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Nomenclature

Notation Quantity Unit

GP dimensionless flow rate
m molecular mass kg / kmol
n local number density m−3

nin injection number density m−3

N column density cm−2

P pressure mbar
P1 pressure at the entrance of the middle part mbar
P2 pressure at the exit of the middle part mbar
Pin injection pressure mbar
Pex exit pressure mbar
q throughput mbar l/s
Qm mass flow rate kg/s
r radial coordinate m
R radius of the source m
Rg universal gas constant 8.31441× 103 J/(kmol K)
T temperature of the source K
z longitudinal coordinate m
δ rarefaction parameter
µ dynamic viscosity kg / (m s)
υ0 most probable molecular velocity m/s

1 Introduction

In previous works [1-4], the Windowless Tritium Gas Source (WGTS) component of the KATRIN

experimental facility was studied on the basis of kinetic theory using a fully developed flow approx-
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imation in the whole length of the device. In order to eliminate some uncertainties and achieve

a higher degree of accuracy, the influence of the channel ends on the flow needs to be taken into

account. For this purpose, a numerical code (denoted here by the letters SWEE - Simulations With

End Effects) has been developed to examine the influence of several factors in comparison with

previous results (SFDF - Simulations of Fully Developed Flow). In particular, the following cases

were investigated:

• Case 1: Compute the column density and throughput based on given values of the injection

pressure (Pin = 3.368× 10−3 mbar at T = 30K, Pin = 13.80× 10−3 mbar at T = 120K), while

the exhaust pressure is set to zero (Pex = 0).

• Case 2: Compute the injection pressure and column density based on given values of the

throughput (q = 1.926 mbar l/s at T = 30K, q = 2.936 mbar l/s at T = 120K), while the

exhaust pressure is set to zero (Pex = 0).

• Case 3: Compute the injection pressure and throughput based on given values of the column

density (N = 5× 10171/cm2), while the exhaust pressure is set to zero (Pex = 0).

• Case 4: Compute the column density and throughput based on a given value of the injection

pressure, while the exhaust pressure is set to Pex = 0.05Pin and Pex = 0.01Pin.

• Case 5: Perform similar simulations for a different inlet configuration, consisting of three

(instead of one) opening rings.

Also, in all of the above cases, the distribution of density in the WGTS is provided and a comparison

of the present results with the corresponding ones which have been previously obtained without

taking into consideration the end effects has been performed. An analytical description of each item

is included in the corresponding sections. It must be noted that these cases were studied for two

operational regimes, namely for T = 30K, 120K with Pin = 3.368 × 10−3mbar, 13.80 × 10−3mbar

respectively.

2 General description of the algorithm

The proposed methodology consists of splitting the WGTS domain in three parts, namely the

injection (or inlet), middle and exhaust (or outlet) part of the geometry (Fig. 1). Two cases

are considered for the inlet configuration, containing one or three axisymmetric openings through

which the gas enters the device. The separation of the flow domain into three parts is mainly due to

2



computational efficiency, while an accurate and detailed description of the flow field is still provided.

The main flow parameter is the rarefaction parameter δ = (PR) / (µυ0).

Figure 1: Decomposition of the problem domain

For the injection and exhaust parts, a complete two-dimensional axisymmetric numerical simu-

lation is required to capture the end effects, since no relative solution can be found in the literature.

All simulations are considered for single gas flow (tritium) with conditions related to the KATRIN

source equipment. The local pressure gradient is very small due to the length of the tube and

linearized kinetic equations can be used. In particular, the BGK kinetic model equation is used,

subject to Maxwell diffuse boundary conditions. Results include all quantities of practical interest

(column density, throughput, distributions of density).

In the middle part, the flow is considered to be fully developed and existing results found in the

literature [5] can be used. The solutions for the three parts are then combined appropriately via an

integration procedure. In particular, the following steps are carried out:

1. The dimensionless problems of inlet and outlet are solved numerically for the physical condi-

tions of interest (Pin, Pex, geometry).
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2. An initial value is assumed for the throughput q and the mass flow rate Qm is found by [2]

Qm =
mq

273.15Rg
(1)

where m = 6.03 kg/kmol is the molar mass and Rg = 8314.472 J/(kmol K) is the universal

gas constant.

3. The local pressure gradient at the inlet and outlet end of the middle part, i.e. points 1 and 2

in Fig. 1, is determined by [1]

dP

dz

∣∣∣∣
i

= − 1

GP (δi)

υ0
πR3

Qm , i = 1, 2 (2)

where GP (δi) is the dimensionless flow rate for fully developed flow at the rarefaction pa-

rameter δi and υ0 is the most probable molecular velocity (initial values for δi are taken as

δ1 = δin and δ2 = δout).

