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Abstract
We consider the synchronization properties of a one-dimensional chain of coupled van der Pol
oscillators. The uncoupled oscillators have an attracting limit-cycle with a given normal mode
frequency. We introduce a given level of randomness in the normal mode distribution of the oscillators and study the conditions under which the chain synchronizes. The coupling depends on the
distance along the lattice in a power-law fashion. There is a frequency synchronization transition
as we pass continuously from a global to a local coupling. We observe phase and lag synchroc 2002 Published by Elsevier Science B.V.
nization transition for other coupling regimes. 
PACS: 05.45.Xt

1. Introduction
Lattices of coupled oscillators are useful models of spatially extended systems, in
which the local dynamics may be extremely rich, from a single steady state to a fully
chaotic behavior [1]. The interplay between spatial and temporal degrees of freedom,
due to the coupling between the oscillators, is responsible for non-trivial collective
phenomena, like domain formation, traveling waves, defect propagation and so on
[2]. One of the most intensively studied of them is the synchronization of coupled
oscillators. In the past decade a large number of works dealt with the plethora of
synchronization phenomena that have been described in coupled nonlinear systems
such as amplitude, phase, frequency, lag, and generalized synchronization [3].
Frequency synchronization is a natural approach to this subject, since in many oscillating systems we are interested in states for which the temporal rates of change of the
∗
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phases are equal, rather than the phases themselves. This is the case of physical and
biological clocks, where the synchronization of their characteristic rhythms is related
to the interaction between the clocks and their environment [4]. Limit-cycle oscillators have been extensively used as models of physical and biological clocks, and their
synchronization properties have applications in a great variety of natural phenomena,
like the Bashing behavior of Asian =reBies [5], Josephson junction arrays [6], circadian
rhythms, and heartbeat generation [7].
The idea of studying the heartbeat using coupled limit-cycle oscillators dates back
from the pioneering works of van der Pol and van der Mark [8]. The underlying
principle is that the cardiac rhythms are generated by self-excitatory and subsidiary
pacemakers, which are specialized cells that must act in a synchronized way in order
to produce coherent behavior [9]. The sinoatrial (SA) and atrioventricular (AV) nodes
are such pacemakers, which can be modeled by coupled driven van der Pol (vdP)
oscillators [10]. This approach has been used to explain many heartbeat phenomena
of interest in clinical practice such as the Wenckebach periodicity, extrasystoles, and
pseudo-blocks [11]. In this case, the SA node is regarded as the primary pacemaker and
is the primary stimulus for the coupled oscillator system. A description that combines
coupled vdP oscillators with nerve pulse equations was proposed to relate the SA and
AV nodes with the structures that transmit pulses to the myocardium [12].
It is possible to study frequency synchronization in systems of coupled vdP oscillators
even when their dynamics are chaotic, by de=ning a suitable phase for each of them
and considering as a synchronized state the situation in which the temporal rates of
phase changes are equal. If the interacting oscillators are in a periodic regime this is
also known as mode-locking. If we let the oscillators to be non-identical, for example
due to a parameter mismatch which aEects the natural frequency of each uncoupled
oscillator, it is possible to have synchronization if the coupling eEect overcomes this
frozen disorder in the system. This is the case of non-local couplings, which consider
not only the nearest neighbors of a given oscillator but also other lattice sites.
Non-local oscillator couplings appear in models of assemblies of biological cells
with oscillatory activity, when their interactions are mediated by some rapidly diffusing chemical substance [13]. This type of coupling is also possible in certain
biological neural networks [14]. Two types of non-local couplings including some
eEective range have been analyzed: (i) intermediate range couplings, considering a
=nite number of non-nearest neighbors, usually with the same weight [15]; and
(ii) in0nite range, as power-law couplings, in which the interaction strength decays
with the lattice distance in a power-law fashion. Intermediate-range couplings have
been studied, mainly in the thermodynamic limit [16], whereas power-law couplings
have received comparatively less attention. We shall also mention small-world networks that have, besides the regular couplings with nearest and non-nearest neighbors,
also a small number of randomly chosen non-local connections [17]. The properties of
such networks are the object of an intense investigation, including their synchronization
behavior [18].
Synchronization in assemblies of locally coupled limit-cycle oscillators has received
a great deal of attention in the last years [19,20]. The case of two coupled and randomly
driven vdP oscillators was considered by Jensen [21], who has studied the conditions
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under which the oscillators synchronize. It was also observed that a chain of locally
coupled vdP oscillators can exhibit phase synchronization, and that is possible to control
this eEect by means of periodic forcing [22]. A prototypic limit-cycle oscillator chain
is the Kuramoto model [23], consisting of linear oscillators with a sinusoidal coupling
[24]. A non-local version of this model with a coupling strength decaying with the
lattice distance in a power-law fashion was considered by Rogers and Wille [25], who
studied the frequency synchronization properties of the chain as the eEective coupling
range was varied.
In this paper, we shall consider a lattice of vdP oscillators with such a coupling
prescription, that has also been studied in coupled circle map lattices [26,27]. For
a lattice of piecewise linear maps with this coupling, the Lyapunov spectrum was
analyzed in terms of the coupling strength and range, as well as the corresponding
eEects on the amplitude and phase synchronization of maps [28].
If the coupled oscillators were identical, their synchronized state would be a highdimensional attractor with a large basin of attraction. However, this scenario changes
if the oscillators are non-identical due to small diEerences in their parameters. This
is a situation to be expected in physical and biological applications of coupled oscillators [2]. In arrays of coupled Josephson junctions, for example, the Buctuations in
the microscopic parameters lead to non-uniformity of the chain [29]. Likewise, in the
heartbeat the synchronization of the pacemakers should overcome possible small structural diEerences in the self-oscillating cells [9]. Nevertheless, the parameter variations
for the coupled oscillators have to be chosen in such a way not to alter their basic
dynamics.
The normal modes (or natural frequencies) of each oscillator are taken to be nonidentical and randomly distributed within a speci=ed interval. The interval bounds are
speci=ed so as to always give an attracting limit cycle encircling the origin of the state
space, such that a geometrical phase can be de=ned at every instant for the system. The
rate of change of this phase will be identi=ed as the oscillator frequency, and we investigate the phase and frequency synchronization in the chain. We analyze the eEects of
coupling strength and range, as well as the inBuence of the lattice size. Phase synchronization can occur, as evidenced by the numerical computation of an order parameter,
and some relations between phase, frequency, lag, and amplitude synchronization are
discussed.
This work is organized as follows: in Section 2 we introduce the coupled vdP
oscillator chain to be studied. Section 3 introduces some diagnostics of frequency synchronization, and discusses the transition between synchronized and non-synchronized
states with respect to variations in the coupling parameters. Section 4 deals with phase
synchronization in the lattice by using an order parameter. The last section contains
our conclusions.
2. Coupled van der Pol oscillators
We shall consider a one-dimensional lattice of vdP oscillators, in which each site
has a continuous state variable x(i) (t) ∈ R, where i = 1; 2; : : : ; N . The time evolution of
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Fig. 1. Phase portrait of an uncoupled vdP oscillator with a = 2:8, b = 1:0, and
phase is de=ned for the system.

