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Abstract

We consider a lattice of coupled chaotic logistic maps in which the coupling strength between sites decreases with the lattice
distance in a power-law fashion, making possible to pass continuously from a local to a global coupling. The corresponding
Lyapunov spectra are described by means of the maximal exponent and the average of the positive exponents, which are
analyzed in terms of the coupling properties. Our results are compared with spatio-temporal patterns known for global and local
couplings. 2001 Elsevier Science B.V. All rights reserved.

Lattice dynamical systems have been extensively
studied as models of spatio-temporal complexity, due
to the interplay between time and spatial degrees of
freedom. Many phenomena observed in fluids and
plasmas, like soliton propagation, traveling waves and
turbulence — only to name a few — are also present
in lattice models, that are still able to retain some
features of complex natural phenomena [1]. One of the
most widely investigated types of spatially extended
systems is the coupled map lattice (CML), in which
both space and time are discrete variables, but with
a continuous state variable [2]. A CML is basically
composed by a local dynamical unit that undergoes
discrete temporal evolution, interacting with other
units through a given coupling prescription.
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The type of the coupling should reflect the proper-
ties of the interaction between model units. For exam-
ple, if the coupled map lattice purports to describe a
chain of spheres or pendula linked by soft springs, it
would be natural to use a nearest-neighbor coupling
[3,4]. On the other hand, in a coupled map lattice
model of the brain function, each unit representing a
neuron, the coupling would have to include a bunch
of neighbors, reflecting the clustering nature of the
synaptic connections [5]. This calls for a globally cou-
pled model [6]. In an extreme situation, the coupling is
such that each unit interacts with a kind of mean field
produced by every single unit in the lattice [6,7]. The
dynamics of globally coupled map lattices has been
extensively studied in recent years. One of the out-
standing features of these systems is the presence, in
the turbulent regime, of various periodic cluster attrac-
tor states, even though the coupling is very small when
compared with the map nonlinearity. In particular, for
coupled logistic maps there are a period-three cluster
attractor that stems from the foliation of a period-three
window of the logistic map [8].
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Hence, it is sometimes necessary to use forms of
coupling which could include nonlocal interactions,
as for extended systems where the interaction strength
decays slowly with the distance along the lattice. Lat-
tices of maps with nonlocal coupling may be re-
garded as resulting from discretization of some par-
tial integro-differential equations modeling physico-
chemical reactions [9]. This is the case, for example,
in models of assemblies of biological cells with os-
cillatory activity, when their interaction is mediated
by some rapidly diffusing chemical substance [10].
In systems of diffusion coupling in nucleation kinet-
ics, where one eliminates the rapidly diffusing compo-
nents, nonlocal couplings may also appear [11]. Two
such prescription have attracted much attention: inter-
mediate range couplings, that considers a finite num-
ber of non-nearest neighbors, usually with the same
weight [12], and infinite range ones, as a power-law
coupling, in which the coupling strength decays with
the lattice distancer as a power-lawrα . This type of
coupling has been proposed in models of some bio-
logical neural networks [13]. Small-world networks of
coupled maps have been also intensively studied in re-
cent years since the seminal work of Watts and Stro-
gatz [14]. In such networks we have some regular cou-
plings with nearest and non-nearest neighbors as well
as a small number of randomly chosen nonlocal inter-
actions [15,16].

In this Letter we will consider a one-dimensional
lattice of maps with a power-law coupling, in such
a way that we pass continuously from a nearest-
neighbor to a mean-field coupling by varying a range
parameter [17,18]. It turns out that some dynamical
properties of CML, like frequency synchronization,
are strongly dependent on the coupling range. We
have found, for a lattice of circle maps with randomly
distributed natural frequencies, that there is a phase
transition between a synchronized and a nonsynchro-
nized state as we go from a global to a local coupling
[18,19].

If each of the maps presents chaotic dynamics when
uncoupled, we naturally ask what are the possible ef-
fects of coupling on the individual behavior. Such a
characterization is given by the Lyapunov spectrum
of exponents for the system as a whole. The Lya-
punov spectrum of a lattice of piecewise linear maps
x �→ f (x) = βx (mod 1) and logistic maps with lo-
cal coupling has been studied by Kaneko [20], and by

Isola et al. [21], that also studied the relationship be-
tween the Lyapunov spectrum for this kind of coupled
map lattice and the spectrum of the discrete Schrö-
dinger operator in quantum mechanics, a fact that was
already pointed out by Ruelle [22]. Although there
are some theoretical results on the qualitative shape
of these spectra [23], there is no complete theory for
this subject, even in simple cases.

