each site interacts with the ‘‘mean field’’ produced by all the others [18]. Nonlocal couplings
appear in neural network architectures with local production of information [19], and also result from
discretization of some partial integro-differential equations modeling physico-chemical reactions [20]. Further
applications of nonlocal couplings are in assemblies of biological cells with oscillatory activity, whose
interaction is mediated by some rapidly diffusing chemical substance [21], and in systems of diffusion coupling
in nucleation kinetics, with elimination of the rapidly diffusing components [22].

The need of considering nonlocal couplings can also be appreciated from the point of view of the transi-
tion to turbulence in spatially extended systems. Coupled map lattices with nonlocal interactions are
particularly interesting when the continuous system being studied (e.g., a fluid or plasma) is near a
supercritical bifurcation threshold, in that the coherence lengths may be too large to allow a description
using a nearest-neighbor coupling [11]. While the existence and properties of spatio-temporal inter-
mittency have been rather extensively demonstrated for locally coupled systems, there are some hitherto
unanswered questions with respect to non-local couplings. For example, is there a dependence of the global
laminar state properties on the effective range of the interaction? Are there effective ranges with one, more
than one, or no transitions between local transient chaos into global laminar states? Are the statisti-
cal properties of the intermittent turbulent bursts dependent on where this transition takes place in the
parameter space?

It is our aim in this paper to investigate such questions, using as a prototypical system a lattice of
Chaté–Manneville maps. We have used a form of nonlocal coupling where the strength decays with the
distance along the lattice in a power-law fashion. Such power-law coupling have been used in models of some
biological neural networks [23]. The power-law coupling to be considered in this paper presents an effective
range parameter, in such a way that we are able to pass continuously from a local to a global coupling scheme.
It was used for studies of chains of coupled kicked limit-cycle oscillators [24], coupled sine-circle map lattices
[25], and coupled van der Pol oscillators [26]. Purely temporal intermittency has been investigated in such
power-law couplings with respect to the dynamical behavior near the transition to completely synchronized
regimes [27].

Our numerical results show that there are different transition scenarios in the coupling parameter plane
(coupling strength versus coupling range). For globally coupled lattices, where the coupling between sites do
not depend on the distance between them, we have found that no spatio-temporal intermittency is observed.
As the effective range decreases, and the influence of the nearer sites becomes progressively more important,
we found different regimes of conversion of local transient chaos into global laminar states. For some of these
regimes scaling laws were found to be of a power-law nature with an exponential tail which disappears as we
approach the critical lines.

This paper is organized as follows: in the second section we present the map lattice with a power-law
coupling and present some of its spatio-temporal dynamical features, like spatio-temporal intermittency,
with respect to variations of the coupling parameters. Section 3 introduces numerical diagnostics
for characterizing the relevant dynamical systems. The fourth section covers some statistical properties of
the laminar regions, whereas Section 5 analyzes statistics of turbulent (bursting) regions. The last section
contains our conclusions.
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2. Map lattice with a power-law coupling

Spatio-temporal intermittency in spatially extended systems was first investigated in coupled lattices for
which the local dynamics is dictated by the following one-dimensional piecewise-linear map

x7!f ðxÞ ¼

rx if x 2 ½0; 1=2�;

rð1� xÞ if x 2 ½1=2; 1�;

x if x 2 ð1; r=2�

8><
>: (1)

with r42 [11]. It consists of a tent map (with slope r) for points within the unit interval plus a 45�-line for
x41, where all points are marginally stable fixed points (Fig. 1). The tent map for r41 has been long known
to be strongly chaotic (i.e., it presents transitivity) [28].

Since r42, there is a window I1=2ðdÞ from x ¼ 1=r to 1� 1=r and centered at x ¼ 1=2 such that, once a point
x enters into I1=2ðdÞ, its image under the map f ðxÞ lies in the x41 region. Once in this region, an orbit stays
there forever, and we can think of this interval as an escaping region, whose exit is provided by I1=2ðdÞ. Chaté
and Manneville have called the unit interval and x41 regions as turbulent and laminar ones, respectively. We
will refer to this map hereafter as the tent-escape map.