= 1:0, showing how the

this variable for each oscillator is governed by the diEerential equations [12]
(i)
d 2 x(i)
(i)2
2 dx
+
+
a(x
−
b
)
dt
dt 2

(i) (i)

x

=0;

(1)

where a ¿ 0 and b ¿ 0 are constant parameters, and (i) are normal mode frequencies
which have values within the interval [0; 1]. In Fig. 1, we depict a phase portrait for
a single vdP oscillator obtained for the following set of values: a = 2:8; b = 1:0, and
= 1:0. The attractor for these parameter values is a stable limit cycle encircling the
origin (x; ẋ) = (0; 0), in such a way that we can parameterize the dynamics along the
limit cycle by means of a geometrical phase (i) ∈ [0; 2 ) de=ned as
tan

(i)

(t) =

ẋ(i) (t)
;
x(i) (t)

(2)

provided x(i) = 0 and the origin (that is an unstable =xed point) belongs to the region
internal to the limit cycle. In the following, we will =x the values of the parameters a
and b and vary the normal mode frequency . For all chosen values of
within the
[0; 1] interval we are able to de=ne the geometrical phase for the uncoupled oscillators.
The coupling prescription we use in this work includes not only the nearest neighbors of a given oscillator, but all other lattice sites. However, the strength of these
non-local interactions depend on the lattice distance in a power-law fashion. The coupled oscillator chain is described by [25]
2

xL (i) + a(x(i) − b2 )ẋ(i) +
N

K 
=
()
j=1



1
j



(i) (i)

x

[sin(x(i−j) − x(i) ) + sin(x(i+j) − x(i) )]