In this Letter we present numerical results about the
dependence of some Lyapunov spectrum properties
on the coupling parameters for a lattice of coupled
chaotic logistic maps, namely the maximal Lyapunov
exponent and the average of the positive exponents.
The coupling parameters to be considered are the
strength and range. We point out that our results are
in accordance with previous studies done for the short
and long range cases.

Let us consider a lattice ofN coupled logistic maps
x �→ f (x) = 1 − rx2, wherex

(i)
n ∈ [−1,+1] repre-

sents the state variable for the sitei (i = 1,2, . . . ,N),
at time n, and r ∈ [0,2]. A power-law coupling is
given by [19]
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whereε > 0 andα > 0 are the coupling strength and
range, respectively, andη(α) = 2

∑N ′
j=1 j−α is a nor-

malization factor, withN ′ = (N −1)/2. This coupling
term is actually a weighted average of discretized spa-
tial second derivatives, the normalization factor being
the sum of the corresponding statistical weights.

If α → ∞ only those terms withj = 1 will con-
tribute to the summations present in the coupling term,
and η → 2, so that we get the usual future Lapla-
cian coupling which connects nearest-neighbors only
[1,2]. In the case whereα = 0, we have thatη =
N − 1 and the coupling becomes of a global type,
connecting every site with the mean value of all lat-
tice sites, regardless of their relative positions (“mean-
field” model) [6]. The coupling in Eq. (1) may be re-
garded as a kind of interpolating form between these
limiting cases. In the following we adoptr = 2 to
ensure that, at least when uncoupled(ε = 0), the
maps are behaving chaotically, with Lyapunov expo-
nentλU = ln2.
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A lattice with N coupled one-dimensional maps is
a N -dimensional discrete dynamical system:x

(i)
n+1 =

F (i)(x
(1)
n , . . . , x

(N)
n ) (i = 1, . . . ,N). The correspond-

ing Lyapunov spectrum is formed byN exponents,
one for each independent eigendirectionui in the tan-
gent space:λ1 = λmax > λ2 > · · · > λN . The Lya-
punov exponent corresponding to the eigendirection
ui is given by

(2)λi = lim
n→∞

(
1

n

)
ln‖An · ui‖,

whereAn = ∏n
�=1 J�, with [J�]ij = ∂F (i)/∂x

(j)

� . The
Jacobian matrix elements are given, for Eq. (1), by
[J�]ij =Hij (ε,α)f ′(x(j)

� ), where

(3)Hij (ε,α) =




1− ε, if i = j,

ε|i − j |−α/η(α),

if i �= j and|i − j | � N ′,
ε(N − |i − j |)−α/η(α),

if i �= j and|i − j | > N ′,
and the primes denote differentiation with respect to
the argument.

The maximal Lyapunov exponentλmax represents
the exponential rate at which an arbitrarily small dis-
placement is amplified, so it suffices thatλmax> 0 to,
technically speaking, ensure that the lattice dynamics
is chaotic. The sum of all exponentsλ1+λ2+· · ·+λN

yields the rate of growth of aN -directional Euclidean
volume element. In a system of coupled chaotic maps,
it may well happen that many exponents are posi-
tive, hence a quantity of interest is the lattice-averaged
value of the positive Lyapunov exponents [24]:

(4)h = 〈λi〉i,λi>0 = 1

N

λi>0∑
i=1

λi.

Pesin has proved that, iff :M → M is a dif-
feomorphism with an invariant ergodic measure ab-
solutely continuous with respect to the Lebesgue mea-
sure ofM, then this quantity is equal to the density
of Kolmogorov–Sinai (KS) entropy, which is the as-
ymptotic rate of creation of information by succes-
sive iterations off [25]. It turns out thath is an
upper bound for the KS entropy iff is a C1 map
preserving an ergodic measure [26]. The equality be-
tweenh and the density of KS entropy is generally
valid for systems — like Axiom A systems — having

a Sinai–Ruelle–Bowen (SRB) measure, that is, a mea-
sure smooth along unstable directions [22].