Were the map f ðxÞ to be left alone, any initial condition in the unit interval would generate a transiently
chaotic orbit, which eventually escapes out through the window and lands in the laminar region. If the maps
are coupled in a lattice, they are affected by their neighbors. In a first approximation, one can think of the
coupling as a random kick of finite amplitude applied to each map. If an orbit has settled down into a fixed
point belonging to the escaping region, this perturbation is able, at least in principle, to drive the system off the
escaping region and bring it back to the chaotic region governed by the tent map.

When this latter phenomenon occurs, there is an alternation between laminar and turbulent behavior as
time increases for one lattice site. On the other hand, the coupling spreads out this effect along the lattice, and
we may obtain spatio-temporal intermittency. In the words of Chaté and Manneville, we have a conversion of
local transient chaos into global sustained turbulence through spatial coupling [11].

The investigations of spatio-temporal intermittency have concentrated on locally coupled lattices, for which
each map only interacts with its nearest neighbors:

x
ðiÞ
nþ1 ¼ ð1� �Þf ðx

ðiÞ
n Þ þ

�

2
½f ðxðiþ1Þn Þ þ f ðxði�1Þn Þ�, (2)

where xðiÞn 2 ½0; 1� represents the state variable for the site i ði ¼ 1; 2; . . . ;NÞ at time n, � is a coupling constant,
and f ðxÞ is the local dynamics given by Eq. (1). In order to consider the effects of nonlocal couplings we
Fig. 1. Tent map with an escape region.
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introduce a coupling prescription for which the interaction strength decreases with the lattice distance in a
power-law fashion, and whose normalized form is given by [29,30,24]

x
ðiÞ
nþ1 ¼ ð1� �Þf ðx

ðiÞ
n Þ þ

�

ZðaÞ

XN 0
j¼1

1

ja
½f ðxðiþjÞ

n Þ þ f ðxði�jÞ
n Þ�, (3)

where a40 is a range parameter, and

ZðaÞ ¼ 2
XN 0
j¼1

1

ja
, (4)

is a normalization factor, with N 0 ¼ ðN � 1Þ=2, for N odd. We use randomly chosen initial conditions,
x
ðiÞ
0 2 ½0; 1Þ, and periodic boundary conditions, xðiÞn ¼ xði�NÞ

n .
This prescription, in the limit a!1, reduces to the local coupling (2); whereas, if a ¼ 0, it is such that

Z ¼ N � 1 and the map lattice becomes globally coupled

x
ðiÞ
nþ1 ¼ ð1� �Þf ðx

ðiÞ
n Þ þ

�

N � 1

XN

j¼1;jai

f ðxðjÞn Þ, (5)

where each map interacts with the mean value of all lattice sites, irrespective of their positions (‘‘mean-field’’
model). The power-law coupling given by Eq. (3) is an interpolating form between these limiting cases,
such that one can pass continuously from local (nearest-neighbor) to a global case just by varying one
parameter ðaÞ.

A convenient visualization of the spatio-temporal dynamics generated by the coupled map lattice (3) is a
space–time–amplitude diagram where black (white) pixels correspond to maps in a laminar (turbulent) regime.
Fig. 2 was obtained for a lattice of N ¼ 201 tent-escape maps with r ¼ 3:0 and a ¼ 5:0 (a local lattice with
nearly nearest-neighbor interactions), and increasing values of �. For strong coupling (� ¼ 0:500, Fig. 2(a)) we
find a typical spatio-temporal intermittency, because the black arrow-like regions (corresponding to laminar
states) repeat themselves in both space (vertical) and time (horizontal) axes.