(3)
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for i = 1; 2; : : : ; N , where N  = (N − 1)=2, for N odd, and


N

1
() = 2
j

(4)

j=1

is a normalization factor. K ¿ 0 is the coupling strength and  ¿ 0 is a real parameter
expressing the eEective range of the interaction between sites. We assume periodic
boundary conditions for the lattice, such that we have x(i±N ) (t) = x(i) (t) for all times.
The right-hand side of Eq. (3) is a weighted average of terms involving non-nearest
neighbors, the normalization factor being the sum of the corresponding statistical
weights. For  = 0 there results  = N − 1, and we may rewrite the summation in
the coupling term of (3) in such a way that we obtain a global type of coupling
N

2
K
xL (i) + a(x(i) − b2 )ẋ(i) + (i) x(i) =
sin(x( j) − x(i) ) ;
(5)
N −1
j=1; j=i

in which each site interacts with the “mean =eld” caused by the collective inBuence of
the oscillator assembly. In the limit  → ∞ only the terms with j = 1 survive in the
summations, hence  → 2, and just the nearest neighbors contribute to the interactions,
resulting in the local coupling
2
K
xL (i) + a(x(i) − b2 )ẋ(i) + (i) x(i) = [sin(x(i−1) − x(i) ) + sin(x(i+1) − x(i) )]
(6)
2
used in the Kuramoto model [23]. Hence, the power-law coupling (3) is a form of
interpolation between these two limiting cases. We will call the coupling forms with
 = 0 (long range) and large  (short range) as global and local ones, respectively.
Further properties of the coupling term in Eq. (3) for arbitrary  may be found in
Ref. [26].
3. Frequency synchronization
As we shall address in this paper the frequency synchronization properties of a
limit-cycle oscillator chain, we de=ne a perturbed frequency as a mean rate of temporal
change of the phase de=ned by Eq. (2), or
(i)
(t + T ) − (i) (T )
w(i) = lim
(i = 1; 2; : : : ; N )
(7)
t→∞
t
and T is chosen such that transients have decayed. This frequency is the continuous-time
analog of the winding number for unidimensional circle maps. Two or more oscillators are said to be frequency synchronized if their frequencies are, up to a speci=ed
tolerance equal to 10−5 in our case. If the oscillators are synchronized in frequency
this does not mean necessarily that their phases are equal (phase synchronization),
the same observation being valid for the state variables x and ẋ themselves (amplitude
synchronization). However, phase synchronization do imply frequency synchronization,
as can be seen from Eq. (7).
If we couple identical vdP oscillators in the absence of noise, the frequencysynchronized state is achieved after a number of transient cycles, since even if each
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oscillator starts from a diEerent initial condition it will end up at a stationary state
with the same frequency, even though the phases may not be equal at each instant.
Hence, in order to see the emergence of interesting collective behavior we have to couple non-identical oscillators. This can be achieved by giving a diEerent normal mode
frequency (i) ∈ [0; 1] to each oscillator, randomly chosen according to a Gaussian distribution centered at 0 = 1=2. Once these natural modes are set up in the beginning
of numerical simulations, they remain constant.
Considering the time evolution of the phase (2), after an oscillator settles down into a
limit cycle, we may gain some insight into the phase dynamics by considering a lattice
of coupled sine-circle maps: → f( ) = ! + +  sin(2 ), where 0 6 ¡ 1 is a
normalized angle, ! ∈ [0; 1], and  ¿ 0. In this case, a lattice of non-identical maps may
be realized by randomly distributing the natural frequencies ! over their range. In the
absence of coupling and for zero nonlinearity ( = 0), each map is just a rigid rotation
and its winding number is equal to the natural frequency !. Weak nonlinearity ( ¡ 1)
causes the appearance of entrainment (mode-locking) and quasiperiodic behavior. The
mode-locking regions are sequences of Arnold tongues in the parameter ( versus !)
space corresponding to rational winding numbers m=n [30]. The coupling between maps
is equivalent to a Buctuating term added to each map, and may cause the map orbits
to exit some Arnold tongue and either entering another one or settling down into a
quasiperiodic region, for example. This makes possible for a number of maps to lock
their frequencies at a common value and form synchronized clusters.
Likewise, for the chain of continuous-time vdP oscillators in Eq. (3), if we consider
the uncoupled (K = 0) and linear (a = 0) systems we have a phase evolution given by
(i)
(t) = (i) (0) + (i) t. In this case, the frequencies are equal to the normal modes:
(i)
w = (i) , yielding periodic (harmonic) or quasiperiodic response if (i) is rational or
irrational, respectively. For a = 0, the system typically exhibits a limit cycle (as that
of Fig. 1) and the frequencies are no longer equal to the normal modes [31]. The
coupling between oscillators adds to each of them a time-variable kick that alters their
frequencies in a way qualitatively similar to that described above for circle maps.
The process of synchronization, or mode-locking between the coupled non-identical
oscillators can be regarded as the adjustment of their frequencies as a result of the
interaction. This results from the fact that the Lyapunov exponent of each oscillator is
zero in the direction of the Bow [30], i.e., the phase dynamics on the limit cycle has
marginal stability against perturbations in the same direction of the Bow. This allows
for small adjustments of the oscillator phases due to the external driving caused by the
coupling interactions, even when the amplitudes are behaving chaotically, a fact that
has been extensively studied in systems like RLossler oscillators [32,33].
We shall assess the eEect of coupling on the synchronization properties of a chain
of vdP oscillators with a power-law coupling given by Eq. (3), with random initial
conditions (x(i) (0); ẋ(i) (0)) and periodic boundary conditions. The coupled ordinary differential equations are numerically solved by using a 12th order Adams method (from
the LSODA package [34]), and at each time we compute the corresponding phase
(i)
(t), from which the frequencies w(i) are evaluated using (7). Fig. 2, where the
coupling strength was kept constant, displays the perturbed frequencies for the lattice
sites at a =xed time, after transients have died out. We present three representative
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Fig. 2. Frequency pro=le for a lattice of N = 101 coupled vdP oscillators with a = 2:8, b = 1:0, K = 3:0,
random initial conditions, periodic boundary conditions, normal mode frequencies randomly distributed over
the interval [0; 1]. (a)  = 0:0; (b)  = 1:3; and (c)  = 1:7.