We analyze the dependence of the average posi-
tive Lyapunov exponent and the maximal Lyapunov
exponent on the parameters characterizing a power-
law coupling: its strengthε and rangeα. Different
profiles of randomly chosen initial conditions would
give slightly different results forh, so we compute the
mean value ofh from a given number of random ini-
tial patterns. The value of〈h〉 increases withα for a
fixed value ofε (Fig. 1(a)). Although some fluctua-

Fig. 1. (a) Average positive Lyapunov exponent and (b) maximal
Lyapunov exponent versus coupling rangeα for a lattice ofN = 49
coupled logistic maps withr = 2.0 and ε = 0.3. We take the
mean value of five random initial conditions patterns, with periodic
boundary conditions.
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Fig. 2. Average positive Lyapunov exponent versus coupling parameters: strengthε and rangeα, for a lattice ofN = 49 coupled logistic maps
with r = 2.0. We take the mean value of five random initial conditions patterns, with periodic boundary conditions.

tions are still present, thanks to the finite size of the lat-
tice and some statistical uncertainty, the general trend
is a monotonic increase as the coupling range varies
from global to local. A similar behavior is exhibited
by the mean value of the maximal Lyapunov exponent
〈λmax〉, that saturates forα higher than 3.0, because
the large-alpha limit in the coupling is already reached
even with such modest values (Fig. 1(b)).

The cases shown in Figs. 1(a) and (b) are representa-
tive of a moderate coupling strength. The dependence
of the average positive exponent withε andα is de-
picted in Fig. 2. Forε = 0 (uncoupled maps) we have
that h = λU ≈ 0.69. We have a rough transition line
at weak coupling(0.15� ε � 0.2) between very small
values ofh, indicating weak or no chaos, and a smooth
increase characteristic of turbulent states of spatio-
temporal chaos. This transition line has a mild incli-
nation toward smallε-values as we increase the cou-
pling range, indicating that the weakly chaotic regime
is more prevalent for local couplings. The existence of
this transition line can be explained with the help of
a specific calculation of the Lyapunov spectrum that
is feasible in the caseα = 0, and a so-called coherent
attractor, for whichx(i)

n = x
(j)
n for all i andj . In this

case the Lyapunov spectrum is given byλ1 = lnγ and
λj = ln[γ (1 − ε)], for j > 1, with γ = exp(λU ), and
λU is the Lyapunov exponent of the uncoupled maps
in the coherent attractor [6].

In our caseλU = ln2, so that the (N − 1)-fold
degenerate Lyapunov spectrum is given byλ1 = ln2
andλj = ln[2(1 − ε)], with j = 2,3, . . . ,N . For ε >

1/2 it turns out that onlyλ1 is positive, so the average
positive exponent is typically very small, vanishing
for N → ∞. On the other hand, for 0< ε < 1/2 all
exponents are positive, and we have

(5)h = 1

N

{
ln2+ (N − 1) ln

(
2(1− ε)

)}
.

For large N , it follows that h depends onε as
ln[2(1 − ε)] for ε < 1/2, and vanishes forε > 1/2,
which defines a critical point atε = 1/2 (Fig. 3). An
inspection of Fig. 2 shows that, forα = 0, there is a
critical point (which is the intersection between the
transition line and the lineα = 0) at ε ≈ 0.2, and
the dependence withε resembles of that estimated
here. Hence the globally coupled case, while not being
a coherent attractor, presents qualitatively the same
critical behavior for the average positive Lyapunov
exponent.

At the same time, another front of increase inh

crops up in Fig. 2 atα ≈ 1.0, and there is a sec-
ond rough transition line indicating a steeper increase
of h, but with final values not very large, in compari-
son with those values achieved by the other front. The
transition line has also a larger inclination asα builds
up. The fact that this second transition line starts at
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Fig. 3. Average positive Lyapunov exponent as a function ofε for
a coherent attractor in a lattice ofN = 1001 coupled logistic maps
with r = 2.0 and global (mean-field) coupling.

α ≈ 1.0 is suggestive, since for this value of the cou-
pling range a phase transition occurs between synchro-
nized and nonsynchronized states [18,19]. Although
this evidence — for lattices of sine-circle maps —
was found for frequency synchronization, we observed
that a similar synchronization occurs for the state vari-
ables themselves. A nonsynchronizedand chaotic state
would be related to nonzero values ofh. However,
since nonsynchronization does not imply necessarily
a complete absence of spatial correlation, the average
positive Lyapunov exponents do not have to be as high
as in turbulent states.