4. The pressure gradient of point 2 is used to find P2 based on Pout and employing the results of

step 1 for the outlet section.

5. An integration procedure, similar to [1], is applied along the middle part, starting from point

2 up to point 1, determining the pressure profile in the middle part and the pressure P1.

6. The pressure gradient of point 1 is used to find Pin, based on P1 and employing the results of

step 1 for the inlet section.

7. If this value of Pin does not match the inlet pressure data, the procedure is repeated by

updating the throughput q in step 2 and so on.

Particular attention is given to provide suitable inlet and outlet boundary conditions, including the

ones matching the solvers of each of the three computational flow domains of the tritium source

unit. The position of the interfaces between the three parts are given in Table 1.

Table 1: Coordinate z of interfaces between the three parts
Case Inlet interface [m] Outlet interface [m]

1-4 0.360 4.775

5 0.315 4.820
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3 Numerical method of the inlet and outlet sections

A fully deterministic solution of the governing kinetic equations is applied. The problem is dis-

cretized in the two spatial and three velocity dimensions and solved in an iterative manner consist-

ing of two steps. In the first step, based on a marching scheme, the governing equation is solved for

the unknown distribution function, while the macroscopic quantities are known from the previous

iteration (initially they are assumed). Then, in the second step, the macroscopic quantities are cal-

culated via the moments of the distribution function. This procedure is repeated upon convergence.

The numerical methodology is described in detail in many previous works [6-8].

The numerical scheme is properly modified in order to overcome memory limitations associated

with the large domain size and the discretization in a five-dimensional space. Furthermore, the

code is parallelized in the molecular velocity space to reduce the CPU time for the two end parts,

which are by far the most demanding part of the code. The grid is non-uniform, properly adapted

to capture large gradients of macroscopic quantities, and its resolution is applied to guarantee grid

independent results up to three significant figures.

4 Results

4.1 Case 1: The end effect for specific operating conditions

In previous reports, it was found that an injection pressure equal to Pin = 3.368 × 10−3 mbar at

T = 30K or Pin = 13.80 × 10−3 mbar at T = 120K is capable of producing the required column

density N , if the exhaust pressure is kept constant at zero (Pex = 0 mbar). It is noted that the

outlet pressure Pex can not be exactly equal to zero for the current formulation and the value

Pex = 1.55 × 10−6 mbar has been used instead. This does not cause an error, since the initial

assumption was that Pex � Pin which is still true. Furthermore, simulations for slightly different

values of Pex (±5%) showed that results were identical, indicating that the asymptotic behaviour

for Pex → 0 has been achieved.

These conditions have been introduced in the SWEE simulations, in order to study the deviations

of the SFDF approach. Results are shown in Tables 2 and 3. It is seen that there are considerable

differences in the value of the throughput q but the column density N practically remains the same.

This may seem counter-intuitive at first but an explanation can be given by examining the average

pressure distributions along the tube, shown in Figs. 2 and 3. The SWEE (green-black-red) and

SFDF (blue) curves for the average pressure cross at some point inside the tube due to the different
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throughput, while the area below the curve (proportional to the column density) remains nearly

constant. Thus, it may be argued that the simulations without the end effect can provide a very

good estimation of the column density for fast calculations but SWEE provides a better estimation

of the required throughput. It is also noted that, even though the symmetry condition does not

appear to be fulfilled near z = 0, a close up look in that region, shown indicatively in Fig. 4 for

T = 30K, reveals the symmetrical behaviour of the pressure distribution. The normalized number

density distribution is also given in Table 4.

Simulation results are also shown for the number density distributions (Figs. 5 and 6) and

streamlines (Figs. 7 and 8) at the inlet and outlet parts. It is clear that as the gas moves from the

inlet through the middle to the outlet section of the beam, the density levels keep dropping and

finally, when it reaches the exit of the tube, it expands in all directions.