cases: for  = 0 (global coupling) the entire lattice exhibits frequency synchronization
at w ≈ 0:63 [Fig. 2(a)]. Note that, due to coupling, the average frequency is diEerent from 12 , which is the expected average for the randomly chosen normal modes.
For intermediate range ( = 1:3) we see that most, but not all sites are synchronized
[Fig. 2(b)]; and for a slightly higher value ( = 1:7) just a small fraction of the lattice
sites has synchronized, forming two large plateaus [Fig. 2(c)]. As  continues to grow
we have no longer a synchronized state, at least for this coupling strength value.
We introduce, to characterize the synchronized states, the dispersion
of the perturbed
N
frequencies with respect to their spatial average w = (1=N ) i=1 w(i) , given by the
corresponding standard deviation

1=2
N
1  (i)
w =
(w − w )2
:
(8)
N −1
i=1

Synchronized oscillators present a very small dispersion, whereas in a completely
non-synchronized state it is of the same magnitude as the dispersion of the randomly
chosen normal modes. In Fig. 3(a), we =x the coupling strength and vary the range
parameter. For low values of the range parameter the dispersion is very small, and as
 builds up past a critical value c ≈ 1:7, the dispersion increases abruptly to values
one order of magnitude higher. This synchronization transition was described in an
extended Kuramoto model [25] and in coupled circle map lattices [26,27].
When  is close to this critical value we typically have coexistence of synchronization
plateaus for which the oscillators are synchronized at di3erent frequencies. Hence, a
simple average may not be representative of the lattice as a whole, so that in addition
to the dispersion we also compute the relative average size of the synchronization
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Fig. 3. (a) Frequency dispersion and (b) synchronization degree versus coupling range. Other parameters are
the same as in Fig. 2.