As the coupling strength becomes weaker (Figs. 2(b) and (c)), the size of the laminar regions increases,
indicating that the turbulent bursts become less frequent in both spatial and temporal scales. As � approaches
a critical value � 0:366 (Fig. 2(d)) the laminar regions become predominant and the turbulent bursts
eventually cease, rendering a pure laminar lattice. The transition to this situation was investigated numerically
by many authors [10–14,16]. There is a universal character for this transition, but with a universality class
different from directed percolation.
3. Order parameter

One characterization of the lattice dynamics as a whole is provided by the order parameter m, defined as the
fraction of sites with variables in the chaotic interval ½0; 1�. If the order parameter approach zero, most lattice
sites are parked in the escaping region; whereas, as the lattice becomes more turbulent, we expect the order
parameter to increase towards unity. Since the order parameter in a lattice displaying spatio-temporal
intermittency also varies with time in an intermittent fashion, we consider its average over a given time
interval. Intermittent lattices would present, in average, an order parameter close (but not equal) to unity, in
which case we will refer to a mostly turbulent behavior.

Fig. 3(a) presents the order parameter for a lattice with N ¼ 201 sites with a power-law coupling given by
Eq. (3), computed from an average over 2000 iterations, discarding the first 4000 iterations, as a function of
the coupling parameters: strength ð�Þ and range ðaÞ. In this phase diagram, three regions may be distinguished:
the first is a plateau of very low m corresponding to a mostly laminar lattice, occurring generally for weak
coupling (low �), regardless of the effective range. For small a (global coupling) laminar regions are found for
most values of the coupling strength �. As a is increased, indicating an approach to local coupling schemes, this
laminar plateau is achieved only for smaller values of �. Another laminar plateau occurs for high values of a
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Fig. 2. Space–time diagrams for a coupled tent-escape map lattice of the form (3) with N ¼ 201, r ¼ 3:0, a ¼ 5:0, and � ¼ (a) 0:500, (b)
0:380, (c) 0:370, and (d) 0:3658. The labels i and n stand for space and time, respectively.
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and very strong coupling. This latter region is more clearly seen in Fig. 3(b), where a projection in the a–�
parameter plane is depicted, where black (white) regions refer to laminar (turbulent) behavior.

The second region in Fig. 3 is a plateau of values of m near unity, characterized as a mostly turbulent lattice,
presenting a large relative number of chaotic sites. This region has a relatively sharp transition with respect to
the laminar one, as shown in the projection (Fig. 3(b)). For large a, corresponding to the locally coupled
lattices previously studied [14,11], this turbulent plateau corresponds to the interval EI ¼ 0:3646oEo
EII ¼ 0:9360. This transition to a laminar regime for E approaching EI has been illustrated by Figs. 2(a)–(d).
There is yet a third region of higher values of the order parameter, indicating turbulent behavior, for not-so-
small � and virtually any range.

Instead of the order parameter m, which measures the relative number of lattice sites in the laminar regime,
one can also consider the time T during which the lattice stays in the turbulent regime. Hence large values of T

are related to small values of m and vice versa. On the other hand, we have introduced a maximum time TMAX

above which the lattice is expected to stay mostly in the turbulent regime, which is related to values of the
order parameter near 1. Either m or T quantities reveal the same kind of transitions, whose gross features seem
not to change appreciably when we vary the system size N, as can be seen in Fig. 4(a), where the turbulent time
T is plotted as a function of the range parameter a for a different number of lattice sites and a fixed coupling
strength, taking TMAX ¼ 104. It actually corresponds to a cross-section of Fig. 2(a) for � ¼ 0:6. The reported
transition is observed for N varying over three decades, the critical a having only a slight increase. Fig. 4(b)
exhibits a cross-section at a ¼ 5:0, showing that the transitions, especially that occurring for lower �, are not
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Fig. 3. (a) Order parameter for a lattice with power-law coupling according to Eq. (3), and (b) projection in the a–� parameter plane. Black

(white) regions refer to laminar (turbulent) behavior.
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strongly affected by different lattice sites. On the other hand, the already mentioned third region of turbulent
behavior seen in Fig. 3 is shown here to occur basically for large N, and thus cannot be considered as a finite-
size effect. The properties of this region are much harder to identify, however, for there is no sharp critical line
for the transition from mostly laminar to turbulent behavior.