Table 2: Comparison between SWEE and SFDF results for Pin = 3.368× 10−3 mbar at T = 30K
SWEE SFDF Deviation (%)

q [mbar l /s] 1.848 1.925 4.17

N [cm−2] 5.007× 1017 5.001× 1017 0.12

Table 3: Comparison between SWEE and SFDF results for Pin = 13.80× 10−3 mbar at 120K
SWEE SFDF Deviation (%)

q [mbar l /s] 2.854 2.949 3.33

N [cm−2] 4.953× 1017 4.960× 1017 0.14

Table 4: Normalized number density distribution for Case 1
z [m] 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

n / nin at 30K 1.000 0.927 0.866 0.800 0.730 0.654 0.570 0.477 0.369 0.235 0.023

n / nin at 120K 1.000 0.924 0.858 0.787 0.712 0.631 0.542 0.444 0.332 0.198 0.017

4.2 Case 2: Dependence of throughput on inlet pressure

We are also interested in quantifying the influence of the inlet pressure Pin on the throughput q.

For this reason, a parametric study was performed in terms of Pin to obtain the conditions that

correspond to the known values of throughput: q = 1.926 mbar l /s at T = 30K and q = 2.936

mbar l/s at T = 120K. In Tables 5 and 6 the results for the estimated Pin values are given for both

the SWEE and SFDF algorithms. It is found that, in order to get the desired throughput values,

the deviation in the inlet pressure Pin is 2.35% for T = 30K and 2.82 % for 120K. The complete

density profile, shown in Table 7, is slightly increased compared to Table 4.
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Table 5: SWEE and SFDF results for q = 1.926 [mbar l /s] at T = 30K
SWEE SFDF Deviation (%)

Pin [mbar] 3.450× 10−3 3.369× 10−3 2.35

N [cm−2] 5.139× 1017 5.003× 1017 2.65

Table 6: SWEE and SFDF results for q = 2.936 [mbar l /s] at T = 120K
SWEE SFDF Deviation (%)

Pin [mbar] 14.16× 10−3 13.76× 10−3 2.82

N [cm−2] 5.093× 1017 4.943× 1017 2.95

Table 7: Normalized number density distribution for Case 2
z [m] 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

n / nin at 30K 1.000 0.928 0.866 0.801 0.731 0.655 0.572 0.479 0.371 0.237 0.024

n / nin at 120K 1.000 0.925 0.858 0.788 0.713 0.633 0.544 0.446 0.334 0.200 0.018

4.3 Case 3: Dependence of column density on inlet pressure

The same procedure was followed to obtain the required inlet pressure Pin to reach the specific

column density requirements N = 5.000× 1017cm−2. This value is achieved for Pin = 3.364× 10−3

mbar at T = 30K and Pin = 13.92 × 10−3 mbar at T = 120K when the end effects are included

and results are shown in Tables 8 and 9. With regard to Case 1, when the temperature is 30K, the

inlet pressure is only slightly decreased (within 0.1%), while it is increased up to 0.9% for 120K.

The complete density profile, given in Table 10, shows nearly no deviation from Table 4 due to the

very small changes in the inlet pressure.

Table 8: SWEE and SFDF results for N = 5.000× 1017cm−2 at T = 30K
SWEE SFDF Deviation (%)

Pin [mbar] 3.364× 10−3 3.367× 10−3 0.09

q [mbar l /s] 1.844 1.924 4.34

Table 9: SWEE and SFDF results for N = 5.000× 1017cm−2 at T = 120K
SWEE SFDF Deviation (%)

Pin [mbar] 13.92× 10−3 13.9× 10−3 0.14

q [mbar l /s] 2.895 2.985 3.11

Table 10: Normalized number density distribution for Case 3
z [m] 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

n / nin at 30K 1.000 0.927 0.866 0.800 0.730 0.654 0.570 0.477 0.369 0.235 0.023

n / nin at 120K 1.000 0.924 0.858 0.788 0.712 0.631 0.543 0.445 0.333 0.198 0.017

7



4.4 Case 4: Dependence of throughput and column density on exhaust pressure

Results are also presented for different exhaust pressures, while preserving the values Pin = 3.368×

10−3 mbar at T = 30K and Pin = 13.80 × 10−3 mbar at T = 120K fixed. In particular, the cases

of Pex = 1%Pin and Pex = 5%Pin have been examined. Results in terms of the throughput and

column density are shown in Tables 11 and 12. Increasing the outlet pressure causes a drop in both

the throughput and column density at all cases. This is due to the smaller velocities of the flow

since the pressure gradient becomes smaller. Compared to the results of Tables 2 and 3, the drop

in the throughput is small for Pex = 1%Pin (0.3-0.6% for both temperatures) but becomes more

significant for Pex = 5%Pin (1.7-1.8% for T = 30K, 2.4% for T = 120K). The number density

distributions, shown in Tables 13 and 14, have significant deviations from the values of Table 4 near

the outlet end of the tube.