plateaus [25]. Let Ni be the length of the ith plateau, and Np the total number of
Np
them, with average size N = (1=Np ) i=1
Ni . We de=ne a synchronization degree
p as the ratio between the average plateau length and the total lattice size N , or
p = N =N . For a totally synchronized state, as that depicted in Fig. 2(a), we have
just one plateau comprising the entire lattice (N = N ) so that p = 1. On the other
hand, for a completely non-synchronized state there are almost as many plateaus as
sites, so Np ≈ N , or N ≈ 1, giving p ≈ 1=N → 0 if N → ∞. A quantity similar to
the synchronization degree is the frequency-order parameter introduced by Sakaguchi
et al. [35]: E = NE =N , where NE is the number of oscillators in the largest plateau.
Fig. 3(b) illustrates the variation of the synchronization degree with the range parameter for the same parameters we have used when computing the frequency dispersion.
The transition exhibited by p is not as sharp as in the previous case, nevertheless
the synchronization degree begins to have low values (around 0:1 or less) for  ≈ 1:7,
in accordance with Fig. 3(a). The reason for this diEerence is the instability of the
synchronization degree under small deviations of the frequencies. For example, if there
is only one site that refuses to synchronize within an otherwise large plateau, the
latter is divided into two pieces and p decreases a large amount, regardless of how
much that rebel site deviates from the others. Hence, low values of p do not always imply in a total absence of synchronization. This makes the dispersion a more
robust evidence of the synchronization transition as the coupling varies from global
to local.
In Fig. 3, the range parameter was varied from zero to a value slightly less than 2:0,
since after that the oscillators die out and the phase as well as its corresponding time
rate cease to be de=ned. Other initial conditions, in addition, may cause the oscillators
to die out even before this value. This occurs when the limit cycle collapses into
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Fig. 4. (a) Frequency dispersion and (b) synchronization degree versus coupling strength for a lattice of
N = 101 vdP oscillators with  = 0:0.

a stable =xed point, due to the coupling additive eEect. We have veri=ed that the
oscillators may even have a rebirth in some circumstances. This oscillator death eEect
has been previously observed in lattices of coupled limit-cycle oscillators [36].
A similar synchronization transition is observed by =xing the range parameter at
 = 0 and varying the coupling strength K. In this case, if we depict either the frequency dispersion [Fig. 4(a)] or the synchronization degree [Fig. 4(b)] versus K, we
see that for weak coupling the lattice is not synchronized, even though we are considering a coupling with long eEective range. In the uncoupled case there would be no
synchronization at all, and by continuity this is expected to occur for K small enough.
The transition to small frequency dispersion presents a critical range about 1:2. This
behavior has been described in coupled logistic map lattices and it is related to the
Lyapunov exponent spectrum [37].
The dependence of this critical range on the coupling strength K is shown by
Fig. 5. For weak coupling the critical range is not de=ned because the transition from
synchronized to non-synchronized states does not occur. After a value of K about 0:9
the critical eEective range c grows monotonically with the coupling strength. The mean
curve resembles a phase transition curve for the para-ferromagnetic transition in spin
systems, and in fact such transition has been described for kinetic Ising models [38],
when the coupling between spins decreases with the lattice distance as a power-law
[39,40].
Another variable that inBuences the value of the critical range parameter is the lattice
size N . In Fig. 6, we present a series of values for c in terms of the inverse size
1=N , for a =xed strength K = 3:0. It turns out that c decreases as the lattice becomes
larger. The solid curve is a regression =t that enables us to extrapolate our results
and estimate the value of c in the thermodynamical limit (N → ∞), which turns
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Fig. 5. Critical range parameter versus coupling strength.

Fig. 6. Critical range parameter versus inverse lattice size for K=3:0. The solid line is a linear regression =t.

to be ≈1:45. In a previous paper [27] we have analyzed the large-N behavior of the
statistical distribution of plateau lengths (in locally coupled map lattices) and found an
exponential dependence.
4. Order parameter
In an oscillator chain, a completely phase-synchronized state is characterized by the
equality of the oscillator phases for any time. Clusters of phase-synchronized oscillators
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Fig. 7. Time series of the order parameter magnitude for a lattice of N = 101 vdP oscillators, with K = 3:0.
(a)  = 0:0; (b)  = 1:5; and (c)  = 1:8.

are de=ned in a similar way. Since phase synchronization always implies frequency
synchronization, we would like to investigate in what extent the converse is true.
A useful diagnostic of phase synchronization is the complex order parameter introduced by Kuramoto [23]
N
1 
z(t) = R(t) exp[i’(t)] ≡
exp[i ( j) (t)] :
(9)
N
j=1