4. Statistics of laminar regions

The tent part of the map f ðxÞ leads to the escaping of orbits going into the interval I1=2ðdÞ centered at
x ¼ 1=2 and with width 2d ¼ 1� ð2=rÞ. Once entering this interval, the orbits are parked in the laminar region
½1; r=2� and would stay there forever, but not for the coupling effect that can bring them back to the tent
interval ½0; 1�. In which point of the escape interval ½1; r=2� will the orbit settle down depends on the initial
condition chosen in the ½0; 1� interval. Choosing randomly 1; 000 initial conditions uniformly distributed, we
examine in Fig. 5 the histogram of the global fixed point p, or the point in the escaping region to which the
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orbits will settle down after a long time. We considered a local lattice a ¼ 5:0 and increasing values of �
(Figs. 5(a)–(c)).

Weakly coupled lattices (� ¼ 0:01, Fig. 5(a)) present a nearly Gaussian distribution of fixed points centered
at hpi � 1:25, which is the middle point of the escaping interval for r ¼ 3:0. Actually, since the maps are
weakly coupled, the escape tends to occur according to the individual uniform invariant density in the tent
interval. As � increases (Figs. 5(b) and (c)), the distribution as whole drifts toward x ¼ 1, as shown by
Fig. 6(a), where the average global fixed point (roughly the center of the distribution) is plotted against �.
The width of the distribution, on the other hand, does not vary much (Fig. 6(b)).

In Fig. 5 we have chosen values of the coupling parameters � and a in the major laminar plateau of Fig. 2.
However, similar distributions are also to be found in the smaller laminar plateau (more easily seen in
Fig. 2(b)), as can be observed in Fig. 7 for values of � close to 1:0, chosen rather arbitrarily to be the maxi-
mum coupling strength. In this case the average global fixed point (� 1:1) turns out to be lower than any
other value observed for small � (see Fig. 6(c)). However, the distribution width is only slightly less in this case
(see Fig. 6(d)).

The distributions of the global fixed point are drastically changed for laminar regions of a globally coupled
lattice ða ¼ 0Þ. While for weak coupling there is little difference with the local case (� ¼ 0:01, see Fig. 8(a)), for
higher � the distributions drift towards unity (Fig. 8(b)) and broadens up considerably (Figs. 8(c) and (d)).

In the global lattice, it is curious to note that the average global fixed point tends, for � close to unity, to the
same value it would take on (namely 1.25) for weak or no coupling at all (Fig. 9(a)). On the other hand, the
variance of the distribution increases very much for � going from moderate to strong coupling, in such a way
that the distribution becomes nearly uniform for � ¼ 1 (Fig. 9(b)).

5. Statistics of turbulent regions

So far we have focused on the laminar regions of the phase diagram depicted in Fig. 2. Next we analyze
the spatio-temporal intermittent behavior displayed in the turbulent regions of the phase diagram, for which



ARTICLE IN PRESS

0

0.2

0.4

0.6

0.8

1

P(
p)

0

0.2

0.4

0.6

0.8

1
P(

p)

1 1.1 1.2 1.3 1.4 1.5

p

0

0.2

0.4

0.6

0.8

1

P(
p)

(a)

(b)

(c)

Fig. 7. Histograms of the global fixed point for a lattice of 201 coupled tent-escape maps with r ¼ 3:0, a ¼ 5:0, and � ¼ (a) 0:935, (b) 0:970,
and (c) 1:00.

0

0.2

0.4

0.6

0.8

1

P(
p)

1 1.1 1.2 1.3 1.4 1.5

p

0

0.2

0.4

0.6

0.8

1

P(
p)

1 1.1 1.2 1.3 1.4 1.5

p

(a) (b)

(d)(c)

Fig. 8. Histograms of the global fixed point for a lattice of 201 coupled tent-escape maps with r ¼ 3:0, a ¼ 0:0, and � ¼ (a) 0:01, (b) 0:35,
(c) 0:60, and (d) 1:00.