A key to understand some features of Fig. 2 is
the phase diagrams that are available in the literature
for the global and local cases [3,6]. We present in
Figs. 4(a) and (b) cross sections (atr = 2.0) of the
phase diagrams for the global mean-field(α = 0) and
the local (largeα) coupling cases, respectively. The
global case presents a large turbulent phase (named T
in Fig. 4(a)) for 0< ε < 0.207, corresponding in Fig. 2
to the large region of highh-values. In the interval
0.207< ε < 0.238 we have spatio-temporal intermit-
tency (I). Further values of the coupling strength ex-
hibit ordered phases with two and three dominant clus-
ters (O2 and O3) when 0.238< ε < 0.339, and finally
a glassy phase (G) forε > 0.339. All of them but the
last are characterized by small average positive expo-
nents. The slight increase ofh is compatible with the
existence of the glassy phase.

Fig. 4. Spatio-temporal patterns for a coupled logistic lattice
with r = 2.0 for some values of coupling strength in the cases
of (a) global mean-field [3] and (b) local nearest-neighbor cou-
plings [6]. Patterns are identified by the following symbols: (T) tur-
bulent; (I) space–time intermittency; (O2), (O3) ordered phase
with 2 and 3 dominant clusters, respectively; (G) glassy; (D) defect
turbulence; (B) Brownian motion of defects; (P) pattern selection.

In the case of local coupling we may takeα = 4
in Fig. 2 for comparison. It is unlikely that some
novel feature would occur for higher coupling ranges,
since forα larger than≈3.0 the coupling is essentially
between nearest neighbors only. For 0< ε < 0.117
we have a fully developed turbulent state (T) in
the phase diagram of Fig. 4(b). This corresponds to
the region characterized by higherh-values, just like
in the global coupling case. The interval 0.117 <

ε < 0.200, for which there is a kind of valley of
small or vanishingh in Fig. 2, corresponds to defect
(weak chaos) turbulence (D) for 0.117< ε < 0.138,
Brownian motion of defects (B) for 0.138 < ε <

0.172 and pattern selection with selected domains of
sizes one and two (P) for 0.172< ε < 0.200. We
have numerically verified that this valley continues
to exist for α as high as 400. This is followed,
for higher coupling strength(ε > 0.200), by a new
turbulent region (T), that is just the second front of
nonvanishingh. The smaller values observed in this
second front are due to the stronger coupling that
prevents the existence of a large number of chaotic
attractors.

Up to the second transition line that starts inα ≈
1.0, and which is probably due to a loss of syn-
chronization, we pass rather smoothly from the phase
diagrams of a locally to a globally coupled lattice.
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Fig. 5. Space–time–amplitude plots for a lattice ofN = 49 coupled
logistic maps withr = 2.0, ε = 0.3, random initial conditions and
periodic boundary conditions, for coupling ranges: (a)α = 0.0,
(b) α = 3.0, and (c)α = 2.0.

In Fig. 5 we depict some space–time–amplitude dia-
grams that illustrate some of the features we just men-
tioned, in the case of moderate coupling(ε = 0.3). In
Fig. 5(a) we have a mean-field(α = 0.0) lattice. From
Fig. 4(a) we know that it represents an ordered phase
with dominant clusters. Fig. 5(b) represents a locally
coupled(α = 3.0) lattice. The corresponding phase di-
agram suggest that it represents a fully developed tur-
bulent state, which is seen in the apparent lack of space
and time correlations. In Fig. 5(c) we depict a situa-
tion in which there is intermittency in both space and
time, for an intermediate coupling(α = 2.0). In the
diagram of Fig. 2 we can locate this case in the sec-
ond front of positiveh-values, which is more typical
of a local coupling. However, for largeα, the scheme
of Fig. 4(b) does not include space–time intermittency,
hence this observed feature may either disappear with
increasingα or survive in a very tiny region of the pa-
rameter space.

To summarize our results, the average positive Lya-
punov exponent, that is a measure of randomness
in a lattice of coupled chaotic maps, as well as the
maximal Lyapunov exponent, depend on the coupling
properties in a nontrivial manner. We have introduced
a range parameter that indicates the decay rate of
the interactions between non-nearest neighbor lattice
sites. Roughly speaking, the degree of randomness de-
creases with the coupling strength for any positive
range. However, for global (low-α) lattices this de-
crease is less pronounced than for local (high-α) lat-
tices. In the latter case there is a second front of moder-
ate randomness that arises fromα ≈ 1. In the extreme
cases ofα = 0 and largeα our results agree with the
phase diagrams already drawn for logistic lattices. The
spatio-temporal behavior between these limiting cases
is partially explained by the synchronization proper-
ties of the lattice.
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