The quantities R(t) ¿ 0 and ’(t) ∈ [0; 2 ) are respectively the amplitude and angle of
a gyrating vector which is equal to the vector sum of phasors for each oscillator in a
lattice with periodic boundary conditions. Let us consider two extreme cases: =rstly,
with all sites having the same constant phase: ( j) (t) = ", (j = 1; 2; : : : ; N ), i.e., a
completely phase-synchronized state. The order parameter magnitude is R(t) = 1 for all
times, with a constant argument ’(t) = ". For near phase-synchronized states, the order
parameter magnitude R(t) has a constant value near unity or either Buctuates around it.
On the other hand, let a pattern in which the site amplitudes ( j) (t) are so spatially uncorrelated that they can be considered as randomly distributed over the [0; 2 )
interval. Hence, we may regard the order parameter as the space-averaged factor
z(t) = ei

( j)

(t)

j

= cos

( j)

(t) j + isin

( j)

(t) j = 0 :

(10)

However, typical non-synchronized states are not completely uncorrelated in space, thus
they exhibit a non-chaotic, yet very irregular oscillation about a low value of the order
parameter magnitude.
Fig. 7(a) shows time series for the order parameter magnitude for some values of
the range parameter. For global coupling R has a constant value very close to unity,
that indeed characterizes a strongly phase-synchronized state. The order parameter
oscillations for intermediate range [Fig. 7(b)] have amplitudes around R = 1 and
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Fig. 8. Mean order parameter magnitude in terms of coupling strength for  = 0.

exhibit periodic peaks, indicating abundance of phase-synchronized clusters. This behavior is typical for the frequency-synchronization transition depicted in Fig. 3. For
 ¿ c [Fig. 7(c)], there are oscillations of R(t) about small values, characterizing
absence of phase synchronization.
The results depicted in Fig. 7 suggest that we shall focus on the temporal mean of
the order parameter magnitude

1 t
Q
R = lim
R(t  ) dt  :
(11)
t→∞ t 0
Fig. 8 shows the dependence of RQ with the coupling strength for long eEective range
( = 0). The mean order parameter, which is initially small for weak coupling, jumps
to its maximum value at K = Kc ≈ 1:2, indicating that a transition between a nonsynchronized regime and a phase-synchronized one has occurred. This is very similar to the situation illustrated by Figs. 4(a) and (b) for frequency synchronization.
In fact, even the critical K value agrees with that obtained in the previous section.
Hence, at least in this case, frequency synchronization implies phase synchronization,
in agreement with the claims of Zheng and Hu [41].
This conclusion is not quite general, however, as exempli=ed by Fig. 9, where we
plot the mean order parameter versus the coupling range, for a =xed strength. For
long eEective range we have phase synchronization (RQ = 1), which disappears when
 increases past c ≈ 1:5. As we would already expect, based on the frequency synchronization behavior, there is a transition as  increases, but the corresponding critical
value is diEerent (note that Fig. 3 indicates a value of about 1:7 for frequency synchronization). This suggests that in most situations phase and frequency synchronization
appear together, but in the transitional region (1:5 .  . 1:7) there may be cases
in which the phases mismatch, while keeping their time rates unchanged, what yields
frequency synchronization.
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Fig. 9. Mean order parameter magnitude in terms of coupling range for K = 3:0.