Table 11: Comparison between SWEE and SFDF results for a fixed value of Pin = 3.368 × 10−3

mbar and variable Pex at T = 30K
SWEE SFDF Deviation (%)

Pex = 1%Pin
q [mbar l /s] 1.839 1.919 4.35
N [cm−2] 5.030× 1017 5.019× 1017 0.22

Pex = 5%Pin
q [mbar l /s] 1.816 1.890 4.07
N [cm−2] 5.090× 1017 5.092× 1017 0.04

Table 12: Comparison between SWEE and SFDF results for a fixed value of Pin = 13.80 × 10−3

mbar and variable Pex at T = 120K
SWEE SFDF Deviation (%)

Pex = 1%Pin
q [mbar l /s] 2.838 2.936 3.45
N [cm−2] 4.983× 1017 4.985× 1017 0.04

Pex = 5%Pin
q [mbar l /s] 2.785 2.878 3.33
N [cm−2] 5.073× 1017 5.080× 1017 0.14

Table 13: Normalized number density distribution for Pex = 1%Pin

z [m] 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

n / nin at 30K 1.000 0.928 0.866 0.801 0.731 0.656 0.573 0.481 0.373 0.242 0.032

n / nin at 120K 1.000 0.925 0.859 0.789 0.714 0.634 0.546 0.449 0.338 0.206 0.027

Table 14: Normalized number density distribution for Pex = 5%Pin

z [m] 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

n / nin at 30K 1.000 0.929 0.868 0.804 0.735 0.661 0.580 0.490 0.385 0.259 0.067

n / nin at 120K 1.000 0.926 0.862 0.793 0.720 0.642 0.557 0.463 0.356 0.231 0.064

4.5 Case 5: Inlet configuration with three openings

Configuration case B, containing three opening rings for the complete WGTS unit and shown in Fig.

1, was also studied numerically to determine the effect of the inlet part geometry. The pressures
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Pin = 3.368× 10−3 mbar at T = 30K and Pin = 13.80× 10−3 mbar at T = 120K were kept fixed at

the openings and Pex = 1.55× 10−6 mbar was used at the outlet. The average pressure distribution

is shown in Figs. 9 and 10. Comparing these results with the corresponding ones for the geometry

of one opening in Figs. 2 and 3, it is seen that the differences are practically negligible. A close-

up view in the area near the inlet is plotted in Fig. 11 to display that the symmetry condition

is correctly imposed in that region. As far as throughput and column density are concerned, the

corresponding values are given in Table 15. If we compare these with the corresponding values in

Tables 2 and 3, we observe only small deviations (up to 0.7%). The corresponding number density

distributions are given in Fig. 12. Thus, we may conclude that the inlet geometries examined here

do not provide significantly different results for the quantities of practical interest.

Table 15: Throughput and number density results for inlet configuration case B

T [K] 30 120

q [mbar l /s] 1.857 2.874

N [cm−2] 5.003× 1017 4.971× 1017

Conclusions

The distributions of pressure and number density have been calculated in the whole length of the

WGTS unit for the two operational states (30K and 120K), including the effect of the two channel

ends. It has been seen that simulations including the end effects provide values of throughput

3.3-4.7% lower than the fully developed flow simulations, while the deviations in column density

are negligible. The inlet pressure needs to be adjusted considerably (2.5%) to achieve the required

throughput but at a much smaller degree (< 1%) to achieve the column density. The value of

the outlet pressure plays an important role in the determination of throughput and the number

density near the outlet end. In general, the end effects are significant mostly for the calculation of

throughput. Finally, it has been found that changing the number of opening rings at the inlet part

from one to three does not cause significant deviations in the previous results (less than 0.7%).
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Figure 2: Average pressure distribution for T = 30K

Figure 3: Average pressure distribution for T = 120K
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Figure 4: Plot of average pressure distribution near z = 0 for T = 30K to confirm the property of
symmetry
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Figure 5: Inlet density distribution for T = 30K (left) and T = 120K (right)

Figure 6: Outlet density distribution for T = 30K (up) and T = 120K (down)
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Figure 7: Inlet streamlines for T = 30K (left) and T = 120K (right)

Figure 8: Outlet streamlines for T = 30K (up) and T = 120K (down)
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Figure 9: Average pressure distribution for inlet geometrical configuration B and T = 30K

Figure 10: Average pressure distribution for inlet geometrical configuration B and T = 120K
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Figure 11: Plot of average pressure distribution near z = 0 for T = 30K and the second geometrical
configuration

Figure 12: Inlet density distribution for T = 30K (left) and T = 120K (right)
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