D.B. Vasconcelos et al. / Physica A 367 (2006) 158–172166



ARTICLE IN PRESS

0 0.2 0.4 0.6 0.8 1
1

1.1

1.2

1.3

1.4

1.5

<
p

>

0 0.2 0.4 0.6 0.8 1
ε

0

0.05

0.1

0.15

0.2

δx

(a)

(b)

(b)

Fig. 9. (a) Average global fixed point, and (b) variance of its distribution for a lattice of 201 coupled tent-escape maps with r ¼ 3:0,
a ¼ 0:0, and various values of �.

1 10 100 1000
1e-06

0.0001

0.01

1

P(
τ)

P(
τ)

P(
τ)

20 40 6010-6.0

10-4.0

10-2.0

0 10 15 20 25 30
1e-06

0.0001

0.01

1

1 10 100 1000

τ

1e-06

0.0001

0.01

1

20 40 60 8010-6.0

10-4.0

(a)

(b)

(c)

5

Fig. 10. Probability distribution of laminar regions of a given time duration t, for a lattice of 2001 coupled tent-escape maps with r ¼ 3:0,
a ¼ 5:0, and (a) � ¼ 0:400 (squares), 0:370 (triangles), and 0:365 (diamonds), (b) � ¼ 0:500, and (c) � ¼ 0:800 (squares), 0:900 (triangles),

and 0:930 (diamonds). The insets in (a) and (c) are magnifications of large t regions to evidence the exponential tails.

D.B. Vasconcelos et al. / Physica A 367 (2006) 158–172 167



ARTICLE IN PRESS
D.B. Vasconcelos et al. / Physica A 367 (2006) 158–172168
there are finite laminar intervals interrupted by intermittent bursts of irregular and chaotic behavior. The
laminar ‘‘lengths’’ are the inter-burst intervals, and they vary many orders of magnitude in both space and
time scales.

Fig. 10 shows the probability distribution of the laminar time intervals, obtained by taking a fixed site (or a
given number of sites, since we expect that the statistical properties are independent from where the site is
chosen in the lattice) and counting the number of laminar intervals with a given time length t. We have chosen
three regions of �-values in the coupling parameter space: (i) region I, for local couplings (large a) and � near
the critical value �I � 0:3646, below which the order parameter increases suddenly to a laminar phase (cf. Fig.
10(a)), (ii) region II for local couplings and � near the second critical value �II � 0:9360, above which there is
another laminar phase (cf. Fig. 10(c)), and (iii) region III for which there is mainly spatio-temporal turbulence
(cf. Fig. 10(b)).

In all of these three regions, it turns out that there are far more small intervals than large ones, and we
observe qualitatively similar distributions for different coupling strengths �. For regions I and II the laminar
intervals display two scalings, depending on the values of t. For small t we get a power-law scaling PðtÞ�t�m;
whereas there is an exponential scaling PðtÞ� expð�ktÞ for higher t. These exponential tails are shown in the
insets of Figs. 10(a) and (c), and represent magnification of the corresponding large-t regions (in semilog
plots).

There is a crossover interval t̄ for which this distribution changes, and this crossover time increases as �
approaches either one of its critical values �I and �II, where the scaling becomes purely of a power-law type,
with exponents m ¼ 2:20� 0:01 (Fig. 10(a)) and 2:10� 0:01 (Fig. 10(c)), respectively. On the other hand, in the
core of the turbulent region, the scaling is practically exponential, with k ¼ 0:550� 0:004 (Fig. 10(b)).