The diversity of synchronization types exhibited by vdP oscillator chains may be
observed in Fig. 10, where we present space–time plots of the x-variable for =xed
K and diEerent values of . For global coupling [Fig. 10(a)] there is amplitude synchronization: x(i) (t) ≈ x( j) (t) for the entire lattice. Near the critical range [ = 1:7, cf.
Fig. 10(b)] the amplitudes for many sites exhibit lag synchronization x(i) (t) ≈ x( j) (t−#).
This phenomenon has been intensively studied for chaotic systems [42]. A consequence of lag synchronization of a large number of sites with the same time delay is
the presence of traveling waves. The propagation speed of the traveling wave is inversely proportional to the average delay # by which the oscillators are lagged from
each other. For a range parameter slightly higher than its critical value [ = 1:9, cf.
Fig. 10(c)], we see two distinct sectors of the lattice presenting lag synchronization
with di3erent delays. Moreover, the time delays have opposite signs, so there are two
traveling waves propagating through the lattice with opposite senses, and merging into
a narrow region that looks like a kink–antikink pair. These rough boundaries between
traveling wave trains form a kind of synchronization defect [43].
In Fig. 11, we =x =0:0 and vary the coupling strength. An initially non-synchronized
state for subcritical strength [K = 1:10, see Fig. 11(a)] evolves to a situation where
we have both frequency and phase synchronization [Fig. 11(b)]. The latter case was
obtained for K = 1:15, that is near the critical value of 1:2 indicated by Fig. 4. For
higher K, we pass to an almost completely amplitude-synchronized state [Fig. 11(c)].
This strongly suggests that frequency and amplitude synchronization occur at any
eEective range. In summary, for  variations (=xed K) we observed that phase synchronization follows lag synchronization, but in the transitional region we can have
frequency-synchronized states for which the phases are not synchronized [see Fig. 10].
On the other hand, for K variations (=xed ) frequency and amplitude=phase synchronization occur simultaneously [Fig. 11] [41].
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Fig. 10. Space–time plots of the x-amplitudes in a lattice with N = 101, K = 3:0. (a)  = 1:0; (b)  = 1:7;
and (c)  = 1:9. We plot 100 time steps after 900 transients.
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Fig. 11. Space–time plots of the x-amplitudes in a lattice with N = 101,  = 0:0. (a) K = 1:10; (b) K = 1:15;
and (c) K = 3:00. We plot 100 time steps after 900 transients.
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5. Conclusions
The key to understand the mechanism whereby synchronization occurs in an
oscillator chain is to consider the relative inBuences of coupling and disorder on the
possible values of a state variable, phase, or frequency at each oscillator, depending
on what is the synchronization type to be focused on. In particular, the distribution
of the frequency synchronization plateaus is determined by the outcome of a competition between the diEusion eEect of coupling and the frozen random disorder represented by the initially speci=ed distribution of the normal mode frequencies over
the lattice. The latter are chosen such that, if the oscillators are uncoupled, their frequencies are expected to have properties qualitatively similar to the normal modes
themselves.
Frequency synchronization can occur if the coupling eEect overcomes the frozen
normal-mode randomness. For long eEective range each site couples with many other
sites, the relative intensity decreasing very slowly with the distance between the
oscillators. Here the coupling eEect is comparatively strong, and it easily overcomes
the random disorder by making distant sites to adjust their frequencies and mutually
synchronize. On the other hand, a local (short eEective range) coupling connects only
nearest neighbors in a signi=cant way, its eEect being too weak to make distant sites to
synchronize and form a plateau. There is a transition between these limiting situations
with a critical eEective range that depends on the coupling strength and the lattice
size. Coupled circle map lattices have shown values for the critical ranges smaller than
those found for oscillator chains.
We have characterized the synchronization transition with variable eEective range by
using two diagnostics: the frequency dispersion around a space average and the average
relative plateau size. The frequency synchronization transition observed when varying
the eEective range appears in both diagnostics and with slightly diEerent critical values.
We remark, however, that the average relative plateau size is a non-robust diagnostic in
the sense that it is quite unstable and may lead sometimes to dubious results. Its use is
only recommended in association with other diagnostics, like the frequency dispersion
or the frequency order parameter proposed in Ref. [35].
Phase synchronization was characterized by analyzing the time behavior of the
Kuramoto’s order parameter magnitude. We observed that for global coupling it turns
out that frequency synchronization implies phase synchronization (the converse is
always true). For coupling regimes passing from global to local ones, in the transitional region we observed lag synchronization for one or more traveling waves
propagating through the oscillator chain, what preserves frequency synchronization
for a relatively large portion of the lattice. Although we have considered vdP
oscillators in this paper, our results are also applicable to chains of more general
limit-cycle oscillators, provided a phase and its corresponding frequency can be suitably
de=ned.
Further work on this subject is still needed to understand the unpinning of the
phase synchronized state that leads to lag synchronization. Moreover, the existence of
traveling wave trains has led to a kind of synchronization defect. We conjecture that
the production and interaction of these synchronization defects may desynchronize the

S.E. de S. Pinto et al. / Physica A 303 (2002) 339 – 356

355

chain, in the same way as chaotic defects (resulting from two diEerent zig-zag patterns)
lead to defect turbulence [44].
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