On the basis of the above observations, the most characteristic feature of the laminar (inter-burst) intervals
is an exponential scaling but, as we approach the transition to a laminar phase, the scaling acquires a power-
law nature which dominates the behavior as we are close to the transition line in the phase diagram. This two-
scale distribution is typical of many types of intermittent behavior with a noise term added to the deterministic
dynamical equations. In the well-known case of on–off intermittency, for example, it turns out that the
exponent of the power-law part of the scaling is m ¼ 3=2 (not far from the value we have observed in our
case), and the crossover time is related to the noise level added to the dynamical equations near the bifurcation
point [31].

Now we make a snapshot of the lattice, fixing a given time n, and consider the distribution of the spatial
length ‘ of the laminar regions, as shown in Fig. 11. The same three regions were picked out to guide our
analysis. Regions I and II do present a qualitative similarity with inter-burst duration statistics, since we have
distributions which scales as a power-law Pð‘Þ�‘�b for short laminar regions, and as a decreasing exponential
Pð‘Þ� expð�k‘Þ for long laminar regions of length ‘. Just like in the previous case, the exponential tails are
shown in the semilog plots in the insets of Figs. 11(a) and (c). The crossover length which separates the two
scaling regimes increase as � approaches the respective critical lines in the parameter plane. The exponents
for the power-law part of the critical scalings are b ¼ 2:06� 0:01 for region I (Fig. 11(a)) and 1:88� 0:01
(Fig. 11(c)). Region III also exhibits a purely exponential scaling with exponent k ¼ 0:35� 0:003.

Although the turbulent phase we have characterized by Region III has a mixed power-law and exponential
nature, the average duration hti of the laminar (inter-burst) intervals varies smoothly as we go from Region I
to II, as depicted by Fig. 12(a), where we plotted hti in terms of � in Region III. Observe that, as we approach
�I or �II, the average laminar interval goes to infinity, as it should be since we are approaching the laminar
region in the phase diagram. In between these limits, the average duration decreases to a minimum of 2 sites
(an already expected result since this is the minimum length of a plateau by definition). It is interesting to note
that the approach to region I is steeper than for region II, indicating a more fast approach to criticality.

The same behavior is reflected when counting the number of plateaus (regardless of their duration)
(Fig. 12(b)): for � near its critical values this number goes to unity, indicating that a purely laminar phase has
been reached. In fact, the entire lattice, or at least parts of it, becomes a unique plateau. Values of � between
these limits yield patterns whose laminar intervals are very small and numerous, reaching a maximum number
of about 7; 000 plateaus. This different behavior of hti and Nt, as we go from Region II to regions I and III, is
not easily observed in the probability distributions of Figs. 10 and 11, but is conspicuous in the behavior of the
spatial correlation function, as we shall see below.
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Fig. 12. (a) Average laminar interval duration, and (b) number of laminar intervals, as a function of � for the spatio-temporal

intermittency region in the phase diagram. We considered a lattice of 201 coupled tent-escape maps with r ¼ 3:0 and a ¼ 5:0.
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Fig. 11. Probability distribution of laminar regions of a given spatial length ‘, for a lattice of 2001 coupled tent-escape maps with r ¼ 3:0,
a ¼ 5:0, and (a) � ¼ 0:400 (squares), 0:370 (triangles), and 0:365 (crosses), (b) � ¼ 0:500, and (c) � ¼ 0:900 (squares), 0:912 (triangles), and

0:930 (diamonds). The insets in (a) and (c) are magnifications of large t regions to evidence the exponential tails.
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One of the motivation of the previous studies was to investigate the nature of the transition between a
mostly laminar and a mostly turbulent regime for the coupled lattice. A useful diagnostic for identifying the
nature and universality class (if any) of this transition is the computation of a suitable correlation function. It
also serves as a practical diagnostic of spatio-temporal chaos, the latter being identified when there is: (i) decay
of time correlations, and (ii) decay of spatial correlations over the lattice.

Let us consider, for a fixed time n, the average value of the map amplitudes over the entire lattice:
hxin ¼ ð1=NÞ

PN
i¼1 xðiÞn . The corresponding deviations from this average are x̂ðiÞn ¼ xðiÞn � hxin. The spatial corre-

lation function is defined, for a fixed time n, as

enð‘Þ �

1

N

XN

i¼1
x̂ðiÞn x̂ðiþ‘Þn

1

N

XN

i¼1
ðx̂ðiÞn Þ

2
, (6)

for increasing spatial displacements ‘ ¼ 1; 2; . . . (notice that, due to the periodic boundary conditions assu-
med, the spatial displacement is measured along a ring-shaped chain).

The scaling behavior of the spatial correlation function in the case of a local coupling is depicted in Fig. 13
in the region I near the critical transition to laminar behavior. In the vicinity of this transition the correlation
decreases very fast and saturates at a small yet nonzero value, representing the influence of the laminar
intervals characteristic of spatio-temporal intermittency. As the coupling strength � approaches the critical
value �I � 0:3646, the correlation decays as a power-law with exponentially decreasing ‘‘fat’’ tails

eð‘Þ�‘�g exp �
‘

xð�Þ

� �
, (7)

where the exponent of the power-law is g ¼ 0:286, and x is the correlation length.
This correlation length is responsible for the shoulders observed in Fig. 13 as � departs from its critical

value. In the vicinity of �I, the correlation length is expected to scale in a power-law fashion with the difference
between � and its critical value [32]. For example, if � decreases from 0:3647 to 0:3646 (the two first curves of
Fig. 13) the correlation length increases from 91 to 217, pushing the shoulders to higher ‘ values. In fact, we
see that, as �! �I the correlation length goes to infinity, and the exponential tails disappears, yielding the pure
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Fig. 13. Decay of the spatial correlation function with lattice distance for a lattice of 201 coupled tent-escape maps with r ¼ 3:0, a ¼ 5:0,
and different values of � in Region I (see text).
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power-law decay observed in Fig. 13 for � � �I. This latter fact has been already noted by Houlrik and Jensen
[14].

The same conclusion holds when we explore region II, in the vicinity of the second critical transition in the
phase diagram. As shown by Fig. 14, the spatial correlation function decay approaches a power-law scaling
Eð‘Þ�‘�n as � approaches the critical value �II ¼ 0:936, where the exponent is n ¼ 0:671. For � in the vicinity of
�II we observe again the presence of exponential tails, as in the previous case.

6. Conclusions

The dynamical system treated in this paper, namely a coupled map lattice with nonlocal interactions with
power-law lattice dependence, makes it possible to investigate the influence of the effective coupling range on
the spatio-temporal features displayed by a more realistic system, like a partial differential equation describing
a fluid, for example. The use of a tent-escape map is a way to put into evidence more clearly the possibility of
intermittent transitions between turbulent and laminar states. Other maps, like the logistic one, may also
present this behavior, but it has been observed only in restricted regions of the parameter space [33]; whereas
our choice permits us to observe transitions from local transient chaos to global laminar states in a fairly wide
range of parameters.

With help of a suitably defined order parameter, we were able to characterize, in the coupling parameter
plane (strength versus range) the regions for which the lattice presents spatio-temporal intermittency, in the
sense just mentioned. The statistical properties of the laminar regions are basically related to the average
global fixed point which exists in the absence of spatio-temporal intermittency. As for the turbulent regions,
where there is intermittent conversion from transient chaos to laminar states, we have found two critical
curves in the coupling parameter plane.

The statistical properties of the laminar regions in these turbulent regimes reveals a power-law dependence
with fat exponential tails, due to the correlation length of the system, which is a property closely related to the
variable range. This correlation length goes to infinity as we approach the critical curves in the coupling para-
meter plane, yielding a pure power-law dependence, in full accordance with previous numerical investigations
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on a locally coupled version of our lattice. The main conclusion we can draw on the numerical results
presented in this paper is that the statistical properties of spatio-temporal turbulence are altered depending on
the effective range of the coupling interactions. The authors hope that this could stimulate further research on
experimental scenarios which can allow for nonlocal interactions, e.g. in neuron networks describing the
behavior of certain areas of the brain cortex [23].
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